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Abstract

The Laser Interferometer Space Antenna (LISA) has the potential to reveal wonders
about the fundamental theory of nature at play in the extreme gravity regime, where
the gravitational interaction is both strong and dynamical. In this white paper, the
Fundamental Physics Working Group of the LISA Consortium summarizes the current
topics in fundamental physics where LISA observations of GWs can be expected to
provide key input. We provide the briefest of reviews to then delineate avenues for
future research directions and to discuss connections between this working group, other
working groups and the consortium work package teams. These connections must be
developed for LISA to live up to its science potential in these areas.
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ΛCDM model
Current Standard Model of cosmology is supported by many independent datasets (big bang 
nucleosynthesis, cosmic microwave background anisotropies, baryon acoustic oscillations, 
weak lensing, galaxy clustering, supernovae Type Ia, etc.) 

95% is unknown stuff: Dark Matter and Dark Energy
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H0 tension
Most significant tension (~4σ) is H0 measured 
by early-time universe observations (CMB, 
BAO, LSS) vs late-time ones (distance-
ladder, lensing time delay). Hint of breakdown 
of ΛCDM?
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Figure 11. A summary of Hubble constant values in the past two decades, based on
Cepheid variables (blue squares), the TRGB (red filled circles and star), and estimates
based on measurements of fluctuations in the CMB (WMAP: black filled diamonds; Planck:
yellow diamonds; ACT + WMAP: cyan diamond). The CMB H0 values assume a flat ⇤
CDM model. The CMB and Cepheid results straddle a range of 67 to 74 km s�1 Mpc�1,
with the TRGB results falling in the middle, and overlapping the CMB results. The tension
between the CMB and TRGB results amounts to only 1.3�.
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Early and interacting dark energy
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Figure 4. Evolution of ⌦de(z) in interacting dark energy models. From top to bottom of the curves:
the red line denotes IDE1 with ✏1 = 0.1 and zi = 6 (solid line) or zi ! 1 (dashed line). The green
line denotes IDE2 with ✏2 = 0.1 and zi = 6 (solid line) or zi ! 1 (dotted-dashed line). The black,
dotted line denotes ⇤CDM.

In both cases of Eq. (3.3), Eqs. (3.1)–(3.2) can be solved analytically yielding

⇢dm = ⇢
0
dm(1 + z)3�✏1 , (3.4)

⇢de = ⇢
0
de(1 + z)3(1+w0) +

✏1

✏1 + 3w0
⇢
0
dm

h
(1 + z)3(1+w0) � (1 + z)3�✏1

i
, (3.5)

for IDE1 and

⇢dm = ⇢
0
dm(1 + z)3 + ⇢

0
de(1 + z)3


✏2

✏2 + 3w0

�
1� (1 + z)3w0+✏2

��
, (3.6)

⇢de = ⇢
0
de(1 + z)3(1+w0)+✏2 , (3.7)

for IDE2, where ⇢
0
dm and ⇢

0
de are the values of the energy densities at z = 0. For negative

values of ✏1 the energy flows from dark matter to dark energy, and for positive values of ✏2
the energy flows from dark energy to dark matter. Inserting the above equations into the
Friedmann equation one obtains

H
2

H
2
0

= ⌦0
m(1+z)3�✏1+⌦0

de(1+z)3(1+w0)+⌦0
m

✏1

✏1 + 3w0

h
(1 + z)3(1+w0) � (1 + z)3�✏1

i
, (3.8)

for IDE1 and

H
2

H
2
0

= ⌦0
m(1+z)3+⌦0

de(1+z)3


✏2

✏2 + 3w0

�
1� (1 + z)3w0+✏2

��
+⌦0

de(1+z)3(1+w0)+✏2 , (3.9)

for IDE2, which have to be inserted in the distance-redshift relation (1.1) in order to fit the
standard sirens data. Note that in both IDE models the interaction is between dark energy
and dark matter only, without baryons. Therefore in Eq. (3.8) ⌦0

m should in reality be the

– 11 –

WEDE=0.03 Hze=6L
WEDE=0.03 HzeÆ•L
Pettorino et al H2013L
LCDM

0 2 4 6 8 10

0.005

0.010

0.050

0.100

0.500

z

W
de

EARLY DARK ENERGY

Figure 1. Evolution of ⌦de(z) in early dark energy models with ⌦e
de = 0.03 and ze = 6 (solid blue

line) or ze ! 1 (dashed blue line). The EDE model considered by Pettorino et al [18], with the cut
of EDE set to z = 6, is also shown for comparison (dotted-dashed red line). The dotted black line
represents ⇤CDM.

The most widely used parameterization of ⌦de has been proposed in [17]:

⌦de(z) =
⌦0
de � ⌦e

de

⇥
1� (z + 1)3w0

⇤

⌦0
de + ⌦0

m(z + 1)�3w0
+ ⌦e

de

⇥
1� (z + 1)3w0

⇤
, (2.2)

where w0 and ⌦0
de are the present values of respectively the equation of state (EoS) and

relative energy density of dark energy, the latter being related to ⌦0
m through ⌦0

de = 1�⌦0
m.

The parameter ⌦e
de characterizes the amount of dark energy present at early times z � 1,

which remains constant also in the very early universe, before recombination.
Here we analyse a parametrisation modified with respect to the one in Eq. (2.2), which

allows us to investigate how the constraints change if ⌦de is non-negligible only for a limited
amount of time in the past, instead of contributing beyond recombination as in the above
model (2.2). We will see that for eLISA the two models are equivalent as soon as the redshift
at which early dark energy starts to contribute is su�ciently high: higher than about 6, as
we will demonstrate. Therefore, even though the parametrisation in our analysis is di↵erent,
we derive also eLISA constraints on the model (2.2).

The scenario in which EDE is non-negligible only for a limited amount of time in the
past was first proposed in Ref. [18], which analyses how CMB constraints are a↵ected by
a variation of the epoch at which early dark energy starts to contribute. The model we
consider here is somewhat di↵erent from those presented in [18], and shares some similarity
with what done in Ref. [19] in the case of Baryon Acoustic Oscillations (BAO). We let the
universe become ⇤CDM at redshift z > ze, such that:

⌦de(z) =

8
<

:

⌦0
de�⌦e

de[1�(z+1)3w0 ]
⌦0

de+⌦0
m(z+1)�3w0

+ ⌦e
de

⇥
1� (z + 1)3w0

⇤
if z < ze ,

⌦0
de

⌦0
de+⌦0

m(z+1)3
if z � ze ,

(2.3)
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cannot compete with CMB probes. Concerning BAO measurements, they provide stronger
constraints than eLISA only in the case when the sound horizon is held fixed at the fiducial
⇤CDM value (i.e. early dark energy becomes relevant at some point in the matter-dominated
era): Ref. [19] finds �⌦e

de = 0.031 at 2�. If this is not the case, present BAO observations
perform worse than future eLISA. Finally SNIa observations are not expected to significantly
improve constraints on early dark energy because they rely on measurements at low redshift.

3 Interacting dark energy

Interacting dark energy (IDE) models have been first proposed to help alleviate the coinci-
dence problem [23, 24], and have been widely studied in the literature because they seem to
be favoured by present cosmological data, especially when redshift space distortions (RSD)
are included in the datasets used to establish the constraints (c.f. discussions in Sec. 3.1 and
3.2). In IDE one introduces a coupling between DE and DM that at the background level
modifies the conservation equations as

⇢̇dm + 3H⇢dm = Q , (3.1)

⇢̇de + 3H(1 + w0)⇢de = �Q , (3.2)

where an over-dot stands for di↵erentiation with respect to cosmic time and Q defines the
amount of energy exchanged between the two dark fluids. In what follows we neglect the
baryonic and radiation contributions and consider two terms for the energy exchange, that
we denote respectively IDE1 and IDE2:

Q = ✏1H⇢dm (IDE1) and Q = ✏2H⇢de (IDE2) . (3.3)

These are the simplest phenomenological models of IDE and have been extensively inves-
tigated in the literature (see e.g. [25] for a recent review). The purpose of the present
analysis is to test the ability of eLISA in constraining a possible interaction in the dark
sector, not to distinguish between di↵erent interacting models: we therefore do not consider
more elaborated IDE models.

Note that standard sirens, similarly to SNIa, only probe the expansion of the universe
at the background level and thus in our analysis there is no need to specify the fully covariant
form of the interactions defined by Eq. (3.3). We therefore do not need to worry about possible
covariantization issues [26–29] or instabilities at the perturbation level [30–32]. Consequently,
we leave the parameters ✏1 and ✏2 free to take both positive and negative values, and their
sign does not have to be connected to the value of w0: these restrictions are necessary for
analyses that need to perturb the dark fluids because they take into account observational
probes of cosmological perturbations (CMB, BAO, RSD...) [30, 31, 33, 34]. It is clear that
any realistic model of IDE needs to be stable under perturbations, but here we prefer to
show the plain result of our analysis without setting any stability prior on parameters. Since
standard sirens only probe the background, their constraining power is not optimal compared
to other combined probes, as we will see; however, we have the advantage of being general, in
the sense that any IDE model which reduces to (3.3) at the background level, independently
of the full form of its interacting exchange four-vector, can be constrained by the results that
follow.
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amount of energy exchanged between the two dark fluids. In what follows we neglect the
baryonic and radiation contributions and consider two terms for the energy exchange, that
we denote respectively IDE1 and IDE2:

Q = ✏1H⇢dm (IDE1) and Q = ✏2H⇢de (IDE2) . (3.3)

These are the simplest phenomenological models of IDE and have been extensively inves-
tigated in the literature (see e.g. [25] for a recent review). The purpose of the present
analysis is to test the ability of eLISA in constraining a possible interaction in the dark
sector, not to distinguish between di↵erent interacting models: we therefore do not consider
more elaborated IDE models.

Note that standard sirens, similarly to SNIa, only probe the expansion of the universe
at the background level and thus in our analysis there is no need to specify the fully covariant
form of the interactions defined by Eq. (3.3). We therefore do not need to worry about possible
covariantization issues [26–29] or instabilities at the perturbation level [30–32]. Consequently,
we leave the parameters ✏1 and ✏2 free to take both positive and negative values, and their
sign does not have to be connected to the value of w0: these restrictions are necessary for
analyses that need to perturb the dark fluids because they take into account observational
probes of cosmological perturbations (CMB, BAO, RSD...) [30, 31, 33, 34]. It is clear that
any realistic model of IDE needs to be stable under perturbations, but here we prefer to
show the plain result of our analysis without setting any stability prior on parameters. Since
standard sirens only probe the background, their constraining power is not optimal compared
to other combined probes, as we will see; however, we have the advantage of being general, in
the sense that any IDE model which reduces to (3.3) at the background level, independently
of the full form of its interacting exchange four-vector, can be constrained by the results that
follow.
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Next, the absolute amplitude of the peaks can be estimated following [95] to scale as

Peak height ⇠ r
�0.26

s
!
�0.25

m
. (5)

It is straightforward to check at this point that all the parameters rs, H0 and !m can be
independently measured by the combination of these three observations, as we will show
explicitly in App. A. Of course, there are also other sources of information from CMB and
LSS, such as the fact that we observe ✓(zLSS) at several redshifts, or the shape of the smooth
part of the dark matter power spectrum [95, 1]. The smooth part of the power spectrum
starts playing a role, together with the peak height, only once the FS is analyzed, and it is
particularly important to determine !m through its dependence on the equality time. We
discuss this more in App. B.

