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Why PBHs are interesting



-if they are O(1) of the dark matter

• No need for a new fundamental particle?

• Dark matter is made of… (collapsed) radiation!  

• Maybe a mixture of both?



<ζ2>λ

lengthscale λ
should be nearly flat over ~15-25 decades

CMB +  
large-scale structure

~Mpc - Gpc

CMB spectral  
distortion limits

-if they are a fraction f<< 1 of dark matter



PBHs

PBHs



A plea regarding constraints to PBHs

• 95%-confidence exclusion requires confidence 
beyond reasonable doubt

➡  Constraints should qualify the level of confidence 
in the constraint plot  

• However, let’s not dismiss constraints without 
spending at least as much effort as the authors…

• Recent revival implies more scrutiny, hence large 
changes to old constraints.
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.

also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [39] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely
exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [38] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]
updated this calculation to 30 M� PBHs, and general-
ized it to an arbitrary PBH abundance. They focused on
the case where PBHs are a very subdominant fraction of
the dark matter, as was implied by the stringent CMB
spectral distortions bounds at the time [23], since then

micro-lensing wide binaries
ultra-faint dwarfs

potential limits  
from LIGO O1 run
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FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [74] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

revised and significantly alleviated [24] (see also [33]).

In this paper, we have, first of all, made several im-
provements to the calculation of NSST, and accurately
computed the distribution of orbital parameters of PBH
binaries forming in the early Universe. Specifically,
we have computed the exact probability distribution of
initial angular momentum for a close pair torqued by
all other PBHs, and have accounted for the tidal field
of standard adiabatic density perturbations, dominant
when PBHs make a small fraction of the dark matter.

Our second and most important addition was to check
thoroughly whether the highly eccentric orbits of PBH
binaries merging today can get significantly disturbed
between formation and merger. To do so, we have esti-
mated the characteristic properties of the first non-linear
structures, and as a consequence their e↵ects on the or-
bital parameters of PBH binaries. We found that PBH
binaries merging today are essentially unscathed by tidal
torques and encounters with other PBHs. This robust-
ness stems from the fact that these binaries typically form
deep inside the radiation era and are very tight. We have
also estimated the e↵ect of baryon accretion to be much
weaker than previous estimates [43], but potentially im-
portant if unknown numerical prefactors happen to be
large.

Thirdly, we have revisited the calculation of Ref. [8]
for the merger rate of PBH binaries forming in present-
day halos through gravitational recombination. We have
explicitly accounted for the previously neglected Pois-
son fluctuations resulting from the granularity of PBH
dark matter. This shot noise greatly enhances the vari-
ance of density perturbations on small scales, and has
pronounced e↵ects on the properties of low-mass halos.

CMB: Ali-Haïmoud & Kamionkowski  2017 
LIGO: Ali-Haïmoud, Kovetz & Kamionkowski  2017 



CMB limits to accreting PBHs
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the value of the y-parameter is the sum of the y during each epoch.
Thus, in our case, we have y ! y1.

Let us now estimate y1. The total energy density emitted per
unit time per unit comoving volume is!U /dt ¼ lLEdnPBH. Thus,
we find

y1 ¼
LEd!crit"dm

4MPBHaRT
4
0 (1þ zeq)

fPBH

Z zrec

zeq

dz
l(MPBH; z)

aH(z)
: ð46Þ

Using equation (30) for the dimensionless accretion luminosity
l (see also Fig. 4), we obtain the value of the y-parameter as a
function of MPBH and fPBH. Imposing y & 1:5 ; 10' 5, we obtain
upper limits for fPBH(MPBH) at 95% confidence. The results are
summarized in Figure 9 (left).

In summary, before the redshift of recombination gas accre-
tion onto PBHs with mass <100 M( is not greatly reduced by
Compton drag. Although the accretion luminosity during this
epoch does not contribute to increase "e, the energy injection
produce spectral distortions of the CMB, increasing the value of
the y-parameter. We find that the existence of PBHs with masses
<100 M( is best constrained by upper limits on the y-parameter
from FIRAS.

