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accurate statistical analysis (e.g. Bayesian model selection), especially in the case of a puta-
tive signature of new physics in the data. Clearly, this also requires to develop very accurate
GR waveforms.

IV. DARK MATTER AND PRIMORDIAL BHS

The fundamental nature of dark matter (DM) is one of the major unresolved questions in physics
and cosmology. Its presence is inferred from various observations, such as galaxy rotation curves,
gravitational lensing, galaxy cluster dynamics and CMB data (see Bertone and Hooper 2018;
Bertone et al. 2005a; Carr et al. 2016 for reviews). These observations constrain its behavior on
larger scales: DM must broadly behave as non relativistic, collisionless matter, with an average
density in galactic haloes of the order of ⇠ 0.1 M� pc

�3 (1 GeV cm
�3), low velocity dispersions

of order ⇠ 100 km s
�1, and it must be interacting weakly, if at all, with baryonic matter and with

itself. However, the physical properties of its constituents, in particular their individual masses
and spins, remain very poorly constrained.

Figure 2 Overview of key DM candidates (Bertone and Tait, 2018; Bertone et al., 2019; Giudice, 2017).
Currently excluded ranges of particle masses and DM fractions fDM are indicated in white. Parameter
regions where LISA observations may provide constraints are gray coloured. We see that the masses of DM
particle candidates remain currently very much unconstrained and that DM particles of any allowed mass
can make up any fraction (fDM  1) of the DM. Macroscopic DM candidates such as PBHs and ECOs are
constrained by current observations but may still constitute 100% of the DM in the range 10�16�10�11

M�.
Approximate regions where LISA can contribute to constraints are bracketed above and below the plot
with a brief description - see the text for more details.

This Section is concerned with models where the DM consists of or is formed from (in the case
of PBHs) some type of matter and not where the observed effects arise due to some modification
to gravity, such as e.g., Modified Newtonian Dynamics (MOND) (Sanders and McGaugh, 2002),
which is the topic of Section II. There are two broad categories of dark matter:

1. Particle dark matter, e.g. WIMPs or axions, where the problem of identification lies in
determining the mass, spin and fundamental interactions of the particle (or particles).

2. Macroscopic objects, e.g. primordial BHs (PBHs) or exotic compact objects (ECOs), where
the distributions of masses and spins, as well as the matter from which they formed, are key
aspects to be understood.

Nothing prevents DM from being a combination of several different components drawn from either
or both of these categories. Moreover, some models (e.g. axions), are naturally hybrids, where the
DM may primarily consist of unbound particles, but also form macroscopic gravitationally bound
structures such as boson stars in overdense regions. A further aspect of DM on which observations
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Threshold dependence on the statistical properties of curvature perturbations

PBH formation

Formation criterion for horizon-crossing perturbations:
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we have shown that there is no significant tension between generating LIGO mass PBHs and the

PTA constraints.
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FIG. 5. Plot of the constraints on the power spectrum amplitude from PBH, PTA, and µ-distortion sources,

as well as the measured one and three-sigma constraints from the CMB. The constraints for � = 0.3 (which

are tighter for the PBH constraints, and narrower for the other constraints) are shown in red, and the

constraints for � = 1 are shown in blue. The PBH, PTA, and µ-distortion constraints are shown with solid,

long-dashed, and short-dashed lines respectively.

We note that the slight overlap between the PBH and PTA constraint lines is not significant

given the remaining O(10%) uncertainty in the amplitude of the PBH constraint, and that there

should also be about an O(10%) reduction in the PBH line at about the M� scale caused by

the reduction in the equation-of-state parameter during the QCD transition. See [88] for further

discussion, and [89] for extensions to other masses where there is a smaller reduction in pressure

within standard model physics. A study of non-standard expansion histories (such as an early

matter dominated epoch) are beyond the scope of this paper [90]. Nonetheless, because the PBH

amplitude only depends very weakly on the value of fPBH it is clear that the PTA collaborations

should be very close to detecting a stochastic gravitational wave background even if only one of the

compact objects which LIGO has detected was a PBH, for example the secondary mass object in
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10.2.1 Origin of curvature fluctuations

There exists a broad variety of scenarios leading to large curvature fluctuations and PBH collapse, which
can be classified as below. Some scenarios are detailed in the corresponding sections of this white paper.

1. Single-field inflation: Slow-roll single field inflation models can produce a power spectrum amplitude
of curvature fluctuations on smaller scales larger than the ones probed by CMB and large scale struc-
tures observations. The simplest example is to have two subsequent inflationary phases, the second one
lasting less than 50 e-folds (roughly). Potentials with inflection points [938, 1149], like critical Higgs
inflation [1150], can also lead to a transient enhancement of the primordial power spectrum. More
generically, in the slow-roll approximation, any potential leading to a transient reduction of the speed
of the inflaton will lead to large curvature fluctuations, eventually leading to PBH formation. Another
possibility is to invoke a variation of the sound speed during inflation, see e.g. Ref. [1151].