But suffice it to say that, at least in principle, given a certain shift in rs, the shift in H0

needed in the CMB to match observations will be different than the one needed to match
the LSS observations, introducing a tension where currently there is no tension. This is, in
essence, the reason why the FS and the BAO data will be useful to constrain the EDE and
RnR models. More in general, since these considerations apply to the fact that the model-
induced degeneracy between rs and H0 is actually broken by the data, it is expected that
similar findings will apply to other models that attempt to use this potential degeneracy to
resolve the Hubble tension.

2.2 (Axion) Early Dark Energy

The axion EDE model [63, 64] introduces an ultra-light axion (ULA) field � with the La-
grangian [85],

L = �
1

2
(@µ�)

2
� ⇤4 (1� cos (�/f))n � V⇤ , (6)

where f is the axion field decay constant, and the misalignment angle ⇥ = �/f takes values
⇥ 2 [�⇡, ⇡]. Denoting Vn(�) = ⇤4(1� cos�/f)n + V⇤, the equation of motion is

�̈+ 3H�̇+
dVn(�)

d�
= 0 , (7)

and the energy density ⇢� and pressure p� are

⇢� =
�̇
2

2
+ Vn(�) , p� =

�̇
2

2
� Vn(�) . (8)

At early times, H � m, where m = ⇤2
/f , the axion field is frozen and the energy density

grows with respect to the other components. As Hubble drops below m, the field becomes
dynamical and begins to approach the minimum of the potential. The dynamics is parame-
terized by m, f , n, V⇤, and ⇥i where ⇥i is the initial misalignment angle. Without loss of
generality, we can restrict ⇥i to 0  ⇥i  ⇡.
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Early and interacting dark energy

LISA very sensitive to changes in the expansion history. 

Tested with distance-redshift relation at high redshift (z < 8)

IDE1: e1=0.1 Hzi=6L
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Figure 4. Evolution of ⌦de(z) in interacting dark energy models. From top to bottom of the curves:
the red line denotes IDE1 with ✏1 = 0.1 and zi = 6 (solid line) or zi ! 1 (dashed line). The green
line denotes IDE2 with ✏2 = 0.1 and zi = 6 (solid line) or zi ! 1 (dotted-dashed line). The black,
dotted line denotes ⇤CDM.

In both cases of Eq. (3.3), Eqs. (3.1)–(3.2) can be solved analytically yielding

⇢dm = ⇢
0
dm(1 + z)3�✏1 , (3.4)

⇢de = ⇢
0
de(1 + z)3(1+w0) +

✏1

✏1 + 3w0
⇢
0
dm

h
(1 + z)3(1+w0) � (1 + z)3�✏1

i
, (3.5)

for IDE1 and

⇢dm = ⇢
0
dm(1 + z)3 + ⇢

0
de(1 + z)3


✏2

✏2 + 3w0

�
1� (1 + z)3w0+✏2

��
, (3.6)

⇢de = ⇢
0
de(1 + z)3(1+w0)+✏2 , (3.7)

for IDE2, where ⇢
0
dm and ⇢

0
de are the values of the energy densities at z = 0. For negative

values of ✏1 the energy flows from dark matter to dark energy, and for positive values of ✏2
the energy flows from dark energy to dark matter. Inserting the above equations into the
Friedmann equation one obtains

H
2

H
2
0

= ⌦0
m(1+z)3�✏1+⌦0

de(1+z)3(1+w0)+⌦0
m

✏1

✏1 + 3w0

h
(1 + z)3(1+w0) � (1 + z)3�✏1

i
, (3.8)

for IDE1 and

H
2

H
2
0

= ⌦0
m(1+z)3+⌦0

de(1+z)3


✏2

✏2 + 3w0

�
1� (1 + z)3w0+✏2

��
+⌦0

de(1+z)3(1+w0)+✏2 , (3.9)

for IDE2, which have to be inserted in the distance-redshift relation (1.1) in order to fit the
standard sirens data. Note that in both IDE models the interaction is between dark energy
and dark matter only, without baryons. Therefore in Eq. (3.8) ⌦0

m should in reality be the
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Figure 1. Evolution of ⌦de(z) in early dark energy models with ⌦e
de = 0.03 and ze = 6 (solid blue

line) or ze ! 1 (dashed blue line). The EDE model considered by Pettorino et al [18], with the cut
of EDE set to z = 6, is also shown for comparison (dotted-dashed red line). The dotted black line
represents ⇤CDM.

The most widely used parameterization of ⌦de has been proposed in [17]:

⌦de(z) =
⌦0
de � ⌦e

de

⇥
1� (z + 1)3w0

⇤

⌦0
de + ⌦0

m(z + 1)�3w0
+ ⌦e

de

⇥
1� (z + 1)3w0

⇤
, (2.2)

where w0 and ⌦0
de are the present values of respectively the equation of state (EoS) and

relative energy density of dark energy, the latter being related to ⌦0
m through ⌦0

de = 1�⌦0
m.

The parameter ⌦e
de characterizes the amount of dark energy present at early times z � 1,

which remains constant also in the very early universe, before recombination.
Here we analyse a parametrisation modified with respect to the one in Eq. (2.2), which

allows us to investigate how the constraints change if ⌦de is non-negligible only for a limited
amount of time in the past, instead of contributing beyond recombination as in the above
model (2.2). We will see that for eLISA the two models are equivalent as soon as the redshift
at which early dark energy starts to contribute is su�ciently high: higher than about 6, as
we will demonstrate. Therefore, even though the parametrisation in our analysis is di↵erent,
we derive also eLISA constraints on the model (2.2).

The scenario in which EDE is non-negligible only for a limited amount of time in the
past was first proposed in Ref. [18], which analyses how CMB constraints are a↵ected by
a variation of the epoch at which early dark energy starts to contribute. The model we
consider here is somewhat di↵erent from those presented in [18], and shares some similarity
with what done in Ref. [19] in the case of Baryon Acoustic Oscillations (BAO). We let the
universe become ⇤CDM at redshift z > ze, such that:

⌦de(z) =

8
<

:

⌦0
de�⌦e

de[1�(z+1)3w0 ]
⌦0

de+⌦0
m(z+1)�3w0

+ ⌦e
de

⇥
1� (z + 1)3w0

⇤
if z < ze ,

⌦0
de

⌦0
de+⌦0

m(z+1)3
if z � ze ,

(2.3)
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Figure 9. Redshift distribution of MBHB standard sirens for the three di↵erent astrophysical models
considered. Numbers in the legends denote the total amount of standard sirens detected over all
redshift bins.

We can therefore conclude that eLISA with six-link configurations will serve as an
independent mean to test alternative models for the acceleration of the universe such as
EDE and IDE, and will be able to improve the present constraints, in particular for the EDE
and IDE2 models, if one considers low values of the redshift at which the deviation from
⇤CDM starts.
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A Redshift distribution of MBHB standard sirens

In this appendix we provide the distribution in redshift of the number of MBHB standard
sirens obtained from the analysis performed in [12]. This serves as supporting material for
some of the statements made in the main text and completes the results presented in [12].

In Fig. 9 we present the distribution in redshift of standard sirens for the three best
eLISA configurations, and the three MBHB formation models considered. We stress that
only GW events for which the redshift can be measured from an EM counterpart are shown
in Fig. 9. The total number of GW events detected by eLISA, with and without counterpart
observation, can be found in [12]. From Fig. 9 one first notices that for all MBHB models
the distribution is peaked for 2 . z . 3, which thus represents the redshift range around
which the bulk of MBHB standard sirens data are expected. Note also that the distributions
have tails reaching even z = 10, meaning that MBHB standard sirens will be able to directly
test the expansion at very high redshifts, though for datapoints with z & 6 a large error bar
is expected due to weak lensing e↵ects and the di�culties in measuring the redshift from an
optical counterpart.

In general standard sirens from Q3nod events are more abundant than Q3d ones, re-
flecting the fact that Q3nod and Q3d are respectively optimistic and pessimistic scenarios
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Non-local model
Modifications of gravity in the IR from quantum effects. While fundamental action is local, 
quantum effective action can be non-local. 

Consistent and phenomenologically well-behaved theory:

2.2.3 Covariantizations: RT and RR models

We now look for possible covariantizations of the above expressions. Covariantizations, when
they exists, are in general not unique. However, some choices can be more natural than
others. We will see that, starting from the equation of motion (2.38) or from the quantum
e↵ective action (2.37), one ends up quite naturally with two di↵erent covariantizations, that
define two possible models.

Let us start from the covariantization of eq. (2.38). The linearization of the Einstein

tensorGµ⌫ isG
(1)

µ⌫ = �(1/2)Eµ⌫,⇢�h⇢�, so the term Eµ⌫,⇢�h⇢� = �2G(1)

µ⌫ in eq. (2.38) is uniquely
promoted to �2Gµ⌫ in the full covariant theory, by the requirement that we recover GR for
m = 0. The nontrivial part is the covariantization of the mass term. At linear level the Ricci
scalar becomes R(1) = �(⌘⇢�2� @⇢@�)h⇢�, that can be rewritten as R(1) = �2(P ⇢�h⇢�), so

P ⇢�h⇢� = �2�1R(1) . (2.39)

Therefore eq. (2.36) is equivalent to

� 2G(1)

µ⌫ +
2

3
m2Pµ⌫2

�1

⌘ R(1) = �16⇡GTµ⌫ , (2.40)

where the notation 2⌘ stresses that, until now, the 2 operator was the one with respect to

the flat metric ⌘µ⌫ . After promoting G(1)

µ⌫ to Gµ⌫ , if we want to preserve energy-momentum
conservation rµTµ⌫ = 0, we must promote Pµ⌫2

�1
⌘ R(1) to a transverse tensor, whose covari-

ant derivative vanishes. To this purpose it is useful to observe that, in a generic Riemannian
manifold, any symmetric tensor Sµ⌫ can be decomposed as

Sµ⌫ = ST

µ⌫ +
1

2
(rµS⌫ +r⌫Sµ) , (2.41)

where rµST
µ⌫ = 0 [18, 19]. The extraction of the transverse part of a tensor is itself a nonlocal

operation. In flat space, where rµ ! @µ, proceeding as we have done in the derivation of
eqs. (2.20)–(2.21), one finds that

ST

µ⌫ = Sµ⌫ �
1

2⌘
(@µ@

⇢S⇢⌫ + @⌫@
⇢S⇢µ) +

1

22
⌘
@µ@⌫@

⇢@�S⇢� . (2.42)

Using this expression we can easily check that, in flat space, for a tensor Sµ⌫ of the form
Sµ⌫(x) = ⌘µ⌫A(x), we have ST

µ⌫ = Pµ⌫A(x).7 Thus, to linear order in an expansion over flat

space, the term Pµ⌫2
�1
⌘ R(1) in eq. (2.40) is the same as the transverse part of the tensor

(⌘µ⌫2�1
⌘ R(1)), that we denote as (⌘µ⌫2�1

⌘ R(1))T , and eq. (2.40) is the same as

G(1)

µ⌫ � 1

3
m2(⌘µ⌫2

�1

⌘ R(1))T = 8⇡GTµ⌫ . (2.44)

In this form, there is a natural covariantization given by

Gµ⌫ �
1

3
m2

�
gµ⌫2

�1R
�T

= 8⇡GTµ⌫ , (2.45)

7This could be derived even more simply by observing that, in flat space, where @µ commutes with 2⌘ and
therefore with 2�1

⌘ , we can write

⌘µ⌫A = (⌘µ⌫ � 2
�1
⌘ @µ@⌫)A+ (1/2)@µ(2

�1
⌘ @⌫A) + (1/2)@⌫(2

�1
⌘ @µA) = Pµ⌫A+ (1/2)(@µS⌫ + @⌫Sµ) , (2.43)

where Sµ = 2�1
⌘ @µA. Since @

µ(⌘µ⌫ � 2�1
⌘ @µ@⌫)A = (@⌫ � @⌫)A = 0, Pµ⌫A is transverse, so Pµ⌫A = S

T
µ⌫ .
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Non-local model
Modifications of gravity in the IR from quantum effects. While fundamental action is local, 
quantum effective action can be non-local. 