7. DISCUSSION AND SUMMARY

During the radiation era, mildly nonlinear perturbations with
#!/! ) 0:5Y1 can collapse directly into primordial black holes
(PBHs). Such black holes may have masses ranging from the
Planckmass to a million solar masses, depending on the redshift
of their formation and the details of the formation mechanism.
The abundance of evaporating PBHswith masses<1015 g is con-
strained by observations to be a fraction $ P10' 22 of the mean
energy density of the universe at the time of their formation, but
the existence of PBHs with masses larger than 1015 g is poorly
constrained. It is not ruled out that the bulk of the dark matter may
be composed of PBHs with masses in the range between 1015 and
1026 g or Planck mass relics with M ) 10' 5 g. In this work, the
last of a series of three papers, we study the effects of a (yet
undetected) population of nonevaporating PBHs on the thermal
and ionization history of the universe and their signatures on

the CMB anisotropies and spectrum. In Paper I we focused on
studying the formation and growth of the dark matter halo which
envelops PBHs that do not constitute the bulk of the dark matter.
In the second paper (Ricotti 2007), we study in detail the Bondi-
type accretion solutions onto PBHs including the effects of
Compton drag, Hubble expansion, and the growth of the dark
matter halo. Finally, this work focuses on modeling the accretion
luminosity of PBHs including feedback effects and observational
signatures.

We find that if a fraction fPBH of the dark matter is in PBHs
withmass >0.1M( , the energy released due to gas accretionmay
produce spectral distortions of the CMB radiation and keep the
universe partially ionized after recombination. The limits on the
mass and abundances of PBHs set from observations of the X-ray
background are much less restrictive than those from the CMB.
The modified recombination history produces observable sig-
natures on the spectrum of polarization anisotropies of the CMB
at angular scales l k 10. Hence, the effect of PBHs cannot be
confused with the effect of ionization by high-redshift galaxies
which affect polarization anisotropies on larger angular scales.

We are able to improve the constraints on fPBH for PBHs with
masses >0.1M( by several orders of magnitude usingWMAP3
and COBE FIRAS data. The results are summarized in Figure 9
(left). The upper limits on the abundance of PBHs with masses
0:1 M( < MPBH < 108 M( at the epoch of their formation, $,
are shown in Figure 9 (right). We use equation (1) to derive $ as
a function of MPBH, fPBH and the ratio fhor ¼MPBH/Mhor between
the PBH mass and the mass Mhor of the horizon at the epoch of
PBH formation.

Fitting WMAP3 data with cosmological models that do not
allow for nonstandard recombination histories as produced by
PBHs or other early energy sources may lead to an underestimate
of the best-fit values of the amplitude of linear density fluctu-
ations, %8, and the scalar spectral index, ns. This happens because
the contribution of PBHs to the optical depth to Thomson scat-
tering, which is uncorrelated with the contribution from galactic
ionization sources, can be!"e P 0:05 (!"e P 0:1 at 95% CF).
Since ns and %8 are correlated with "e, their best-fit values may
increase to ns ) 1 and %8 ) 0:9 (at 95% CF). This is a general
result (see also Bean et al. 2003, 2007) that may reduce recent
tensions betweenWMAP3 data and other data, such as Ly& forest

Fig. 9.—Left: Upper limits on the present abundance of PBHs. The thick lines are the results obtained in the present work. The solid lines show the upper limits using
WMAP3 data (CMB anisotropies) for two values of the black hole duty cycle fduty ¼ 1 and 0.1. The dashed lines show the limits using COBE FIRAS data (CMB
spectral distortions) at 95% and 68% confidence. The other lines refer to previous upper limits from microlensing (EROS and MACHO collaborations) and dynamical
constraints (see introduction). Right: Upper limits on the abundance of PBHs at the epoch of their formation $ as a function of their mass. We assume that the mass of
PBHs is a fraction fhor of the mass of the horizon at the epoch of their formation. The thick curves show the upper limits obtained in the present work and the thin dotted
curve are limits from the EROS collaboration (microlensing experiment). [See the electronic edition of the Journal for a color version of this figure.]

EFFECT OF PBHs ON CMB 843No. 2, 2008

Ricotti, Ostriker & Mack 2008:  
first modern and detailed analysis 

of effect on CMB 



gas

Basic setup 



gas

1- Accretion rate 



• Assume steady-state accretion (modified Bondi-Hoyle).  
Self-consistent for M ≲ 3 x104 Msun.