2. Multi-field inflation: Large curvature fluctuations may also arise in multi-field models, e.g. during
the waterfall phase of hybrid inflation [1152] or due to turning trajectories in the inflationary land-
scape [952]. Eventually, the power spectrum will not only exhibit a broad or sharp peak on scales that
are relevant for PBHs, but for a su�ciently sharp turn, this is accompanied by oscillatory features that
may lead to specific signatures in the PBH population and to oscillatory patterns in the scalar-induced
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Figure 29: Most stringent limits on the DM fraction made of PBHs, fPBH, coming from the Hawking evaporation
producing extragalactic gamma-ray (EG�), e± observations by Voyager 1 (Ve±), positron annihilations in the Galactic
Center (GCe+), gamma-ray observations by INTEGRAL (INT), microlensing searches by Subaru HSC (HSC), MA-
CHO/EROS (E), OGLE (O) and Icarus (I), from CMB limits (CMB), GW observations by LIGO/Virgo (LVC), wide
binaires in the galactic halo (WB), the ultra-faint dwarf galaxies Eridanus II (EII) and Segue 1 (S1), X-rays towards
the galactic center (XrB) and Lyman-↵ limits (L↵). For microlensing and CMB limits, the di↵erent lines indicate
some degree of uncertainties, respectively due to PBH clustering and disk vs. spherical accretion. Microlensing limits
only apply to the fraction of PBHs uniformly distributed in galactic halos and are less stringent if a non-negligible
fraction fclust of PBHs are in clusters. We show the limits for fclust = 0, 0.4 and 0.8. For LVC, the rate suppression of
early binaries still allows fPBH & 0.1. All these limits apply to monochromatic models and can be model dependent.
Recasting them to realistic PBH models with arbitrary mass functions requires a careful analysis. Figure adapted
from Ref. [807].
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Constraints on the PBH abundance

e.g. review: Carr et al [2002.12778]
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Center (GCe+), gamma-ray observations by INTEGRAL (INT), microlensing searches by Subaru HSC (HSC), MA-
CHO/EROS (E), OGLE (O) and Icarus (I), from CMB limits (CMB), GW observations by LIGO/Virgo (LVC), wide
binaires in the galactic halo (WB), the ultra-faint dwarf galaxies Eridanus II (EII) and Segue 1 (S1), X-rays towards
the galactic center (XrB) and Lyman-↵ limits (L↵). For microlensing and CMB limits, the di↵erent lines indicate
some degree of uncertainties, respectively due to PBH clustering and disk vs. spherical accretion. Microlensing limits
only apply to the fraction of PBHs uniformly distributed in galactic halos and are less stringent if a non-negligible
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part I: Induced GWs



GWs at second order

The same curvature perturbations giving rise to PBHs are 
unavoidably a source for GWs

Acquaviva et al. (2002), Mollerach et al. (2003), Ananda et al (2006), Baumann et al. (2007), 

Ando et al (2018), Espinosa et al (2018), Khori et al (2018), …

Since perturbations are large, they generate a sizeable SGWB at horizon re-entry

Potentially observable at current and future GW observatories (LIGO, Virgo, LISA,…)
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Emission

Emission takes place near Hubble crossing time

The emitted GWs reach us redshifted as radiation: ⇢GW ⇠ a�4
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Super-Hubble scales

Sub-Hubble scales
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The energy density of GWs is given by 
the time average over several cycles

The characteristic frequency of the GWs 
is similar to the frequency of the scalar 
perturbations, related to the PBH mass  
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Test the unconstrained mass range with LISA

Bartolo, GF et al PRL (2019)

fLISA = 3.4 mHz
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Characterisation of the SGWB: spectrum

Power spectrum of GWs:

At second order in comoving curvature perturbation, after averaging over 
the fast oscillating pieces
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Characterisation of the SGWB: NGs at emission

Bispectrum of GWs:

Since sourced at second order, the emitted GWs are NG

BUT…
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Emission patches

Initial coherent emission

Observer

Phase shift

GWs following different geodesics in the perturbed universe

This gives rise to a loss of coherence due to perturbation effects

Inflation

Characterisation of the SGWB: propagation



Characterisation of the SGWB: NGs suppressed today

(the PS is basically proportional to the energy density)

• Power spectrum: unaffected 

• Bispectrum: hugely suppressed

AL ⇠ 10�9
<latexit sha1_base64="R6BT5TyrQWZ/JQ7iva9UCp3cdHc="></latexit><latexit sha1_base64="R6BT5TyrQWZ/JQ7iva9UCp3cdHc="></latexit><latexit sha1_base64="R6BT5TyrQWZ/JQ7iva9UCp3cdHc="></latexit>

k⌘0 ⇠ 1016
<latexit sha1_base64="A7JKhBlqjO2DbxBN7oN88T/Ta4o="></latexit><latexit sha1_base64="A7JKhBlqjO2DbxBN7oN88T/Ta4o="></latexit><latexit sha1_base64="A7JKhBlqjO2DbxBN7oN88T/Ta4o="></latexit>(          ,           )

B�i
h

⇣
⌘0, ~ki

⌘���
inhom.

t e�AL k2(⌘0)
2

B�i
h

⇣
⌘0, ~ki

⌘���
hom.