Consistent and phenomenologically well-behaved theory:

2.2.3 Covariantizations: RT and RR models

We now look for possible covariantizations of the above expressions. Covariantizations, when
they exists, are in general not unique. However, some choices can be more natural than
others. We will see that, starting from the equation of motion (2.38) or from the quantum
e↵ective action (2.37), one ends up quite naturally with two di↵erent covariantizations, that
define two possible models.

Let us start from the covariantization of eq. (2.38). The linearization of the Einstein

tensorGµ⌫ isG
(1)

µ⌫ = �(1/2)Eµ⌫,⇢�h⇢�, so the term Eµ⌫,⇢�h⇢� = �2G(1)

µ⌫ in eq. (2.38) is uniquely
promoted to �2Gµ⌫ in the full covariant theory, by the requirement that we recover GR for
m = 0. The nontrivial part is the covariantization of the mass term. At linear level the Ricci
scalar becomes R(1) = �(⌘⇢�2� @⇢@�)h⇢�, that can be rewritten as R(1) = �2(P ⇢�h⇢�), so

P ⇢�h⇢� = �2�1R(1) . (2.39)

Therefore eq. (2.36) is equivalent to

� 2G(1)

µ⌫ +
2

3
m2Pµ⌫2

�1

⌘ R(1) = �16⇡GTµ⌫ , (2.40)

where the notation 2⌘ stresses that, until now, the 2 operator was the one with respect to

the flat metric ⌘µ⌫ . After promoting G(1)

µ⌫ to Gµ⌫ , if we want to preserve energy-momentum
conservation rµTµ⌫ = 0, we must promote Pµ⌫2

�1
⌘ R(1) to a transverse tensor, whose covari-

ant derivative vanishes. To this purpose it is useful to observe that, in a generic Riemannian
manifold, any symmetric tensor Sµ⌫ can be decomposed as

Sµ⌫ = ST

µ⌫ +
1

2
(rµS⌫ +r⌫Sµ) , (2.41)

where rµST
µ⌫ = 0 [18, 19]. The extraction of the transverse part of a tensor is itself a nonlocal

operation. In flat space, where rµ ! @µ, proceeding as we have done in the derivation of
eqs. (2.20)–(2.21), one finds that

ST

µ⌫ = Sµ⌫ �
1

2⌘
(@µ@

⇢S⇢⌫ + @⌫@
⇢S⇢µ) +

1

22
⌘
@µ@⌫@

⇢@�S⇢� . (2.42)

Using this expression we can easily check that, in flat space, for a tensor Sµ⌫ of the form
Sµ⌫(x) = ⌘µ⌫A(x), we have ST

µ⌫ = Pµ⌫A(x).7 Thus, to linear order in an expansion over flat

space, the term Pµ⌫2
�1
⌘ R(1) in eq. (2.40) is the same as the transverse part of the tensor

(⌘µ⌫2�1
⌘ R(1)), that we denote as (⌘µ⌫2�1

⌘ R(1))T , and eq. (2.40) is the same as

G(1)

µ⌫ � 1

3
m2(⌘µ⌫2

�1

⌘ R(1))T = 8⇡GTµ⌫ . (2.44)

In this form, there is a natural covariantization given by

Gµ⌫ �
1

3
m2

�
gµ⌫2

�1R
�T

= 8⇡GTµ⌫ , (2.45)

7This could be derived even more simply by observing that, in flat space, where @µ commutes with 2⌘ and
therefore with 2�1

⌘ , we can write

⌘µ⌫A = (⌘µ⌫ � 2
�1
⌘ @µ@⌫)A+ (1/2)@µ(2

�1
⌘ @⌫A) + (1/2)@⌫(2

�1
⌘ @µA) = Pµ⌫A+ (1/2)(@µS⌫ + @⌫Sµ) , (2.43)

where Sµ = 2�1
⌘ @µA. Since @

µ(⌘µ⌫ � 2�1
⌘ @µ@⌫)A = (@⌫ � @⌫)A = 0, Pµ⌫A is transverse, so Pµ⌫A = S

T
µ⌫ .
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Figure 1. Upper left panel: ⇢DE(x) normalized to the total energy density ⇢tot(x) as a function
of x. Upper right panel: ⇢DE(z) normalized to the critical energy density today, ⇢0, as a function
of redshift z. Lower panel: the DE equation of state wDE(z) as a function of redshift. The curves
correspond to the minimal RT model (blue solid line) and the RT model with �N = 34 (magenta,
dashed), �N = 50 (green, dot-dashed), �N = 64 (cyan, dotted) and �N = 100 (black solid line).

The upper left panel of Fig. 1 shows the evolution of the dark energy density ⇢DE(x),
normalized to the total energy density ⇢tot(x) = ⇢M (x) + ⇢R(x) + ⇢DE(x), as a function
of x [recall that here x = ln a, and we normalize the scale factor so that a(t0) = 1]. For
orientation, matter-radiation equilibrium is at x ' �8.1, at the present epoch x = 0, and
x > 0 corresponds to the cosmological future. We see from the plot that the DE density
due to the nonlocal term is negligible until the relatively recent cosmological epoch, when
eventually dominates.

When ⇢DE(x) is normalized to ⇢tot(x), which includes the contribution of ⇢DE(x) itself,
the result for the minimal model and for the RT models with large �N look all very similar,
and the various curves are basically indistinguishable. However, the individual behaviors of
⇢DE(x) are quite di↵erent. This is shown in the upper right panel of Fig. 1, where ⇢DE is
shown as a function of the redshift z [related to x by x = � log(1 + z)], and normalized
to the constant critical energy density today ⇢0. We see that, as we approach the present
epoch from large z, in the minimal model ⇢DE increases, until it reaches the present value
⇢DE/⇢0 ' 0.7, which is fixed by our choice of ⌦M ' 0.3. In contrast, for large �N , ⇢DE

starts from a very large value deep in RD (a consequence of the large value of the auxiliary
field Y at the end of inflation), and then decreases for most of its evolution, until the present
epoch. This behavior can be understood observing that, for �N = 0, the evolution of Y

� ' {2.69512 ⇥ 10�3
, 1.0321 ⇥ 10�3

, 3.73915 ⇥ 10�4
, 1.94944 ⇥ 10�11

} for �N = 34, 50, 64, 100, respectively.
For the mass m this means m/H0 ' 0.68 for the minimal model, and m/H0 ' {0.16, 0.10, 0.06, 4.2 ⇥ 10�8

}

for �N = 34, 50, 64, 100. We perform the numerical integration of the di↵erential equations both with
Mathematica and with CLASS, and we check the consistency of the results.
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Figure 1. Upper left panel: ⇢DE(x) normalized to the total energy density ⇢tot(x) as a function
of x. Upper right panel: ⇢DE(z) normalized to the critical energy density today, ⇢0, as a function
of redshift z. Lower panel: the DE equation of state wDE(z) as a function of redshift. The curves
correspond to the minimal RT model (blue solid line) and the RT model with �N = 34 (magenta,
dashed), �N = 50 (green, dot-dashed), �N = 64 (cyan, dotted) and �N = 100 (black solid line).

The upper left panel of Fig. 1 shows the evolution of the dark energy density ⇢DE(x),
normalized to the total energy density ⇢tot(x) = ⇢M (x) + ⇢R(x) + ⇢DE(x), as a function
of x [recall that here x = ln a, and we normalize the scale factor so that a(t0) = 1]. For
orientation, matter-radiation equilibrium is at x ' �8.1, at the present epoch x = 0, and
x > 0 corresponds to the cosmological future. We see from the plot that the DE density
due to the nonlocal term is negligible until the relatively recent cosmological epoch, when
eventually dominates.

When ⇢DE(x) is normalized to ⇢tot(x), which includes the contribution of ⇢DE(x) itself,
the result for the minimal model and for the RT models with large �N look all very similar,
and the various curves are basically indistinguishable. However, the individual behaviors of
⇢DE(x) are quite di↵erent. This is shown in the upper right panel of Fig. 1, where ⇢DE is
shown as a function of the redshift z [related to x by x = � log(1 + z)], and normalized
to the constant critical energy density today ⇢0. We see that, as we approach the present
epoch from large z, in the minimal model ⇢DE increases, until it reaches the present value
⇢DE/⇢0 ' 0.7, which is fixed by our choice of ⌦M ' 0.3. In contrast, for large �N , ⇢DE

starts from a very large value deep in RD (a consequence of the large value of the auxiliary
field Y at the end of inflation), and then decreases for most of its evolution, until the present
epoch. This behavior can be understood observing that, for �N = 0, the evolution of Y

� ' {2.69512 ⇥ 10�3
, 1.0321 ⇥ 10�3

, 3.73915 ⇥ 10�4
, 1.94944 ⇥ 10�11

} for �N = 34, 50, 64, 100, respectively.
For the mass m this means m/H0 ' 0.68 for the minimal model, and m/H0 ' {0.16, 0.10, 0.06, 4.2 ⇥ 10�8

}

for �N = 34, 50, 64, 100. We perform the numerical integration of the di↵erential equations both with
Mathematica and with CLASS, and we check the consistency of the results.
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ln a

Belgacem et al. ’20

[Belgacem et al. ’18, ’20]



Non-local model
Modifications of gravity in the IR from quantum effects. While fundamental action is local, 
quantum effective action can be non-local. 

Consistent and phenomenologically well-behaved theory:

2.2.3 Covariantizations: RT and RR models

We now look for possible covariantizations of the above expressions. Covariantizations, when
they exists, are in general not unique. However, some choices can be more natural than
others. We will see that, starting from the equation of motion (2.38) or from the quantum
e↵ective action (2.37), one ends up quite naturally with two di↵erent covariantizations, that
define two possible models.