• Account for relative velocity vrel of PBHs wrt baryons: Gaussian 
random field with supersonic rms ~30km/s at recombination 
(Tseliakhovich & Hirata 2010)

• Assume spherical accretion. Disk accretion typically more luminous  
=> conservative hypothesis (confirmed by Poulin et al. 2017)

• Account for Compton drag and (finite) Compton cooling by CMB 
photons

1- Accretion rate 
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and density fields are

T̂ (x) ⇡ ⌧

x
, (29)

u(x) ⇡ �
r

2 � 5⌧

x
, (30)

⇢̂(x) ⇡ �p
2 � 5⌧

x
�3/2

. (31)

5. Solution for 1 . � ⌧ �

When Compton drag is significant (� & 1), there is
no longer any conserved quantity, even in the quasi-
isothermal case. We can simply determine the asymp-
totic value of � for � � 1 by considering the momen-
tum equation at x ⌧ 1, where the pressure force is
negligible with respect to gravity. In this regime we
find u ⇡ �1/(�x

2), implying that � ! �
�1 for large

�. Physically, the drag force balances the gravitational
force, i.e. the velocity reaches the terminal velocity. Once
x . �

�2/3 � �
�2/3, the advection term u(du/dx) be-

comes dominant over the drag term ��u and the velocity
reaches the free-fall solution u ⇡ �

p
2/x. Since this oc-

curs at a radius much larger than �
�2/3, the asymptotic

behavior or T̂ , is still given by Eqs. (29) and (28). The
e↵ect of Compton drag is therefore only to change the
accretion rate.

Ref. [26] find the following analytic approximation for
�(�), valid for all values of � (but for � � 1 only, as they
consider isothermal accretion):

�(� � 1; �) ⇡ exp


9/2

3 + �3/4

�
1

(
p

1 + � + 1)2
. (32)

For general � and � we may use the following approxi-
mation for the dimensionless accretion rate:

�(�, �) =
�(�; � ⌧ 1)�(� � 1; �)

�iso

. (33)

This approximation is well justified since � ⌧ �. As a
consequence, either � ⌧ 1 or � � 1.

The dimensionless accretion rate � is the first main re-
sult of this Section. We show its evolution as a function
of redshift for several PBH masses in Fig. 4. While ROM
do account for Compton drag following the analysis of
Ref. [26], they implicitly assume that � � 1 at all times.
In other words, they do not account for the factor of ⇠ 10
decrease of � at low redshift when Compton cooling be-
comes negligible and the accretion becomes mostly adia-
batic. Figure 4 also shows the evolution of the accretion
rate normalized to the Eddington rate, ṁ ⌘ Ṁc

2
/LEdd.

C. Collisional ionization region

If the emerging radiation field is too weak to photoion-
ize the gas, it eventually gets collisionally ionized as it is

10 2
M

�

1
M

�

10
4 M

�

�iso

�ad
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FIG. 4. Characteristic dimensionless accretion rate � (upper
panel) and accretion rate normalized to the Eddington value
ṁ ⌘ Ṁc2/LEdd (lower panel) as a function of redshift, for
PBH masses 1, 102 and 104 M�. These quantities are evalu-
ated with substitution vB ! ve↵ as described in Section II F.

compressed and heated up. We assume that this proceeds
roughly at constant temperature T ⇡ Tion ⇡ 1.5 ⇥ 104.
Indeed, if ionization proceeds through collisional ioniza-
tions balanced by radiative recombinations, the equilib-
rium ionization fraction only depends on temperature,
with a sharp transition at T ⇡ 1.5 ⇥ 104 K (for instance,
using Eq. (2) or Ref. [30], we get xe = (0.01, 0.5, 0.99) at
T = (1.1, 1.5, 2.5) ⇥ 104 K, respectively).

Getting back to dimensionful variables, we found in
the previous section that at small radii,

T (r) ⇡ ⌧T1
rB

r
, (34)

where ⌧ is a dimensionless constant at most equal to 3/10,
and smaller when Compton cooling is important. The
e↵ect of the ionization region is only relevant once the
global free-electron fraction xe falls significantly below
unity, i.e. for T1 . 3000 K ⌧ Tion. Therefore we expect
the ionization region to be reached deep inside the Bondi
radius, where the asymptotic behavior (34) is accurate.
The ionization region therefore starts at radius

r
start

ion
⇡ ⌧

T1
Tion

rB, (35)

Ṁc2

LEdd

Compton drag ceases to be 
efficient

Compton cooling ceases to 
be efficient (=> more pressure)

z

ṀBondi ⇠ ⇢bM
2/c3s

1- Accretion rate 



2- Radiative efficiency 

gas



2- Radiative efficiency 

• At minimum, ionized gas near the horizon emits 
free-free radiation

• Estimate the density and temperature profile around 
accreting BH using modified Shapiro (1973) model

• Consider two limiting cases: collisional ionization and (local) 
photoionization by BH radiation (neither is self-consistent)