<latexit sha1_base64="CVttx2c4ORLTPcVONEV5fhE5BF4="></latexit><latexit sha1_base64="CVttx2c4ORLTPcVONEV5fhE5BF4="></latexit><latexit sha1_base64="CVttx2c4ORLTPcVONEV5fhE5BF4="></latexit>

(similar to Shapiro time-delay)

h00
ij + 2Hh0

ij � (1 + 4�)hij,kk = 0
<latexit sha1_base64="8021koHuNCm0D7Ak6wohKj/qHbc="></latexit><latexit sha1_base64="8021koHuNCm0D7Ak6wohKj/qHbc="></latexit><latexit sha1_base64="8021koHuNCm0D7Ak6wohKj/qHbc="></latexit>

hA
ij = Aije

ik⌘+i2k
R ⌘ d⌘0 �(⌘0)

<latexit sha1_base64="O1Y6CGruAO4XxNtjoutnugtiix4="></latexit><latexit sha1_base64="O1Y6CGruAO4XxNtjoutnugtiix4="></latexit><latexit sha1_base64="O1Y6CGruAO4XxNtjoutnugtiix4="></latexit>



Characterisation of the SGWB: local NGs

⇣NG(~x) = ⇣(~x) + FNL
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• FNL>0 suppresses the signal 

• Smoothing of the high-peak  

• Additional features? 

• Low-k tail maintained

Result for very narrow PS
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at ⇠ 0.03 Hz. This is the lower bound of ⌦GW when
f
total

PBH
= 1. As is shown in Fig. 3, (32) is well above the

power-law integrated sensitivity curves of LISA, Taiji,
and TianQin around 10�2 Hz. So we reach the conclu-
sion that the induced GWs must be detectable by LISA
(and/or other planned space interferometeric observato-
ries like Taiji/TianQin/BBO/DECIGO), if PBHs formed
from the peaked curvature perturbation in the curvaton
scenario constitute all the dark matter. This conclusion
is in complete agreement with [27], where the quadratic
local non-Gaussianity is assumed a priori rather than
derived. Here we have shown that the non-Gaussianity
in the curvaton scenario can be well described by the
quadratic form as long as we focus on the parameters of
cosmological interest.
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FIG. 3. The energy spectrum of the GWs induced by the
curvature perturbation in the non-minimal curvaton model
for several values of the curvaton fraction r at its decay
time. We fix f total

PBH = 1 at M⇤ = 10�12M�, corresponding
to f⇤ = 6.7 ⇥ 10�3 Hz. In the small-r limit, the peak value
levels o↵ to a constant, 2.95⇥ 10�11. The gray curves are the
power-law integrated sensitivity of LISA (solid) [148], Taiji
(dashed) [149], and TianQin (dotted) [150].

Conclusion.—Based on the curvaton scenario with a
non-trivial field metric, we constructed a mechanism to
enhance the curvature perturbation on small scales. The
resulting curvature perturbation is fully non-Gaussian,
while we use the probability distribution function to cal-
culate the PBH formation with all the nonlinear e↵ects

taken into account. The PBH formation in curvaton
scenario based on the expansion series of the curvature
perturbation up to quadratic order has been studied be-
fore [151–160], but our paper is the first to study the PBH
formation for the fully nonliear curvature perturbation.

Once we focus on the parameter space of cosmologi-
cal interest, amazingly the curvature perturbation can be
well approximated by a quadratic local non-Gaussianity
⇣ = ⇣g + FNL(⇣2g � h⇣

2

g i). In this form the nonlinear pa-

rameter FNL = 3/(4r) = ⌦�1

�,dec � 1/4 can freely go to
very large values, which is impossible in an expansion se-
ries. We further calculate the energy spectrum of the con-
comitant induced GWs under this approximation. Due
to the enhancement of the PBH abundance by the non-
Gaussianity, the power spectrum of the curvature per-
turbation required to generate a fixed amount of PBHs
is suppressed when the non-Gaussianity is large. Yet the
suppression has a lower bound when FNL ! 1. For
PBHs to be all the dark matter, we have �

2

⇣ & 2⇥ 10�3

and ⌦GW & 3⇥ 10�11, which must be detectable by the
planned interferometeric GW detectors in space.

In the region of r ⇠ 1 and � & 1, the quadratic ap-
proximation breaks down and all the higher order terms
should be taken into account. They sum up to be the
same logarithmic form as in the ultra-slow-roll inflation,
⇣ / ln |1 + �|. We leave the connection of these two
models for future work.
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FNL = 3/(4r)

Can we detect local NGs of curvature perturbations?

see also: Sasaki+ 2018, Unal 2018, …



Assuming LISA detected a SGWB
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Abundance scales exponentially with the power spectrum

To constrain the PBH abundance        :  

i) threshold; ii) statistics of peaks with NGs corrections; 
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Assuming LISA didn’t see this SGWB

Did we rule out existence of asteroidal mass PBH?

22

sensitivity curve calculated in Ref. [102], the LISA constraints are derived from the most optimistic

sensitivity curve in fig. 1 of [103], and the ET constraints are derived from fig. 13 of [104].