Let us start from the covariantization of eq. (2.38). The linearization of the Einstein

tensorGµ⌫ isG
(1)

µ⌫ = �(1/2)Eµ⌫,⇢�h⇢�, so the term Eµ⌫,⇢�h⇢� = �2G(1)

µ⌫ in eq. (2.38) is uniquely
promoted to �2Gµ⌫ in the full covariant theory, by the requirement that we recover GR for
m = 0. The nontrivial part is the covariantization of the mass term. At linear level the Ricci
scalar becomes R(1) = �(⌘⇢�2� @⇢@�)h⇢�, that can be rewritten as R(1) = �2(P ⇢�h⇢�), so

P ⇢�h⇢� = �2�1R(1) . (2.39)

Therefore eq. (2.36) is equivalent to

� 2G(1)

µ⌫ +
2

3
m2Pµ⌫2

�1

⌘ R(1) = �16⇡GTµ⌫ , (2.40)

where the notation 2⌘ stresses that, until now, the 2 operator was the one with respect to

the flat metric ⌘µ⌫ . After promoting G(1)

µ⌫ to Gµ⌫ , if we want to preserve energy-momentum
conservation rµTµ⌫ = 0, we must promote Pµ⌫2

�1
⌘ R(1) to a transverse tensor, whose covari-

ant derivative vanishes. To this purpose it is useful to observe that, in a generic Riemannian
manifold, any symmetric tensor Sµ⌫ can be decomposed as

Sµ⌫ = ST

µ⌫ +
1

2
(rµS⌫ +r⌫Sµ) , (2.41)

where rµST
µ⌫ = 0 [18, 19]. The extraction of the transverse part of a tensor is itself a nonlocal

operation. In flat space, where rµ ! @µ, proceeding as we have done in the derivation of
eqs. (2.20)–(2.21), one finds that

ST

µ⌫ = Sµ⌫ �
1

2⌘
(@µ@

⇢S⇢⌫ + @⌫@
⇢S⇢µ) +

1

22
⌘
@µ@⌫@

⇢@�S⇢� . (2.42)

Using this expression we can easily check that, in flat space, for a tensor Sµ⌫ of the form
Sµ⌫(x) = ⌘µ⌫A(x), we have ST

µ⌫ = Pµ⌫A(x).7 Thus, to linear order in an expansion over flat

space, the term Pµ⌫2
�1
⌘ R(1) in eq. (2.40) is the same as the transverse part of the tensor

(⌘µ⌫2�1
⌘ R(1)), that we denote as (⌘µ⌫2�1

⌘ R(1))T , and eq. (2.40) is the same as

G(1)

µ⌫ � 1

3
m2(⌘µ⌫2

�1

⌘ R(1))T = 8⇡GTµ⌫ . (2.44)

In this form, there is a natural covariantization given by

Gµ⌫ �
1

3
m2

�
gµ⌫2

�1R
�T

= 8⇡GTµ⌫ , (2.45)

7This could be derived even more simply by observing that, in flat space, where @µ commutes with 2⌘ and
therefore with 2�1

⌘ , we can write

⌘µ⌫A = (⌘µ⌫ � 2
�1
⌘ @µ@⌫)A+ (1/2)@µ(2

�1
⌘ @⌫A) + (1/2)@⌫(2

�1
⌘ @µA) = Pµ⌫A+ (1/2)(@µS⌫ + @⌫Sµ) , (2.43)

where Sµ = 2�1
⌘ @µA. Since @

µ(⌘µ⌫ � 2�1
⌘ @µ@⌫)A = (@⌫ � @⌫)A = 0, Pµ⌫A is transverse, so Pµ⌫A = S

T
µ⌫ .
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Transverse part

RT model: [Maggiore ’13]

Non-local mass term for the 
conformal mode of the metric

Model passes Solar System constraints and fits cosmological probes (CMB, SNa, BAO, LSS) 
as well as ΛCDM

[Belgacem et al. ’18, ’20]

[Kahagias & Maggiore ’14, Begacem et al. ’18, ’19; Dirian et al. ’14, 16; …]

LISA can probe background expansion


Propagation of GW affected: LISA crucial 
test (see José’s talk)

45

Figure 3 The 1� and 2� contours of the two-dimensional likelihood in the (⌅0, w0) plane, with the combined
contribution from CMB+BAO+SNe (red) and the combined contours from CMB+BAO+SNe+LISA stan-
dard sirens (blue). Left: heavy seads and no-delay (“hnd”) scenario; right: “pop III” seeds. From Belgacem
et al. (2019c).

normalizes the graviton (Gleyzes et al., 2013). In particular, the quadratic action for h� reads,
using the conformal time, S /

R
d
3xd⌘(aM⇤)

2
⇥
h0
�

2 � (@kh�)
2
⇤
, which shows that in this case the

quantity that satisfies a standard wave equation inside the horizon is �� = aM⇤h�, with an extra
M⇤(⌘) in the normalization. This implies that

d gw
L (z)

d em
L (z)

=
M⇤(0)

M⇤(z)
, (12)

i.e., the ratio between the GW and EM luminosity distance simply reflects the ratio between the
value of the effective Planck mass at the observer (at redshift 0) and the one at the source at
redshift z. If these are equal, for instance as a consequence of other constraints (see Sect. V.A.4
above), then there is no effect (Dalang and Lombriser, 2019; Dalang et al., 2020). Another way to
see this is by noting that the damping term in eq. (9) is � = �d lnM⇤/d ln a (see e.g., Bellini and
Sawicki 2014; Gleyzes et al. 2014); Eq. (12) then follows from Eq. (10).

In the past, studies of dark energy at the next generation of GW detectors have focused on
the DE equation of state. However, while current EM observations show that in modified gravity
theories deviations from the ⇤CDM cannot be much larger than a few percent, modified GW
propagation is a phenomenon accessible only to GW detectors, and therefore currently basically
unconstrained. For instance, there are explicit examples of phenomenologically viable modified
gravity models that predict a very large effect. In particular, the RT non-local model mentioned
above predicts a value of ⌅0 that, depending on a free parameter of the model (related to the
initial conditions) can be as large as ⌅0 ' 1.8 (Belgacem et al., 2018b, 2019a), corresponding to
a 80% deviation from the GR value ⌅0 = 1. Therefore, as observed in Belgacem et al. (2018a,c)
modified GW propagation provides a complementary and more promising observable than those
inferred from EM observations.

Constraints on a modified GW luminosity distance were placed after the multi-messenger event
GW170817 (Arai and Nishizawa, 2018; Belgacem et al., 2018a; Lagos et al., 2019). The first limits
on ⌅0, using dark sirens from the O1-O2-O3a LIGO/Virgo runs have been recently presented in
Finke et al. (2021), while constraints using the binary black hole mass distribution were obtained
in Ezquiaga (2021). Forecasts on the sensitivity of LISA to ⌅0 (together with other parameters,
such as the parameter w0 that enters in the parametrization of the DE equation of state) have been
performed in Belgacem et al. (2019c), using the coalescence of SMBH binaries. These are expected
to produce powerful EM counterparts, since they are believed to merge in a gas rich environment,
and are therefore potential standard candles for LISA. The results, using the astrophysical models of
Barausse (2012); Klein et al. (2016), which make a range of plausible assumptions for the BH seeds
and for the merger delay times, and performing full MCMC exploration of the parameter spaces,
confirm the strong potential of LISA for constraining, or detecting, modified GW propagation.
As an example, Fig. 3 shows the forecast in the (⌅0, w0) plane, for two different astrophysical
scenarios.
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Generalized scalar-tensor theories

Horndeski (second-order) and beyond:

[Horndeski ’73;  Deffayet et al ’11;

Gleyzes, et al. ’14, see also Zumalacarregui, Garcia-Bellido ’13]

Higher derivative ⇒ self-acceleration

More general theories, DHOST: [Langlois, Noui ’15, Crisostomi et al. ’16]
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Covariant 
theories


Observations

↵B , ↵M , ↵H , . . .

EFT of Dark Energy

Special time foliation (time-dependent background field). Action made of 4d covariant terms 
but also all 3d spatially diff-invariant terms:
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Expanding around a homogeneous FLRW background
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FIG. 1. Cosmological parameter constraints for the dark energy cB and cM parameters, using the ai = ci ·a (left triangle plot) and ai = ci ·WDE
(right triangle plot) parametrisations and different combinations of datasets and priors (see section III). All constraints shown assume aT = 0,
but note that constraints in the cM � cB plane, as shown here, are only mildly affected by allowing aT 6= 0 [34]. Contours mark 68% and 95%
confidence intervals, computed using just Planck data (P15), Planck data plus RSD, BAO and matter power spectrum measurements (P15 +
LSS), and P15 + LSS with an additional prior ensuring the absence of GW-induced instabilities (P15 + LSS + GW). In fig. 3 below we show
that P15 + LSS + GW and P15 + GW lead to near identical constraints. Dotted lines mark ci = 0 (the GR value), cB = 2 (a singular line
physical models cannot cross in the ai = cia parametrisation – see [34–36] for details) and cM =�cB (constraint derived from the GW prior).

instability constraints introduces one additional class of in-
teractions not constrained by current GW bounds [12]. We
will leave an exploration of the phenomenology associated
with this additional freedom for future research. Finally note
that, while the conformal G4(f) coupling can of course be ab-
sorbed by a conformal transformation, such a transformation
does then change the coupling to matter (which cosmological
constraints are also sensitive to). While both descriptions are
physically equivalent, we here stay in Jordan frame, which is
typically the more straightforward frame to use when compar-
ing with large scale structure (LSS) data constraints.

III. COSMOLOGICAL PARAMETER CONSTRAINTS

Having reduced the space of Horndeski theories to (8), we
will now compute cosmological data constraints on these the-
ories and in particular on the sole remaining relevant free
function at the level of linear perturbations, aM .5 As discussed
above, we consider such perturbations around an FRW back-
ground. More specifically we will assume this background to
be LCDM-like (motivated by the observed proximity to such

5 For a comparison with cosmological parameter constraints on models with-
out the aT constraint (and employing the same parametrisations as in this
paper), see [17, 34].

a solution) and constrain perturbations around it. The back-
ground equations then read

H2 = rtot, Ḣ = �3
2
(rtot + ptot) , (10)

where rtot and ptot are the total energy density and pressure
in the universe, and we have set 8pG = 1 (and re-scaled all
densities and pressures by a factor of 3, using CLASS con-
ventions). Computing cosmological constraints also requires
choosing a parametrisation for the ai and this will turn out to
be particularly important in the context of the reduced Horn-
deski theories (8) we are focusing on here. While numerous
parametrisations exist – for a discussion of their relative mer-
its see Refs. [16–18, 34, 43–47] – here we will compute con-
straints using the two most commonly used ones [16]:

1) ai = cia, 2) ai = ciWDE. (11)

These parameterise each ai in terms of just one constant
parameter, ci, and ensure that any deviation from GR (i.e.
non-zero ai) smoothly switches off towards higher redshift
and only becomes relevant in the late universe.

Data sets and priors: We now perform a Markov chain
Monte Carlo (MCMC) analysis, computing constraints on the
modified gravity/dark energy parameters cM and cB for (5) vs.
just cM for (8), while marginalising over the standard LCDM
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Observations

↵B , ↵M , ↵H , . . .

EFT of Dark Energy

How to use GW physics/astronomy to constraints dark energy?

1) Extrapolation to strong field regime
BH

cosmological background

2) Propagation of GW



Cosmology and strong-field connection

Constrains on dark energy can come from the strong field regime (QNMs, EMRIs, tidal Love 
numbers, etc.) with LISA

EFT of Black Hole perturbations with time-like scalar profile:

BH

cosmological background

[Mukohyama and Yingcharoenrat ’22;

see also Franciolini et al. ’18]
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Action expanded around a spatially inhomogeneous solution (e.g. spherically symmetric one):

Connection with well-known 
stealth solutions
[Babichev, Charmousis, Kobayashi, 
Tanahashi, Ben Achour, Lehébel, Liu, 
Motohashi, Crisostomi, Gregory, Stergioulas, 
Minamitsouji, etc.]