10 2
M

�

1 M�

10 4
M
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ϵ
� collisional ionization

photoionization

z

L = ✏Ṁc2

ROM assume ✏/ṁ = 0.011

2- Radiative efficiency 



collisional ionizationphotoionization

102 M�

1 M�

104 M�
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Luminosity per BH

z



⇢̇inj = npbhL

3. Energy deposition efficiency

�� ��� ������� �������
����

����
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�

�

ρ���
ρ���

⇢̇dep
⇢̇inj

Solve an approximate Boltzmann equation, assuming energy mostly deposited 
through Compton scattering of ~0.1-10 MeV photons 



4. CMB spectral distortions?



µ  6⇥ 10�8fpbh max
z�5⇥104

✓
hLi
LEdd

◆
.

y ⇡ 0.02 fpbh
hLi
LEdd

���
z⇡200

Undetectable by FIRAS (µ, y ~10-5),  
or even by PIXIE (µ, y ~10-8)



Last-scattering “surface”: where most photons  
scatter for the last time

5-CMB anisotropies



�T

T
(~k) ⇠

Z
dz

dPlast�scat

dz
S(~k, z)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>





Recombination  

Planck sensitive to ~ 0.1 % changes to this function

xe = Ne-/NH,tot 

z 
~18 kyr~130 kyr~380 kyr

~3x10-4



gas

ẋe = ẋstd

e +
1

3

(1� xe)⇢̇dep
13.6 eV nH

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



104M�, fpbh = 10�
4
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Δ
� �

103M�, fpbh = 10�2

102M�, fpbh = 1

Change to free-electron fraction  
computed with HyRec
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Effect on CMB anisotropies  
with modified CLASS (Blas, Lesgourgues & Tram 2011) 

Temperature ΔCl/Cl    Polarization ΔCl/Cl    

Qualitatively similar to increased reionization optical depth 



• Very simplified treatment but bounds ought to be conservative

• Most likely, can be made tighter: 
✴ accretion geometry and efficiency: disk vs spherical? 
e.g. Poulin et al. 2017 

✴ if f < 1, other-dark matter halo may enhance accretion 
rate (Ricotti, Ostriker & Mack 2008) 

✴ non-gaussianity from inhomogeneous recombination 
 (in prep, with PhD student Trey Jensen) 

• Concrete suggestions on what might loosen the bounds are 
welcome. e.g. ideal fluid assumption may not hold (A Gruzinov)



Did LIGO detect dark matter?



Does LIGO rule out PBH dark matter?

Basic idea: Nakamura et al. 1997, Sasaki et al. 2016 
(cf Teruaki Suyama’s talk)

Additions in paper with Kovetz & Kamionkowski: 
•  more accurate description of probability distribution of a, e at binary 
formation  (cf. Raidal et al. 2018 for even more accurate description)

• analytically checked whether PBH binaries get significantly torqued by 
first non-linear structures (cf Kavanagh et al. 2019 for numerical check 
of effect of particle-dark matter halo).
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m = 1000 30 1

FIG. 2. Characteristic rescaled initial comoving separation
X ⌘ (x/x)3 for PBH binaries that merge at the present time,
as a function of the fraction of dark matter in PBHs. The
curves are labeled by the PBH mass in units of M�. We see
that X⇤ ⌧ 1, indicating that PBH binaries merging today
are rare pairs with initial separation much smaller than the
characteristic inter-PBH separation. Here and in subsequent
figures, the change of slope at f ⇡ �eq ⇡ 0.005 is due to the
change in the dominant tidal torque, from large-scale density
perturbations at f . �eq to other PBHs at f & �eq.

Solving for X⇤, we obtain that the most probable value
of X for binaries merging today is

X⇤ ⇡ 0.032 f m
5/37(f2 + �

2
eq)

�21/74
. (30)

We show X⇤ in Fig. 2. We see that for all PBH masses
and fractions of interest, X⇤ ⌧ 1, indicating that PBH
binaries merging today are rare pairs with initial sepa-
ration much smaller than the characteristic inter-PBH
separation. This justifies our approximation to treat the
e↵ect of other PBHs as a perturbation on the nearly iso-
lated binary.

From our results in Sec. II B, the characteristic redshift
at which PBH binaries decouple from the Hubble flow is
z⇤ ⇡ 3zeq/(X⇤/f), which we show in Fig. 3. We find that
all binaries merging today typically form prior to matter-
radiation equality, and increasingly early for f & �eq.
The characteristic semi-major axis a⇤ is then obtained
from Eq. (11), and the characteristic angular momentum
j⇤ is simply j(t0, X⇤) =

p
2jX⇤, i.e., using Eq. (22),

j⇤ ⇡
1

p
2
(�2

eq + f
2)1/2(X⇤/f)

⇡ 0.023 m
5/37(�2

eq + f
2)8/37. (31)

We show the characteristic initial orbital parameters in
Fig. 4.