It can be seen that the SKA constraints are so tight that a non-detection will indicate that

no PBHs can exist in the LIGO range of masses, and hence that the LIGO merger events cannot

possibly be explained with a primordial origin. Additionally, the combined e↵ect of the µ-distortion,

SKA, LISA, and ET constraints removes the possibility of any PBHs existing over an extremely

broad range of masses in the case of a non-detection, leaving only the space below ⇠ 10�22 M�,

and two small pockets at ⇠ 10�17–10�14 M� and ⇠ 10�6–10�3 M�.
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FIG. 6. Plot of the constraints on the power spectrum amplitude from PBH, gravitational wave background,

and µ-distortion sources, as well as the measured one and three-sigma values from the CMB. The PBH curves

indicate the amplitude required to generate only a single PBH in the observable universe. The constraints

for � = 0.3 (which are tighter for the PBH constraints, and narrower for the other constraints) are shown in

red, and the constraints for � = 1 are shown in blue. The PBH constraints are shown with a solid line, and

the ET, LISA, SKA, and µ-distortion constraints are shown with longest to shortest dashes respectively.
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What about alternative formation scenarios?

Early Matter dominated era: smaller threshold for collapse.
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Figure 3: Left panel. The GW signal for � = 0.1 and horizon mass M = 10�12
M� for three

di↵erent reheating temperatures. Right Panel. The maximum GW signal in the LISA-BBO
frequency band for the PBH dark matter scenario for two di↵erent �M values. For �M = 1 it is
� = 0.0047 and for �M = 0.1 it is � = 0.0071 so that ⌦PBH = ⌦DM; the reheating temperature
is chosen to be Trh = Tcol/2, that is 4.8⇥103 GeV and 6.5⇥103 GeV respectively. The horizon
and the PBHs have masses M = 10�12

M� and MPBH = �MM respectively.

5.1 PBH as the entire dark matter of the universe

In the mass window MPBH = 10�15 � 10�10
M� the PBH abundance can reach its maximum

value, i.e., it can account for 100% of the dark matter abudnance. If PBHs constitute a
significant fraction of the total dark matter then a GW counterpart must exist that can be
tested by the scheduled Laser Interferomenter Space Antenna (LISA) [4], as well as by other
space-based proposed experiments such as DECIGO [7,8], BBO [88], TianQin [6], and Taiji [5].
For (see Eq. (46))

Trh . 5⇥ 105GeV�
3/4

✓
M

10�12M�

◆�1/2

(62)

our result, given by Eq. (43), applies and gives the GW spectrum. The GW signal is generally
found with a di↵erent amplitude compared to the signal produced during radiation dominated
era and the peak frequency shifted towards smaller values as the reheating temperature de-
creases (see Fig. 3). In view of the �M uncertainties, we plot in Fig. 3 the GW signal for two
di↵erent �M parameters in the LISA-BBO frequency band. For the PBH dark matter scenario,
smaller �M parameter values increase the GWs amplitude. The peak frequency of the signal is
the signature of the PBH dark matter scenario in cosmologies with low reheating temperatures.

5.2 PBH with solar and sub-solar masses

Besides the recent result of NANOGrav Collaboration [84], PTA experiments rule out the
existence of practically any PBH with mass MPBH = O(10�3 � 1)M� [3, 85–87], as depicted
in Fig. 5. However, the depicted PTA bound on the second order tensors (GW2) has been
derived assuming a radiation dominated era. For reheating temperature (see Eq. (62)) less
than Trh < 103�3/4(M�/M)1/2MeV, GWs that are produced during eMD might avoid the
severe GW2 constraint on the PBH abundance, depicted in Fig. 5. Hence, at that mass range
10�3 � 1M� the PBH abundance can be a non negligible fraction of the total dark matter
abundance, even up to few % according to the bounds from EROS and MACHO microlensing
experiments, without overproducing GWs. Let us note that a further motivation in this mass
range is the intriguing event [89] and the recent evidence for a stochastic GW background [84].

As an example, let us take ⌦PBH/⌦DM = 5% for MPBH = 0.1M� and �M = 1. According to
Eqs. (60), and (61) such an abundance is obtained for � = 0.023. For Trh = 1/2Tcol = 87 MeV,
these parameters yield a GW signal that has a maximal amplitude ⌦GW(t0, fpeak) = 1.4⇥10�10

at the peak frequency fpeak = 2.4 ⇥ 10�8 Hz, see Eq. (58) and (57), and this value is fully
compatible with the current PTA constraints. In Fig. 4 the GW signal has been plotted
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Phase transitions:

+ Cosmic strings, etc. …

Dalianis, Kouvaris [2012.09255]
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FIG. 1. The evolution of the false vacuum fraction F (t) (upper) and each component of the energy density (lower) in case
1 (left) and case 2 (right). The energy density of each component is rescaled by the initial value ⇢(ti). The bule and orange
lines denotes the conditions inside and outside the overdense regions. The dot-dashed line denotes the time of the first bubble
nucleation tn inside the overdense region. The solid and dashed lines in the lower panel respectively depict the evolution of the
energy density of the false vacuum and the radiation.
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FIG. 2. The predicted GW energy spectra and PBH mass functions in each case. The sensitivity curves can be found in
Ref. [28], including EPTA [29], PPTA [30], NANOGrav [31], IPTA [32], SKA [33], LISA [34] Taiji [35], DECIGO [36], BBO [37],
LIGO, Virgo and KAGRA ( LVK) [38, 39], CE [40], ET [41]. The PBH constraints include EG� [42], INTEGRAL [43–
45], Subaru HSC [46], Kepler [47], OGLE [48], MACHO/EROS [49, 50], SNe [51], Ly↵ [52], CMB [53] and LIGO-Virgo
collabration (LVC) [54].