If the same EFT describes both dark energy and strong-field regime, one can constrain dark 
energy with black hole perturbations
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1) Extrapolation to strong field regime
BH

cosmological background



LIGO/Virgo constraints on speed of propagation

Frequency dependence
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[Creminelli, FV ’17; Sakstein, Jain ’17 ; 

Ezquiaga, Zumalacarregui ’17 ; Baker+ ’17]G5 = 0 , XF4 = 2G4,X
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Naive scaling:

LIGO/Virgo constraints on speed of propagation

Frequency dependence

EFT of cosmological scales may not apply to LIGO-Virgo scales [de Rham, Melville ’18]

Theory may break down (new states appear) at a scale parametrically lower than cutoff Λ3 

Tensor speed may go back to luminal on short scales

Analogous to light propagation in dielectric: n(!) = 1 +
2⇡Ne2

me
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!2
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Cosmological scales Observed 
scales

M

There can be surprises in the LISA band!
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Dark energy and modified gravity spontaneously breaks Lorentz invariance: refraction, 
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one gets, neglecting the expansion of the universe,
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which in our gauge becomes
(3)
R !

(3)
R� �̇ij@i@j⇡ . (31)

By multiplying by �g
00 after the Stueckelberg trick (see eq. (11)) this term generates the following

contribution to the action

�

Z
d4x
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2

4

2
(2�� 2⇡̇)�̇ij@i@j⇡ , (32)

where we have retained only terms with the highest number of time derivatives.
For the terms quadratic in the extrinsic curvature in the bracket of eq. (27), it is enough to use the

linear Stueckelberg trick, eq. (12). While �K
2 does not generate terms linear in �ij unsuppressed by

H, �Kij�K
ij generates ��̇ij@i@j⇡. Multiplying by �g

00, this gives an identical contribution as eq. (32).
Replacing � using eq. (17) and integrating by parts, we finally obtain
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4

Z
d4x �̈ij@i⇡@j⇡ . (33)

Using the canonically normalized fields defined in eqs. (20) and (24), the interaction vertex (33)
becomes

L�⇡⇡ =
1

⇤3
⇤
�̈
(c)
ij @i⇡

(c)
@j⇡

(c)
, (34)

with
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⇤ ⌘ MPl

3m6

3
+ 4M2
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(c+ 2m4

2
)

2
p
2 m̃2

4
(M2

Pl
+ 2m̃2

4
)

. (35)

In the following we denote by p
µ, kµ

1
and k

µ
2
, respectively the 4-momentum of the decaying graviton

and of the two ⇡ fields in the final state. Therefore, in diagrammatic form in Fourier space, for a given
polarization � the interaction vertex reads

ij
= 2⇥

1

⇤3
⇤
p
2
k1mk2n


1

2
(�im�jn + �in�jm)�

1

3
�ij�mn

�
, (36)

where the factor of 2 comes from the two possibilities of associating k1 and k2.

3.2 Decay rate

Let us define the matrix element iA for a given polarization state � as

h{p,�}; in|k1, k2; outi ⌘ (2⇡)4�(4)(pµ � k
µ
1
� k

µ
2
) iA . (37)

The decay rate reads
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2Ep

Z
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d3k2
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µ
1
� k

µ
2
) h|iA |

2
i , (38)

(the factor 1/2 in front of the integral comes from considering identical final particles) where, for
any 4-vector q

µ, Eq denotes its time component and h|iA |
2
i is the square of the matrix element iA
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For LIGO/Virgo, interesting 
decay is perturbative:



one gets, neglecting the expansion of the universe,

(3)
R !

(3)
R� 2@i@j(Ni@j⇡) + 2@2(Ni@i⇡)� @i⇡@j ḣij � @i(@j⇡ḣij) + @i(@i⇡ḣ) + @i⇡@iḣ , (30)

which in our gauge becomes
(3)
R !

(3)
R� �̇ij@i@j⇡ . (31)

By multiplying by �g
00 after the Stueckelberg trick (see eq. (11)) this term generates the following

contribution to the action

�

Z
d4x

m̃
2

4

2
(2�� 2⇡̇)�̇ij@i@j⇡ , (32)

where we have retained only terms with the highest number of time derivatives.
For the terms quadratic in the extrinsic curvature in the bracket of eq. (27), it is enough to use the

linear Stueckelberg trick, eq. (12). While �K
2 does not generate terms linear in �ij unsuppressed by

H, �Kij�K
ij generates ��̇ij@i@j⇡. Multiplying by �g

00, this gives an identical contribution as eq. (32).
Replacing � using eq. (17) and integrating by parts, we finally obtain

S�⇡⇡ =
M

2

Pl
m̃

2

4

M
2

Pl
+ 2m̃2

4

Z
d4x �̈ij@i⇡@j⇡ . (33)

Using the canonically normalized fields defined in eqs. (20) and (24), the interaction vertex (33)
becomes

L�⇡⇡ =
1

⇤3
⇤
�̈
(c)
ij @i⇡

(c)
@j⇡

(c)
, (34)

with

⇤3

⇤ ⌘ MPl

3m6

3
+ 4M2

Pl
(c+ 2m4

2
)

2
p
2 m̃2

4
(M2

Pl
+ 2m̃2

4
)

. (35)

In the following we denote by p
µ, kµ

1
and k

µ
2
, respectively the 4-momentum of the decaying graviton

and of the two ⇡ fields in the final state. Therefore, in diagrammatic form in Fourier space, for a given
polarization � the interaction vertex reads

ij
= 2⇥

1

⇤3
⇤
p
2
k1mk2n


1

2
(�im�jn + �in�jm)�

1

3
�ij�mn

�
, (36)

where the factor of 2 comes from the two possibilities of associating k1 and k2.

3.2 Decay rate

Let us define the matrix element iA for a given polarization state � as

h{p,�}; in|k1, k2; outi ⌘ (2⇡)4�(4)(pµ � k
µ
1
� k

µ
2
) iA . (37)

The decay rate reads

��!⇡⇡ =
1

2
⇥

1

2Ep

Z
d3k1

(2⇡)32Ek1

d3k2

(2⇡)32Ek2
(2⇡)4�(4)(pµ � k

µ
1
� k

µ
2
) h|iA |

2
i , (38)

(the factor 1/2 in front of the integral comes from considering identical final particles) where, for
any 4-vector q

µ, Eq denotes its time component and h|iA |
2
i is the square of the matrix element iA
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Decay allowed for cs < 1 (cs = sound speed of 𝜋 fluctuations; assume cT=1)

GW decay into scalar fluctuations 𝜋. Analogous to light absorption into a material.

decay rate� '
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↵H
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irrelevant for LSS observations
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decay is perturbative:
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Figure 1 Space-time diagram in (t, z)-coordinates indicating the path taken by the gravitational-wave wave
packet (blue region). The ⇡ lightcone is narrower than the gravitational wave one.

the following we are going to use this change of variable also when � 6= 0, even if plane waves in the
original coordinates are not solution of eq. (3.3).

Then we can quantize ⇡ straightforwardly. More specifically, we decompose ⇡p̃ as

⇡p̃(u) =
1

cs

p
2pu

h
fp̃(u)âp̃ + f

?

p̃ (u)â
†
�p̃

i
, (3.6)

where
pu ⌘

cs

1� c2s

(|p|� cspz) , (3.7)

and âp̃ and â
†
�p̃ are the usual creation and annihilation operators satisfying the commutation relations,

[âp̃, â
†
p̃0 ] = (2⇡)3�(3)(p̃ � p̃0). The normalization is chosen for convenience. Indeed, for � = 0 the

evolution equation for ⇡ satisfies a free wave equation and each Fourier mode can be described as an
independent quantum harmonic oscillator. We assume that in this case ⇡ is in the standard Minkowski
vacuum, given by3

fp̃(u) = e
�ipuu , (� = 0) . (3.9)

To study the parametric resonance, will now show that eq. (3.3) can be written as a Mathieu
equation [29]. First, in terms of the new coordinates, eq. (3.3) becomes

[(1� c
2

s)@
2
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�2

s (1� c
2

s)@
2

s � c
2

s(@
2

x + @
2

y)]⇡ + c
2

s� cos(!u)(@2

x � @
2

y)⇡ = 0 (3.10)

3It is straightforward to verify that eq. (3.9) is equivalent to the standard Minkowski vacuum, i.e.

⇡(x) =

Z
d3p
(2⇡)3

1p
2cs|p|

⇣
e
�ip·x

âp + e
ip·x

â
†
�p

⌘
, (3.8)

upon use of d3p̃/d3p = cspu/|p| and, consequently, of âp̃ = [|p|/(cspu)]1/2 âp.
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Figure 1 Space-time diagram in (t, z)-coordinates indicating the path taken by the gravitational-wave wave
packet (blue region). The ⇡ lightcone is narrower than the gravitational wave one.

the following we are going to use this change of variable also when � 6= 0, even if plane waves in the
original coordinates are not solution of eq. (3.3).
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evolution equation for ⇡ satisfies a free wave equation and each Fourier mode can be described as an
independent quantum harmonic oscillator. We assume that in this case ⇡ is in the standard Minkowski
vacuum, given by3

fp̃(u) = e
�ipuu , (� = 0) . (3.9)

To study the parametric resonance, will now show that eq. (3.3) can be written as a Mathieu
equation [29]. First, in terms of the new coordinates, eq. (3.3) becomes
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8

Fourier modes satisfy Mathieu equation 

⇒ parametric resonance.

d2⇡~k
d⌧2

+ (A~k � 2q~k cos(2⌧))⇡~k = 0
<latexit sha1_base64="oJWBx/3yoSH2qdIx0rtVYYncAPA="></latexit>

Resonant modes grow exponentially

Narrow resonance:               ⇒                           � ⌧ 1
<latexit sha1_base64="Pcw06RhW+qUI7f7b+gOOSl97k7s=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QMFNwY3LCvYBnVIyaaaNzUyG5I5QSv/BjYgbBb/GX/BvTKezaeuBwOGcE+49N0ikMOi6v05hbX1jc6u4XdrZ3ds/KB8eNY1KNeMNpqTS7YAaLkXMGyhQ8naiOY0CyVvB6H7mt164NkLFTzhOeDeig1iEglG0UscPOFLiS0m8XrniVt0MZJV4OalAjnqv/OP3FUsjHiOT1JiO5ybYnVCNgkk+Lfmp4QllIzrgk2zRKTmzUp+EStsXI8nUhRyNjBlHgU1GFIdm2ZuJ/3mdFMPb7kTESYo8ZvNBYSoJKjJrTfpCc4ZybAllWtgNCRtSTRna25RsdW+56CppXlS9y+r141WldpcfoQgncArn4MEN1OAB6tAABgre4BO+nGfn1Xl3PubRgpP/OYYFON9/BUaMMA==</latexit>

⇢⇡ / e�!u/4
<latexit sha1_base64="Ni2R/FPtYNbLy48qEhGPKBnE+18=">AAACBHicbVBLSwMxGMz6rPW16tFLsBQ81V2tKHgpePFYwT6gW0s2/bYNzW5CkhVK6dWLf8WLiBcFz/4F/41pu5e2DgSGmQnJTCg508bzfp2V1bX1jc3cVn57Z3dv3z04rGuRKgo1KrhQzZBo4CyBmmGGQ1MqIHHIoREObid+4wmUZiJ5MEMJ7Zj0EhYxSoyVOm4xUH3RCSTDgVRCGoHhcRSEYAgORAw9gtOz8rjjFrySNwVeJn5GCihDteP+BF1B0xgSQznRuuV70rRHRBlGOYzzQapBEjogPRhNS4xx0UpdHAllT2LwVJ3LkVjrYRzaZExMXy96E/E/r5Wa6Lo9YolMDSR09lCUcmy7ThbBXaaAGj60hFDF7A8x7RNFqLG75W11f7HoMqmfl/yL0uV9uVC5yUbIoWN0gk6Rj65QBd2hKqohil7QG/pEX86z8+q8Ox+z6IqT3TlCc3C+/wACDJdx</latexit>

��ij / v�0e
�!u/4✏+ij

<latexit sha1_base64="4s7m91Xr5ZPdZ5nk+/pmNrcQlHs=">AAACKXicbVDLSgMxFM34tr6qLt0EiyAIdcYHCm4EXYgrBauCU8ud9LZGk0lIMkIZ+kVu/Ay3bkTdKPgjZmpd+DgQOJx7bpJzEi24dWH4EgwMDg2PjI6NlyYmp6ZnyrNzp1ZlhmGNKaHMeQIWBU+x5rgTeK4NgkwEniU3e8X87BaN5So9cR2NdQntlLc4A+elRvkw3kfhgMZtkBIaOb/u0lgbpZ2it99qSPEyjxMsfEpiG2i2uuF9qC0X/pZi63KlUa6E1bAH+pdEfVIhfRw1yg9xU7FMYuqYAGsvolC7eg7GcSawW4ozixrYDbQx7yXt0iUvNWlLGX9SR3vqDx9Iazsy8U4J7sr+nhXif7OLzLW26zlPdeYwZV8PtTJBfQ1FbbTJDTInOp4AM9z/kLIrMMCcL7fko0e/g/4lp2vVaL26ebxR2d3plzBGFsgiWSYR2SK75IAckRph5J48kTfyHtwFj8Fz8PplHQj6O/PkB4KPT0EEpmY=</latexit>



Decay enhanced by the large occupation number of the GWs ~ preheating

Resonant decay Creminelli, Tambalo, FV, Yingcharoenrat, ‘19

Classical wave:

Oscillator with changing frequency:

�ij = MPlh
+
0 cos(!u)✏+

ij
, � ⌘ ↵Hh+

0 !
2MPl

⇤3
3c

2
s

<latexit sha1_base64="5KjXLeA3slm7jNOfbrYuPKO1xJA="></latexit>

⇡̈ � c2s
⇥
r2 + � cos(!u)✏+ij@i@j

⇤
⇡ = 0

<latexit sha1_base64="Nkhxij6riOxqJ9J44kxCvXuXpow="></latexit>

� =
|↵H |
↵c2

s

⇣
!

H

⌘2
h
+
0

<latexit sha1_base64="DAi4y5q4YMA+ZAn8++/0Or4bWWw="></latexit>

Fourier modes satisfy Mathieu equation 

⇒ parametric resonance.

d2⇡~k
d⌧2

+ (A~k � 2q~k cos(2⌧))⇡~k = 0
<latexit sha1_base64="oJWBx/3yoSH2qdIx0rtVYYncAPA="></latexit>

Resonant modes grow exponentially

Narrow resonance:               ⇒                           � ⌧ 1
<latexit sha1_base64="Pcw06RhW+qUI7f7b+gOOSl97k7s=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QMFNwY3LCvYBnVIyaaaNzUyG5I5QSv/BjYgbBb/GX/BvTKezaeuBwOGcE+49N0ikMOi6v05hbX1jc6u4XdrZ3ds/KB8eNY1KNeMNpqTS7YAaLkXMGyhQ8naiOY0CyVvB6H7mt164NkLFTzhOeDeig1iEglG0UscPOFLiS0m8XrniVt0MZJV4OalAjnqv/OP3FUsjHiOT1JiO5ybYnVCNgkk+Lfmp4QllIzrgk2zRKTmzUp+EStsXI8nUhRyNjBlHgU1GFIdm2ZuJ/3mdFMPb7kTESYo8ZvNBYSoJKjJrTfpCc4ZybAllWtgNCRtSTRna25RsdW+56CppXlS9y+r141WldpcfoQgncArn4MEN1OAB6tAABgre4BO+nGfn1Xl3PubRgpP/OYYFON9/BUaMMA==</latexit>

⇢⇡ / e�!u/4
<latexit sha1_base64="Ni2R/FPtYNbLy48qEhGPKBnE+18=">AAACBHicbVBLSwMxGMz6rPW16tFLsBQ81V2tKHgpePFYwT6gW0s2/bYNzW5CkhVK6dWLf8WLiBcFz/4F/41pu5e2DgSGmQnJTCg508bzfp2V1bX1jc3cVn57Z3dv3z04rGuRKgo1KrhQzZBo4CyBmmGGQ1MqIHHIoREObid+4wmUZiJ5MEMJ7Zj0EhYxSoyVOm4xUH3RCSTDgVRCGoHhcRSEYAgORAw9gtOz8rjjFrySNwVeJn5GCihDteP+BF1B0xgSQznRuuV70rRHRBlGOYzzQapBEjogPRhNS4xx0UpdHAllT2LwVJ3LkVjrYRzaZExMXy96E/E/r5Wa6Lo9YolMDSR09lCUcmy7ThbBXaaAGj60hFDF7A8x7RNFqLG75W11f7HoMqmfl/yL0uV9uVC5yUbIoWN0gk6Rj65QBd2hKqohil7QG/pEX86z8+q8Ox+z6IqT3TlCc3C+/wACDJdx</latexit>

��ij / v�0e
�!u/4✏+ij

<latexit sha1_base64="4s7m91Xr5ZPdZ5nk+/pmNrcQlHs=">AAACKXicbVDLSgMxFM34tr6qLt0EiyAIdcYHCm4EXYgrBauCU8ud9LZGk0lIMkIZ+kVu/Ay3bkTdKPgjZmpd+DgQOJx7bpJzEi24dWH4EgwMDg2PjI6NlyYmp6ZnyrNzp1ZlhmGNKaHMeQIWBU+x5rgTeK4NgkwEniU3e8X87BaN5So9cR2NdQntlLc4A+elRvkw3kfhgMZtkBIaOb/u0lgbpZ2it99qSPEyjxMsfEpiG2i2uuF9qC0X/pZi63KlUa6E1bAH+pdEfVIhfRw1yg9xU7FMYuqYAGsvolC7eg7GcSawW4ozixrYDbQx7yXt0iUvNWlLGX9SR3vqDx9Iazsy8U4J7sr+nhXif7OLzLW26zlPdeYwZV8PtTJBfQ1FbbTJDTInOp4AM9z/kLIrMMCcL7fko0e/g/4lp2vVaL26ebxR2d3plzBGFsgiWSYR2SK75IAckRph5J48kTfyHtwFj8Fz8PplHQj6O/PkB4KPT0EEpmY=</latexit>

(a) (b)

Figure 5 The blue regions indicate where our approximations apply and one has a sizeable modification of the
GW signal. Above the red dashed lines the e↵ect of ⇡ non-linearities is small. The upper blue dashed lines
indicate the line � = 1: our analytical approximation holds for � ⌧ 1, but it is probably a good approximation
also for � . 1. One has a sizeable e↵ect on the GW above the lower dashed blue lines. This mainly depends
on the exponential of �Ncyc and since Ncyc is fixed once Mc and f are given, this constraint is to a good
approximation a lower bound on �. Left panel (Fig. 5a): LIGO/Virgo case: f = 30 Hz, Mc = 1.188 M� as for
GW170817. Right panel (Fig. 5b): LISA case: f = 10�2 Hz, Mc = 30 M� as for GW150914.

where the term �Ncyc roughly coincides with the argument of the exponential in eqs. (5.1) and (5.6).
Finally, a further constraint to impose is the narrow resonance condition � ⌧ 1.

In Figs. 5a and 5b we plot these three constraints as a function of ↵H and the distance between
the source and the resonant decay of the GW into ⇡ (therefore this is not the distance between the
source and the detector). The first plot is done for a ground-based interferometer with LIGO/Virgo-
like sensitivity; in order to maximise the number of oscillation we choose a neutron-star event similar
to GW170817. The second plot is for a space-based interferometer with LISA-like sensitivity and a
binary black hole event similar to GW150914. The blue region corresponds to a sizeable modification
of the GW signal, calculable within our approximation. The neutron-star merger GW170817 is at a
distance of approximately 40 Mpc. The absence of sizeable e↵ects (�� > 0.1�) in the observed event
puts constraints on a resonant e↵ect that takes place at less than 40 Mpc from the source and rules
out the interval: 5⇥ 10�20 . ↵H . 10�18.

For comparison, the bound coming from the perturbative decay of the graviton, see eq. (46) of
[1], reads ↵H . 10�10. Notice that, when the GW is closer to the source, its amplitude is larger
and � will exceed unity. At a certain point one enters the Vainshtein regime and the coupling �⇡⇡

On the other hand the coe�cient of the operator �̈ij@i⇡@j⇡ reads (see App. B of [1])

1
M

2
Pl

(m̃2
4 +m

2
5c

2
T) . (4.15)

The two coincide, modulo a factor of 2, up to relative corrections suppressed by c
2
T � 1.
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Screening the fifth force
Self-acceleration ⇒ non-minimally coupled (almost) massless field ⇒ fifth force and anomalous 

light bending on all scales.

3.4.4 Self-acceleration in scalar-tensor gravity
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Vainshtein: enhanced kinetic term in high density region

Fifth force

How to modify gravity on large scales and simultaneously pass Solar System tests?

Symmetron: vanishing coupling in high-density region
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Chameleon: large scalar mass in high density region
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Vainshtein screening
Cubic Galileon model:
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Second-order EOM. Quadratic equation. 

Assume spherical symmetry and quasi-static. Solution with point-particle source of mass M:
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No-go theorem for the Chameleon
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Note that there are no higher derivatives. We will discuss later why we make this point.
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where rV is the Vainshtein radius
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• For r � rV we are in the weak-coupling regime: the scalar field non-linearities
are small and we recover the 1/r behaviour (choosing the minus sign-branch of the
solution),
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Vainshtein screening
Cubic Galileon model:
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Figure 1

The Vainshtein radius rV is fixed by the mass of the object and the value of the mass
scale ⇤. We will see soon that ⇤ ⇠ 10�13 eV ⇠ (1000 km)�1. For ↵ ⇠ O(1) and using
M� ⇠ 2 · 1033g and MPl ⇠ 5 · 10�5g we have
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(3.57)

• r
Earth
V ⇠ 0.1 pc

• r
�
V ⇠ 100 pc

• r
Milky Way
V ⇠ 1 Mpc

3.6 Higher-order derivatives

3.6.1 Self-acceleration of the cubic Galileon

We consider the theory (3.50) (without matter to simplify the analysis),
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We can derive the Friedmann equation
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and the equation for the background scalar field, that can be written as
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Let’s try a de Sitter solution H = H0 and �̇0 = bH0MPl, where b is some dimensionless
constant. The first equation can be satisfied for some value of c2, c3 and ⇤3, so there is a
self-accelerating solution. The scalar field equation gives

⇤3 =
6bc3
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H
2
0MPl , (3.61)
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Fifth force suppressed
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No-go theorem for the Chameleon
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Note that there are no higher derivatives. We will discuss later why we make this point.
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where rV is the Vainshtein radius
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• For r � rV we are in the weak-coupling regime: the scalar field non-linearities
are small and we recover the 1/r behaviour (choosing the minus sign-branch of the
solution),
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• For r ⌧ rV we are in the strong-coupling (or Vainshtein) regime: the scalar field
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Second-order EOM. Quadratic equation. 