where T⇤ is the PT temperature.
To obtain the evolution of the energy density, we solve

Eqs. (1,2,3,4) together self-consistently assuming ti = 0.
In case 1, we choose �/H⇤ = 14.8, ↵⇤ = 6 and  ! 1.
In case 2, we choose �/H⇤ = 3.7, ↵⇤ = 0.5,  = 1/3.
Fig. 1 shows the evolution of the false vacuum fraction
F (t) (upper) and each component of the energy den-

sity (lower) in case 1 (left) and case 2 (right), we can
find that as F (t) decreases, ⇢r(t) + ⇢w(t) increases cor-
respondingly, which means the vacuum energy tranfers
into bubble walls and background plasma. Comparing
the blue and orange lines in each panel of Fig. 1, the
decrease of F (t) is postponed for tn, since ⇢r scales as
a
�4, the postpone of vacuum decay finally results in an
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where T⇤ is the PT temperature.
To obtain the evolution of the energy density, we solve

Eqs. (1,2,3,4) together self-consistently assuming ti = 0.
In case 1, we choose �/H⇤ = 14.8, ↵⇤ = 6 and  ! 1.
In case 2, we choose �/H⇤ = 3.7, ↵⇤ = 0.5,  = 1/3.
Fig. 1 shows the evolution of the false vacuum fraction
F (t) (upper) and each component of the energy den-

sity (lower) in case 1 (left) and case 2 (right), we can
find that as F (t) decreases, ⇢r(t) + ⇢w(t) increases cor-
respondingly, which means the vacuum energy tranfers
into bubble walls and background plasma. Comparing
the blue and orange lines in each panel of Fig. 1, the
decrease of F (t) is postponed for tn, since ⇢r scales as
a
�4, the postpone of vacuum decay finally results in an
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Assuming LISA didn’t see this SGWB



part II: PBH mergers



The PBH timeline

Redshift
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PBH: masses and spins

• Mass distribution depends on the curvature spectrum and 
statistical properties: 

- Theoretical expectations: 

           i) No gaps in the mass distribution 

          ii) Minimum width due to critical collapse

Extreme peaks               close to spherical symmetry
Small torques on the collapsing radiation overdensity

Bardeen+ (1986)

De Luca, Desjacques, GF, Malhotra, Riotto JCAP (2019)
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(effect of thermal features around QCD epoch…)



PBH Clustering

In the standard scenario, PBHs are not clustered at formation
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For gaussian perturbations:
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To generate initial clustering, need local NG at the charecteristic PBH distance scale



PBH Clustering evolution
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• Shot noise drives early structure 
formation, depending on  

•  PBHs isolated for:
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See also De Luca,GF+ [2009.04731]
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FIG. 8: The abundance of halos containing a given number
of PBH, which we call the halo mass function. Solid lines
are determined from N -body simulations. Dashed lines are
theoretical predictions assuming Poisson statistics.

[86] computed the exact distribution arising from an ini-
tial density �

I
PBH

> �⇤ as:
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where NPBH = 105fPBH is the total number of PBHs.
For N � 1, we may use Stirling’s approximation for

the factorial and obtain

NHL(N) ⇡
�⇤ NPBH
p
2⇡N3/2

e�N/N⇤ . (47)

The fractional error of this approximation is 0.08/N , in-
dependent of �⇤; this approximation is therefore accurate
to better than 10% even for N ⇠ 1.

When �⇤ ⌧ 1, we may Taylor-expand N
�1

⇤ ⇡ �
2

⇤/2 +

O(�3⇤). Provided N ⌧ �
�3

⇤ ⇠ N
3/2
⇤ , we may neglect

terms of order N�
3

⇤ in the exponent and recover [86] the
Press-Schechter function [87]
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In practice, this approximation always breaks down for
su�ciently large N and we only use Eqs. (46) or (47).
For a given scale factor a, the minimum initial PBH

overdensity �⇤ is determined as follows. We require that
the initial total CDM overdensity �

I
c = fPBH�⇤ has col-

lapsed into a halo by scale factor a (this assumes negligi-
ble fluctuations in the PDM component). This is equiv-
alent to requiring that the linearly-extrapolated CDM
overdensity �lin(a) = D+(a)�Ic has reached a critical value
�cr(a), where D+ is computed in Section IVA. This im-
plies

�⇤(a) =
�cr(a)

D+(a)fPBH

. (49)

When collapse occurs well inside matter domination, and
when baryons cluster like dark matter, the critical density
is �cr = 1.69. However, it can di↵er significantly from this
value as collapse occurs closer to matter-radiation equal-
ity, and on scales where baryons remain unclustered. We
explicitly compute �cr(acoll) in Appendix A. We find, for
instance, that �cr ⇡ 2.07 at z = 999, and even at z = 99,
�cr ⇡ 1.71. The minimum initial PBH overdensity is
therefore �⇤ ⇡ 0.43/fPBH and 0.052/fPBH at z = 999 and
99, respectively. We find that the Epstein mass function
(46), with �i given by Eq. (49), give a good match to our
halo mass function at z = 99, see lower panel of Fig. 8.
The Epstein function also matches our halo mass func-
tion reasonably well at z = 999 for fPBH . 10�1/2, see
upper panel of Fig. 8. The poorer match at fPBH = 1
could be due to our halo finder, which is exclusively based
on PDM particles and misses some PBH.

Given the number function, Eq. (46), we can now com-
pute the value of fPBH for which halo formation transi-
tions from the seed to the Poisson mechanism. Specifi-
cally, this is when half the PBH are in halos with 1 PBH,
or

NHL(1)

NPBH

=
�⇤

1 + �⇤
exp


�1

1 + �⇤

�
=

1

2
. (50)

This is satisfied for �⇤ = 2.175 so fPBH ' 0.02(1+z)/100.
This prediction is shown in Fig. 6 as the vertical grey line
and matches the numerical result quite well.

3. Halo Profiles

We now consider the PDM density profiles that form
around the halos in the simulation. We start by consid-
ering the single isolated PBH in the fPBH = 10�5 sim-
ulation and show its profile as a function of redshift in
Fig. 9. At early times (a = 10�3), we find a profile with
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where NPBH = 105fPBH is the total number of PBHs.
For N � 1, we may use Stirling’s approximation for

the factorial and obtain

NHL(N) ⇡
�⇤ NPBH
p
2⇡N3/2

e�N/N⇤ . (47)

The fractional error of this approximation is 0.08/N , in-
dependent of �⇤; this approximation is therefore accurate
to better than 10% even for N ⇠ 1.

When �⇤ ⌧ 1, we may Taylor-expand N
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In practice, this approximation always breaks down for
su�ciently large N and we only use Eqs. (46) or (47).
For a given scale factor a, the minimum initial PBH

overdensity �⇤ is determined as follows. We require that
the initial total CDM overdensity �

I
c = fPBH�⇤ has col-

lapsed into a halo by scale factor a (this assumes negligi-
ble fluctuations in the PDM component). This is equiv-
alent to requiring that the linearly-extrapolated CDM
overdensity �lin(a) = D+(a)�Ic has reached a critical value
�cr(a), where D+ is computed in Section IVA. This im-
plies

�⇤(a) =
�cr(a)

D+(a)fPBH

. (49)

When collapse occurs well inside matter domination, and
when baryons cluster like dark matter, the critical density
is �cr = 1.69. However, it can di↵er significantly from this
value as collapse occurs closer to matter-radiation equal-
ity, and on scales where baryons remain unclustered. We
explicitly compute �cr(acoll) in Appendix A. We find, for
instance, that �cr ⇡ 2.07 at z = 999, and even at z = 99,
�cr ⇡ 1.71. The minimum initial PBH overdensity is
therefore �⇤ ⇡ 0.43/fPBH and 0.052/fPBH at z = 999 and
99, respectively. We find that the Epstein mass function
(46), with �i given by Eq. (49), give a good match to our
halo mass function at z = 99, see lower panel of Fig. 8.
The Epstein function also matches our halo mass func-
tion reasonably well at z = 999 for fPBH . 10�1/2, see
upper panel of Fig. 8. The poorer match at fPBH = 1
could be due to our halo finder, which is exclusively based
on PDM particles and misses some PBH.

Given the number function, Eq. (46), we can now com-
pute the value of fPBH for which halo formation transi-
tions from the seed to the Poisson mechanism. Specifi-
cally, this is when half the PBH are in halos with 1 PBH,
or

NHL(1)
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This is satisfied for �⇤ = 2.175 so fPBH ' 0.02(1+z)/100.
This prediction is shown in Fig. 6 as the vertical grey line
and matches the numerical result quite well.

3. Halo Profiles

We now consider the PDM density profiles that form
around the halos in the simulation. We start by consid-
ering the single isolated PBH in the fPBH = 10�5 sim-
ulation and show its profile as a function of redshift in
Fig. 9. At early times (a = 10�3), we find a profile with

PBH small scale properties well described by Press-Schechter theory



PBH binary properties

• Initial spatial Poisson distribution 

• Random decoupling of binary systems 
from the Hubble flow  

• Binary formation happening before matter-
radiation equality 

• The distribution of initial semi-major axis 
and eccentricity determines the merger rate                

  (Peters’ time-scale                     )
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Initial large eccentricity… …lost before entering LVK band
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Merger rate

• Decoupling of binary systems from Hubble flow
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• Merger rate evolution with redshift:
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Redshift z