Assume spherical symmetry and quasi-static. Solution with point-particle source of mass M:
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Vainshtein screening
Cubic Galileon model:

Figure 1

The Vainshtein radius rV is fixed by the mass of the object and the value of the mass
scale ⇤. We will see soon that ⇤ ⇠ 10�13 eV ⇠ (1000 km)�1. For ↵ ⇠ O(1) and using
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3.6 Higher-order derivatives

3.6.1 Self-acceleration of the cubic Galileon

We consider the theory (3.50) (without matter to simplify the analysis),
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self-accelerating solution. The scalar field equation gives
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How big is the Vainshtein radius?
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Assume spherical symmetry and quasi-static. Solution with point-particle source of mass M:
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Note that there are no higher derivatives. We will discuss later why we make this point.
For a point-like source we have spherical symmetry
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where rV is the Vainshtein radius
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• For r � rV we are in the weak-coupling regime: the scalar field non-linearities
are small and we recover the 1/r behaviour (choosing the minus sign-branch of the
solution),
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• For r ⌧ rV we are in the strong-coupling (or Vainshtein) regime: the scalar field
non-linearities are important and we the �� profile is supressed,
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Vainshtein screening in binaries
Most studies assume static approx and spherical symmetry. Screening is less well understood 
in time-dependent systems. Binary pulsars predictions?
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Most studies assume static approx and spherical symmetry. Screening is less well understood 
in time-dependent systems. Binary pulsars predictions?

<latexit sha1_base64="e1ZCILFC/mu+LzbVQv36TebWvxQ="></latexit>

P (�)
monopole

P (GR)
quadrupole

⇠
✓

r

rV

◆3/2

v�3/2

<latexit sha1_base64="KYMOuVrnSRAEW3y90QLrG6wi6Og="></latexit>

P (�)
quadrupole

P (GR)
quadrupole

⇠
✓

r

rV

◆3/2

v�5/2

Analytic calculation: enhancement of monopole and quadrupole scalar radiation (dipole 
negligible)

Confirmed by full numerical two-body simulation

[de Rham, Tolley, Wesley ’12; Chu & Trodden ’13]

[Dar et al. ’19]

Small effects for binary pulsars. What about LISA?



Instability due to GWs

The regime               is problematic: � > 1
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Cubic Galileon model:

Small perturbations around a background generated by the GW:

• Gradient instabilities: imaginary solution of                            for      

'PEWWMGEP 7XEFMPMX] SJ XLI (+4� GSRHMXMSRW JSV WXEFMPMX]

'SRHMXMSRW JSV WXEFMPMX]

π̂

δπ

π = π̂ + δπ  

ƍ 8LI UYEHVEXMG PEKVERKMER ERH )31 JSV �⇡ EVSYRH E GSRJMKYVEXMSR ⇡̂(x)

�JSV JVIUYIRGMIW ! � @⇡̂(x)/⇡̂(x)
 EVI

L�⇡ = Zµ⌫ [⇡̂(x)]@
µ
�⇡@

⌫
�⇡ , Zµ⌫ [⇡̂(x)]@

µ
@
⌫
�⇡ = 0

ƍ 8LI HMWTIVWMSR VIPEXMSR MW SFXEMRIH F] XLI WSPYXMSRW SJ Zµ⌫k
µ
k
⌫ = 0

ƍ %FWIRGI SJ KVEHMIRX MRWXEFMPMXMIW) EPP WSPYXMSRW JSV kµ EVI VIEP�
)UYMZEPIRXP] XLI QEXVM\ Z0iZ0j � Z00Zij LEW XS FI TSWMXMZI�HIJMRMXI

ƍ %FWIRGI SJ KLSWX MRWXEFMPMXMIW) Z00 > 0

��

⇡ = ⇡̂ + �⇡
<latexit sha1_base64="HA6GU9ndA/UCKgPRBibskOsHTJI=">AAACF3icbVDLSgMxFM34rPVVdekmWARBKDM+sCBCwY3LCvYBnVIymds2NPMguSOUoR/ixl9xI9KNgkv/xnRahLYeCBzOOcnNPV4shUbb/rFWVtfWNzZzW/ntnd29/cLBYV1HieJQ45GMVNNjGqQIoYYCJTRjBSzwJDS8wf3EbzyD0iIKn3AYQztgvVB0BWdopE6h7MaC3tHUzZ5KFfgj6vYZUqOP6Pmf4ckEjOODRJZ5nULRLtkZ6DJxZqRIZqh2CmPXj3gSQIhcMq1bjh1jO2UKBZcwyruJhpjxAetBms0c0VMj+bQbKXNCpJk6l2OB1sPAM8mAYV8vehPxP6+VYLfcTkUYJwghnw7qJpJiRCclUV8o4CiHhjCuhPkh5X2mGEdTZd6s7iwuukzqFyXnsnT9eFWs3M5KyJFjckLOiENuSIU8kCqpEU5eyTv5JF/Wi/VmfVjjaXTFmt05InOwvn8BcTmfRQ==</latexit>

Zµ⌫ [⇡̂(x)]@
µ@⌫�⇡ = 0

<latexit sha1_base64="cRjSyKnc/Z3fopkZOnlU1E8XV4I=">AAACI3icbVDLSgMxFM3UV62vqks3wSLUTZnxgYIIBV24rGAf2KlDJpO2oZnMkNwRS+nnuPFLBDcibir4L2baIrR6IXDuOedyc48fC67BtkdWZmFxaXklu5pbW9/Y3Mpv79R0lCjKqjQSkWr4RDPBJasCB8EasWIk9AWr+72rVK8/MqV5JO+gH7NWSDqStzklYCgvf33vDdwwwa5MhriJ3S4B7Ma8+HSIWwYQBZyIh7Hjt5GmCZgAkjrxpY29fMEu2ePCf4EzBQU0rYqXf3WDiCYhk0AF0brp2DG0BukCKtgw5yaaxYT2SIcNxjcO8YGhAtyOlHkS8Jid8ZFQ637oG2dIoKvntZT8T2sm0D5vDbiME2CSTha1E4EhwmlgOOCKURB9AwhV3PwQ0y5RhIKJNWdOd+YP/QtqRyXnuHR6e1IoX0xDyKI9tI+KyEFnqIxuUAVVEUUv6B2N0Jf1bL1ZH9bnxJqxpjO7aKas7x+AiKKu</latexit>

Zµ⌫k
µk⌫ = 0

<latexit sha1_base64="uhT5z5OI3AJYtP6HYOQc3QU/AkM=">AAAB+XicbVDLSgMxFL1TX7W+Rt3pJlgEV2VGCioiFNy4rGAf2NaSSdM2NJMZ8hDKUPBX3Ii4UfAn/AX/xkw7m7YeSDicc0LuPUHMmdKe9+vkVlbX1jfym4Wt7Z3dPXf/oK4iIwmtkYhHshlgRTkTtKaZ5rQZS4rDgNNGMLpN/cYzlYpF4kGPY9oJ8UCwPiNYW6nrHj12k3ZoUFuYCRo9pdTewqAbr+sWvZI3BVomfkaKkKHadX/avYiYkApNOFaq5Xux7iRYakY4nRTaRtEYkxEe0GQ6+QSdWqmH+pG0R2g0VedyOFRqHAY2GWI9VIteKv7ntYzuX3YSJmKjqSCzj/qGIx2htAbUY5ISzceWYCKZnRCRIZaYaFtWwa7uLy66TOrnJb9curovFyvXWQl5OIYTOAMfLqACd1CFGhB4gTf4hC8ncV6dd+djFs052ZtDmIPz/QdBUZKJ</latexit>

kµ

<latexit sha1_base64="IXresNX3DKsS+iQfzVSbzOhgEo8=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoOIl4MVjBPOAJIbZSW8yZvbBTK8QQr7Ai4gXBf/HX/BvnCR7SWLBQFFVQ3e1nyhpyHV/ndza+sbmVn67sLO7t39QPDyqmzjVAmsiVrFu+tygkhHWSJLCZqKRh77Chj+8m/qNF9RGxtEjjRLshLwfyUAKTlaqs+FTO0y7xZJbdmdgq8TLSAkyVLvFn3YvFmmIEQnFjWl5bkKdMdckhcJJoZ0aTLgY8j6OZztO2JmVeiyItX0RsZm6kOOhMaPQt8mQ08Ase1PxP6+VUnDdGcsoSQkjMR8UpIpRzKaFWU9qFKRGlnChpd2QiQHXXJA9S8FW95aLrpL6Rdm7LN88XJYqt9kR8nACp3AOHlxBBe6hCjUQ8Axv8AlfDjqvzrvzMY/mnOzPMSzA+f4DFoyKjQ==</latexit>

• Ghost instabilities: Z00 < 0
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To be contrasted with nonlinear stability of cubic Galileon Nicolis, Rattazzi ‘04



Instability due to GWs

Figure 3: Gradient-instability lines, � = 1, for di↵erent value of ↵B as a function of the chirp mass of the binary
system, evaluated at a distance of 1Mpc (solid lines) and 10Mpc (dashed lines). The grey region cannot be
trusted because it would correspond to extrapolating the orbit beyond the ISCO. Regions above the black lines
have frequencies larger than the unitarity cut-o↵ ! > ⇤UV (the three lines correspond to di↵erent values of cs).
At fixed � = 1, we expressed the cut-o↵ frequency as a function of Mc using (5.1). All lines are evaluated with
the choice ↵ = 1/(2c2s).

Although there is some degree of uncertainty on the rate of massive BH mergers, one can be quite
sure that in a region of 10Mpc many mergers of halos, and therefore binary mergers of massive BHs,
took place in the last Hubble time. To be more quantitative, in the range 107M� < Mc < 108M� one
estimates between 5 and 50 events in a volume of 10Mpc radius between z = 1 and z = 0 [35]. Rates
are larger, but considerably more uncertain, for smaller masses [36].

Let us now discuss the role of screening. As we discussed above, in regions with large field
non-linearities the threshold of instability can be lifted by the Vainshtein mechanism. If the typical
radius at which the screening is e↵ective is of order 10Mpc or smaller, then our conclusions do not
qualitatively change. There may be very non-linear regions where the instability did not occur, but
in most of the Universe the instability takes place. Following [21], one can estimate the scale at which
the Vainshtein mechanism is relevant assuming a power-law Universe with matter power spectrum
P (k) / k

n, where the relevant value near the non-linear scale for the real Universe is n ' �2. In

our case one finds �V ⇠ [↵B/(c2s↵)]
4

3+n�NL, which shows that for small ↵B the Vainshtein scale �V is
in general much shorter than 10Mpc, which roughly corresponds to the non-linear scale for structure
formation �NL (see also [29] for an estimate of the Vainshtein scale in numerical N -body simulations,
confirming these estimates).

What can we conclude if a model lies in the unstable region? As we discussed, the endpoint of
the instability is unknown and requires knowledge of the UV. Naively one can imagine that a certain
amount of ⇡s with energy close to the cut-o↵ is generated until their backreaction stops the instability.
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Events where instability is 
in the LISA band

can only conclude that an energy of order ⇤4

UV
, with ⇤UV the cut-o↵ of the theory, is damped

into the unstable modes; all further developments depend on the UV completion. Since in our
case ⇤4

UV
is parametrically smaller than the energy density of the GWs (which accidentally is

of order ⇤4

2
for the typical amplitudes and frequencies detected by LIGO-Virgo) one cannot

conclude that the GW signal will be a↵ected.

• The appearance of the instability may signal that the EFT breaks down. This happens in
the example above in the case of the ghost instability: the range of applicability of the EFT
shrinks to zero. The regime of validity of the EFT is not only determined by the requirement that
frequencies are su�ciently small, but it can be modified in the presence of a sizeable background.
Therefore it may be that the instability we studied is simply telling us that the EFT of DE breaks
down. This means that we are unable to describe the propagation of GWs unless we know the
UV completion of the theory.

Notice that both in the case in which the instability can be described within the EFT and in the
case in which the EFT breaks down at the instability, in order to continue the time evolution of the
system one needs the UV completion.

5 Phenomenological consequences

Let us explore the phenomenological consequences of the instability we studied. First of all, as it is
clear from the toy model we described in the previous section, without a UV completion one cannot
conclude that a sizeable amount of energy goes into ⇡. The instability may be saturated at the cut-o↵
scale ⇤3 or even at a lower scale. This means that it is not guaranteed that the instability leads to
a backreaction on the GW signal that can be seen at the interferometers8. In the following, we will
concentrate on the question of whether a generic point in the Universe is a↵ected by the instability.
For this we do not need to focus on the particular events observed by LIGO-Virgo (or eventually LISA
and pulsar timing array, see e.g. [31]) but one has to consider the e↵ect of all GW emissions.

Let us neglect momentarily the Vainshtein e↵ect. The Universe is populated by binary systems
and these trigger the instability in points that are close enough to the source to have � > 1. Let us
divide the Universe in spheres of 10 Mpc radius and ask whether the instability is triggered in these
regions. Since in first approximation the Universe is homogeneous on scales of 10 Mpc, one expects
that all regions behave approximately in the same way. If within a region and in a time comparable
to the age of the Universe, there is at least one binary event that gives � > 1 at a distance of 10 Mpc,
one can conclude that this event will trigger the instability over the whole sphere (and thus in the
whole Universe). In the following we are also going to explore regions of 1 Mpc. In this case, since
the Universe is inhomogeneous on this scale, using the same criteria as before one can only conclude
that su�ciently dense regions reached the instability. Indeed the events will be mostly localized in
overdensities and may not be able to trigger the instability in underdense regions.

The parameters needed to characterize the instabilities discussed in Sec. 3.2 are the amplitude h
+

0

and the frequency f . Long before the merger, the amplitude h
+

0
can be written as (see for example

[32])

h
+

0
⇠ 1p

2
· 4
r
(GMc)

5/3(⇡f)2/3 , (5.1)

8In fact, using eq. (4.5) of [2] one can straightforwardly show that ��/�̄ ⇠ ⇤4
3/(⇤

4
2h

+
0 ) ⌧ 1, where �̄ and �� denote

the GW background and its modification respectively.
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f < fISCO ' 0.034

⇡GMc

instability parameter GW amplitude condition on frequency
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Instability easily triggered by LISA events. 

Are these instabilities present also in other theories?
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Fig. 3 – Tensor (l = m = 2) and scalar (l = m = 1 and l = m = 2) strain for a NS merger with q = 0.91, in k-essence and
FJBD.
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Fig. 4 – Dipole (l = m = 1) and quadrupole (l = m = 2) scalar strain for merging NS binaries of varying mass ratio, in
k-essence and FJBD.

shown in Fig. 3. Notice that we do not show the GR ten-
sor strain as it is practically indistinguishable from the
FJBD one on this timescale [61]. The three values of ⇤
predict screening radii larger than the initial separation
between the stars.

As can be seen, the tensor strains are very similar, even
after the merger (corresponding to the peak amplitude).
As for the scalar, the suppression of the ` = m = 0 mode
is expected, since monopole emission vanishes in FJBD
theory for quasi-circular binaries [66, 67]. The ` = m = 1
dipole mode is instead small but non-vanishing, as ex-
pected for unequal-mass binaries in FJBD, with signs
of screening suppression as ⇤ decreases. However, the
(dominant) ` = m = 2 scalar quadrupole mode is always
larger than in FJBD theory, suggesting that the screen-
ing is not e↵ective at suppressing the quadrupole scalar
emission in the late inspiral/merger. The amplitude also
seems to increase when going to low frequencies/early
times, in the simulations with ⇤ ⇡ 4 and 5 MeV. Note
that one does not expect a continuous limit to FJBD
(⇤ ! 1) when ⇤ increases. In FJBD there is no screen-

ing and the binary is always in the perturbative regime,
while in k-essence the separation is always smaller than
the screening radii. This is true even for observed binary
pulsars, which have separations . 105 km vs screening
radii of ⇠ 1011 km for ⇤ ⇠ ⇤DE.
The dependence on the mass ratio of the binary (which

we set to q = 1, 0.9 and 0.71) is shown in Fig. 4, for
the FJBD and ⇤ ⇡ 4 MeV cases. As can be observed,
quadrupole fluxes are largely una↵ected by q in both
theories, with the k-essence ones consistently larger, es-
pecially at early times. The dipole fluxes in k-essence
show again signs of suppression relative to FJBD, at
least for q 6= 1, but in both theories they grow as q
decreases. This is expected, since PN calculations in
FJBD [66, 67] predict that the dipole amplitude should
scale as the di↵erence of the stellar scalar charges, which
grows as q decreases. For q = 1, instead, the dipole flux
in FJBD is compatible with zero (as predicted by PN
theory [66, 67]), while it does not vanish in k-essence.
Conclusions: We have performed for the first time

fully relativistic simulations of binary NSs in theories of

[Bezares et al. ’21; 
ter Haar et al. ’22]

3

Fig. 2 – Unequal-mass (q = 0.91) NS binary with ⇤ = 4.0MeV, shown at successive times. The color code represents the
scalar field, which is initially centered on each star and then develops into a common “envelope”, while the dark orange rep-
resents the fluid density.

ment level l to ensure stability of the numerical scheme.

Isolated stars and gravitational collapse: We construct
initial data for NS systems in k-essence theory by re-
laxation [61, 62], i.e. we generate GR solutions us-
ing LORENE [63] and evolve them in k-essence until
that they relax to stationary solutions. These solutions
agree with the non-rotating solutions for k-mouflage stars
found in [39, 40], thus validating our relaxation tech-
nique (Fig. 1, top panel). Similarly, we have also con-
sidered rotating solutions in k-essence, finding for the
first time that (i) they behave qualitatively like the non-
spinning ones, and (ii) the screening mechanism also sur-
vives in axisymmetry (Fig. 1, top panel). We also repro-
duced the dynamics of stellar oscillations in k-essence
found in [39, 40], and managed to follow the (spheri-
cal) black-hole collapse of a NS (Fig. 1, bottom panel).
These simulations were inaccessible, due to the diverg-
ing characteristic speeds, within the framework of [39],
without the addition of an extra driver field and a “fix-
ing equation” [42, 43] for it [40]. Here, using the gauge
conditions mentioned above (and typically employed in
numerical-relativity simulations of compact objects in
3+1 dimensions), we found no divergence of the char-
acteristic speeds in our class of k-essence theories. The
collapse obtained with this gauge matches exactly the
results obtained in [40], as shown in the bottom panel
of Fig. 1, corroborating the (approximate) “fixing equa-
tion” technique employed there. We will therefore use the
aforementioned gauge conditions throughout this paper.

Binary evolutions: Like in the isolated case, initial
data for binary systems are constructed by relaxation.
The relaxation process occurs approximately in the initial
4ms of our simulations, and does not impact significantly
the subsequent binary evolution. We consider binary NSs
in quasi-circular orbits with a total gravitational mass
2.8�2.9M� and mass ratio q = M2/M1 = [0.72, 1]. Time
snapshots of a binary with mass ratio q = 0.9 in a theory

with ⇤ ⇡ 4 MeV are shown in Fig 2, displaying both the
star’s density and the scalar field. The screening radii
of the stars in isolation are ⇠ 120 km and thus larger
than the initial system separation. This is the physically
relevant situation, as for ⇤ ⇠ ⇤DE the screening radii are
⇠ 1011 km. Also observe the formation of a scalar wake
trailing each star (for the most part), with the two wakes
merging in the last stages of the inspiral.
The response of a detector to the GW signal from NS

binaries is encoded in the Newman-Penrose invariants
in the Jordan frame [64], i.e. projections of the Rie-
mann tensor on a null tetrad l, n,m, m̄ adapted to out-
going waves. Tensor and scalar GWs are encoded respec-
tively in  4 = �R`m̄`m̄ = �  ̃4 and in �22 = �Rlmlm̄ =

�
⇣
�̃22 � l⌫ lµr⌫rµ log�/2 + ...

⌘
, with a tilde denoting

quantities in the Einstein frame (where we perform our
simulation) and the dots denoting terms subleading in
the distance r. We place our extraction radius out-
side the screening radius of the individual NSs, at dis-
tances of 300 km from the center of mass. This is jus-
tified because the distance to the detector is typically
� 1011 km, which is the screening radius for ⇤ ⇠ ⇤DE,
even for Galactic sources. In this regime, the ampli-
tude of scalar perturbations decays as 1/r, and therefore
�22 ⇡ �↵

p
16⇡G@2t �+O(1/r2) [40, 61].

The tensor and scalar “strains”, h and hs, are defined
by integrating  4 and �22 twice in time, i.e.  4 = @2t h/2
and �22 = @2t hs. The latter definition yields simply
hs / � [65]. We then decompose h and hs (or �)
into spin-weighted spherical harmonics. As expected,
the dominant contribution comes from the ` = m = 2
mode for the tensor strain. For the scalar emission the
monopole ` = m = 0 is suppressed, and the main con-
tribution comes from the dipole (` = m = 1) mode and
(mostly) the quadrupole (` = m = 2) mode. The results
for four simulations – for ⇤ ⇡ 4, 5 and 7 MeV and for
FJBD (corresponding to ⇤ ! 1), with ↵ ⇡ 0.14 – are

<latexit sha1_base64="h7+KUpQ1wGDTtFrDD1c1dcd8xbg="></latexit>

S =

Z
d4x

p
�g


M2

Pl

2
R� (@�)2

✓
1 +

(@�)2

⇤4
⇤

◆
+

1

2
hµ⌫T

µ⌫ +
↵

2MPl
�T

�



3Gs
In screened environments, the 3 “Newton constants” are typically independent

1) Graviton kinetic term normalization 
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Constrained by GW propagation

Constrained by Cavendish exp.,  Lunar Laser Ranging

Constrained by time delay/light bending
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Gravitational waves (emission and propagation) carry unique information about           that 
cannot be extracted with other tests
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[Dalang and Lombriser, 2019; Lombriser and Taylor, 2016; Tsujikawa, 2019; Wolf and Lagos, 2020]


How can we combine LISA and cosmological constraints?



‣ LISA sensitive to expansion history at low and high redshift (z < 10). Help in solving 
H0 tension and detecting extra components (early and interacting dark energy). What 
else can we learn?  


‣ Can we connect strong-field regime (compact objects) constraints to weak-field 
(cosmology) ones? What new constraints can we put on dark energy/modified gravity 
with LISA?


‣ LIGO/Virgo have radically constrained cosmological modification of gravity via 
effects on propagation. But EFT at LIGO and LISA frequencies can be different. What 
do we expect to learn with LISA?


‣ Scalar-field and GWs interplay displaly new interesting effects (decay, instability) 
relevant for LISA. More detailed calculations needed.


‣ Screening ubiquitous in theories of modified gravity. Should affect all LISA observables. 
To what level? Improvement in our theoretical understanding needed.


‣ GWs propagate through overdense (possibly screened) regions. What is the effect of 
screening on the GW propagation?

Conclusions and burning questions



Observations