• The abundance sets the merger rate:
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Naive comparison with constraints
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FIG. 3: Left: Horizon redshift for several GW experiments in terms of the total mass of a symmetric binary. In the plot we
refer to the “Horizon” as the maximum distance at which a binary can in principle be observed if optimally oriented with respect
to the detectors, while 10%, 50% as the redshift at which those fraction of binaries are observable. Those values correspond to
values of SNR = {8, 10, 19}, respectively. Right: Minimum PBH abundance required to have at least one event per year at the
ET (green) and LISA (yellow) experiments, for both cases of Poisson distributed (solid) and strongly clustered (dashed) PBHs.
Superimposed on these curves we show the present observational constraints (gray) coming from microlensing searches by Subaru
HSC [59, 60], MACHO/EROS (E) [61, 62], Ogle (O) [63] and Icarus (I) [64], X-rays (Xr) [65] and X-Ray binaries (XRayB) [66],
CMB anisotropies [67], Dwarf Galaxy heating (DGH) [68, 69], dynamical friction (DF) [70], the neutron-to-proton ratio (n/p) [71]
and CMB µ-distortions [72].

signal from the background of astrophysical mergers. In Sec. IV, we will require a tighter condition defining
the parameter space where a detection operated by future detectors can be confidently ascribed to PBHs, i.e.
restricting to high enough redshifts where there is no astrophysical contamination.

B. Stochastic gravitational wave background

PBH mergers which are not individually resolved may give rise to a Stochastic Gravitational Wave Background
(SGWB), whose spectrum at frequency ⌫ is given by

⌦GW(⌫) =
⌫

⇢0

Z ⌫3
⌫ �1

0
dzdm1dm2

1

(1 + z)H(z)

dRPBH

dm1dm2

dEGW(⌫s)

d⌫s
, (3.2)

in terms of the redshifted source frequency ⌫s = ⌫(1 + z), the present energy density ⇢0 = 3H2
0/8⇡ in terms

of the Hubble constant H0, and the energy spectrum of GWs. The latter is given by the phenomenological
expression in the non-spinning limit [78]

dEGW(⌫)

d⌫
=

⇡
2/3

3
M

5/3
tot

⌘ ⇥

8
><

>:

⌫
�1/3

�
1 + ↵2⌫

2
�2 for ⌫ < ⌫1,

w1⌫
2/3

�
1 + ✏1⌫ + ✏2⌫

2
�2 for ⌫1  ⌫ < ⌫2,

w2⌫
2 �4

(4(⌫�⌫2)2+�2)2 for ⌫2  ⌫ < ⌫3,

(3.3)

where ⌘ = m1m2/M
2
tot

, ↵2 = �323/224 + ⌘ 451/168, ✏1 = �1.8897, ✏2 = 1.6557,

w1 = ⌫
�1
1

[1 + ↵2(⇡Mtot⌫1)2/3]2

[1 + ✏1(⇡Mtot⌫1)1/3 + ✏2(⇡Mtot⌫1)2/3]2
,

w2 = w1⌫
�4/3
2 [1 + ✏1(⇡Mtot⌫2)

1/3 + ✏2(⇡Mtot⌫2)
2/3]2, (3.4)
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Figure 4.11: Representative sketch of how di↵erent constraints are intrinsically dependent on redshift,
see also Ref. [197]. This is of crucial importance when comparing di↵erent constraints to the low
redshift PBH population, as we will do in the chapter dedicated to the confrontation of the PBH
scenario with the LIGO/Virgo measurements. For simplicity here, the constraint coming from the
LIGO/Virgo (LV) observations is only plotted in the sub-solar mass range [423]. More details on the
constraint in all the observable window of LVC detectors will be presented in the following chapter.

Telescope [275], which will be able to reach mergers at redshift higher than zcut-o↵, the corresponding
constraint must be evaluated the redshift of interest.

In Fig. 4.12, we show how the constraint on the PBH abundance at low redshift changes depending
on the strength of accretion for a monochromatic and lognormal mass function. We choose to plot a
single envelope resulting from the most stringent bound for any value of hM(z = 0)i, while the labels
identify the corresponding experiment dominating each portion of the graphs. We show the results
for various accretion strengths, corresponding to zcut-o↵ = 15, 10 and 7. As the dominant constraint
for masses larger than ⇠ O(10)M� is coming from CMB observations (dependent on high redshift
phenomena), the bound at low redshift gets increasingly less stringent as accretion is shifting the
constraint to larger masses, with respect to the original constraint which neglected accretion.

To summarise this section, we have described how accretion onto PBHs may change the interpreta-
tion of the observational bounds on the current fraction of PBHs for a given mass range. Our findings
are particularly relevant when trying to assess the possibility that the BH mergers observed by current
GW experiments could be ascribed to PBH binaries, as we will see in the following chapter. We stress
that the e↵ect of accretion on PBHs is intrinsically redshift dependent, and therefore it is also of
crucial importance when considering the forecasts of future experiments, like the Einstein Telescope,
which will probe higher redshifts and higher PBH masses. Also, the present discussion may play a
crucial role when trying to understand if PBHs may provide an explaining the supermassive black
holes observed at z ⇠> 6 [425], as it shows that if accretion is strong enough, one may still generate
large BH seeds by evading the CMB bounds set at high redshift, see also discussion in Ref. [183].
Finally, we acknowledge that the present analysis is sensitive to the same uncertainties a↵ecting the
accretion dynamics, as we discussed in the previous section. This is the reason why we decided to
present di↵erent scenarios, depending on the parameter zcut-o↵.
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Figure 4.12: Combined constraints on fPBH(z = 0) today as a function of the average mass hM(z = 0)i
for di↵erent accretion strengths, corresponding to zcut-o↵ = 15, 10 and 7. For comparison, we also show
the original bound which neglected accretion (“No Evolution”). As the dominant bound coming from
CMB is set at high redshift, stronger accretion leads to a larger shift of this bound on the heavier
portion of the parameter space. Left: monochromatic mass distribution. Right: lognormal mass
distribution with � = 0.5 at formation.

4.3 Spin evolution

In this section, we study the evolution of PBH spin by considering both isolated PBHs and PBHs
in binary systems. We adopt the modelling of accretion presented in the previous section and follow
closely Ref. [14].

The crucial property of the accretion phenomenon a↵ecting the evolution of the PBH angular
momentum is the geometry of the accretion flow. The infalling accreting gas can carry angular
momentum, which crucially determines the evolution of the PBH spin (see, for example, Ref. [426]).1

4.3.1 Spin evolution due to thin-disk accretion

Before laying down the consequences of accretion from a thin disk, we set up the condition for such
a configuration to be realised.

Conditions for a thin-disk formation

Focusing on an isolated PBH, the gas possesses enough angular momentum if its characteristic ve-
locity (which can be estimated using the baryon velocity variance [234]) is larger than the Keplerian
velocity at the vicinity of the PBH. If such a condition is met, one expects the flow to develop a disk
configuration. Therefore, the minimum PBH mass at a given redshift z for which accretion proceeds
in a non-spherical regime is [14, 234]

M ⇠> 6 ⇥ 102M� D
1.17

⇠
4.33(z)

(1 + z/1000)3.35
h
1 + 0.031 (1 + z/1000)�1.72

i
0.68

, (4.3.1)

where ⇠(z) = Max[1, hve↵i/cs] parametrises the e↵ect of the PBH proper velocity in reducing of the
Bondi radius and the additional factor D ⇠ O(1 ÷ 10) introduces corrections coming from relativistic
e↵ects.

If condition (4.3.1) is met, there exists enough angular momentum in the system to allow for the
formation of a disk. However, we will make the conservative assumption that an e�cient transmission
of angular momentum to the PBH is present only when a thin accretion disk is attained. If ṁ < 1

1It was shown that PBH spin may change under the e↵ect of “plasma-driven” superradiant instabilities [427–429]
extracting angular momentum from the compact object. This phenomenon is, however, dependent upon the geometry
of the surrounding plasma and was shown to be negligible for realistic systems [430, 431].



Bonus slide (straight from the google doc)

No, unfortunately.

θðtÞ ¼
!
0 t < 0

1 t ≥ 0
:

This is one of the functions used in the approximation in
[17]. A step function has a Fourier transform that is
proportional to 1=f. As mass increases in the system,
we expect this signal in the frequency domain to increase as
it comes into our detector’s band and then decrease as it
goes out. However, this is not what was found in the
ground- and space-based detectors (Figs. 4–7).

The signal in the frequency domain is only well
approximated by a step function at low frequencies.
The slow step response before merger happens on the
radiation reaction timescale and the fast step response
during merger happens on the merger timescale. These
correspond to features that show up in the frequency
domain.
Here, we use a characteristic strain convention [39],

½hcðfÞ%2 ¼ 4f2jh̃ðfÞj2

FIG. 6. Luminosity distance (dL), total mass (M) parameter space for current and near future ground-based detectors. SNR values are
shown on a logarithmic color scale for a given ðdL;MÞ pair. Contours show SNR values of 3, 5, and 8. Events are marked with a “þ” to
indicate where they fall on the SNR scale as a BBH, GW150914-like system at optimal orientation. Plots in the left column show SNR
values out to 3000 Mpc, and plots on the right column show the edge of the ρ ¼ 3 contour or out to 30 Gpc. Space-based detectors in the
mHz frequency regime will be able to see SMBH binary memory with masses significantly higher than those that are visible in the
ground-based detectors.
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and

½hnðfÞ$2 ¼ fSnðfÞ:

This is a useful convention for plotting the memory
signal over the noise curve, because the area between
the two curves on the plot is now proportional to the
SNR. However, we must be careful to remember that
now a 1=f curve on the plot will be a constant. Looking at
Fig. 10, we can see that lower frequencies do behave as
1=f, but higher frequencies do not! Instead there is a local
minimum in the plot and then it falls off completely shortly
afterward.
As the mass increases, we find that the curve moves up

and to the left. The SNR will increase until the local
minimum hits the lowest frequency the detector can see and
then it will increase rapidly and fall to zero shortly after.
This is the behavior that is seen in Figs. 4–7.
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Burning questions

• Do we control PBH formation systematics well enough? 

• Can alternative formation scenario evade LISA constraint? 

•Can we reduce uncertainties in the PBH accretion model? 

•Can PBH be the seeds for SMBHs and comply to bounds?

SGWB vs PBH formation

PBH mergers

(Clustering? EMRIs rates? …)
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