E. Merger rate

We now have all the required ingredients to compute
the merger rate. First of all, since the typical formation

m = 1
30

1000
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FIG. 3. Characteristic decoupling redshift of PBH binaries
merging at the present time, as a function of the fraction of
dark matter in PBHs. We see that PBH binaries typically
form around matter-radiation equality for fpbh . 0.01, and
much earlier for larger PBH fractions.

time is prior to matter radiation equality, the time of
merger (i.e. the value of coordinate time since the Big
Bang) is approximately the time it takes to merge, for
binaries merging today. The probability distribution of
the time of merger is therefore

dP

dt
=

Z
dX

d
2
P

dXdt
=

1

7t

Z
dXe�X

P(�X). (32)

Since the integrand peaks at X⇤ ⌧ 1, we may set e�X =
1, and compute the integral analytically. Using �X /

X
�37/21, and �X⇤ =

p
2, we find

Z
dXP(�X) =

21

37

X⇤
p

2

Z
d�(�/

p
2)�58/37

P(�)

⇡ 0.59 X⇤. (33)

The merger rate per unit volume at the present time t0

is then obtained from

dNmerge

dtdV
=

1

2
f

⇢
0
m

M

dP

dt

���
t0

⇡ 0.042 X⇤
f⇢

0
m

Mt0
, (34)

where ⇢
0
m is the matter density at the present time, and

the factor 1/2 avoids double-counting of pairs .
We show the merger rate as a function of f in Fig. 5.

It scales as m
�32/37

⇡ m
�0.86. For f � �eq, it scales as

f
53/37

⇡ f
1.41, and for f ⌧ �eq it scales as f

2. Note that
this contrasts with the results of Ref. [9], which did not
account for torques by adiabatic density perturbations
(i.e. assumed �eq = 0). In their case, the merger rate
changes from / f

53/37 to / f
3 at f . 10�3, as PBH

binaries typically form after matter-radiation equality in
that case.

The next section is dedicated to check the most impor-
tant assumption underlying this rate estimate, namely
that between formation and merger, PBH binaries are
mostly una↵ected by their environment.
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FIG. 4. Characteristic initial orbital elements (semi-major
axis a and reduced angular momentum j =

p
1� e2) of PBH

binaries merging at the present time.
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FIG. 5. PBH binary merger rate, as a function of PBH frac-
tion fpbh and mass m = M/M�.

III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)

Characteristic initial properties for binaries merging today:

Do binaries that form at z ~104 - 105 evolve  
only through GW radiation until the present time?



Characteristic properties of early haloes
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III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)
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III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)

characteristic collapse scale factor

variance of perturbations on scale Mh

characteristic density
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III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)

characteristic velocity dispersion
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III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)

dynamical time

7

The halo changes on a characteristic dynamical time

th ⇡

r
3

4⇡⇢h
. (39)

We are interested in a slightly di↵erent property, namely
the characteristic halo mass a PBH binary (or any mass
element) is part of as a function of cosmic time. We shall
make the simplest assumption, that at any given time
most of the mass resides in halos that have just collapsed.
In other words, inverting Eq. (36), we assume that the
characteristic halo mass as a function of scale factor is

Mh(s) ⇡ fMs
2
, (40)

valid for s ⌧ �
�1
eq . At later times, standard adiabatic

perturbations become larger than the small-scale Poisson
contribution, and the characteristic mass Mh(s) depends
on the detailed functional form of �eq(Mh). Of course a
PBH binary can only be part of a halo that contains at
the very least 2 PBHs. For definiteness, we will consider
halos as containing at least 10 PBHs. We define s10 as
the characteristic scale factor at which such halos (with
mass Mh = 10M/f) first form,

s10 ⌘
�
�
2
eq + f

2
/10

��1/2
. (41)

To summarize, we take the following simple prescription:
at a given scale factor s � s10, a PBH binary is typically
part of a halo of mass fMs

2 = 10M/f(s/s10)2, whose
characteristic density, velocity dispersion and dynamical
time are given by Eqs. (37), (38) and (39).

2. Relation of halo properties to characteristic PBH binary

properties

Here we write a few relations between the properties of
the first halos and those of PBH binaries, which we will
use repeatedly in the remainder of this section. We keep
track of numerical factors in order not to add on to the
uncertainty, but one should keep in mind that these are
order-of-magnitude estimates. We define the following
dimensionless quantity

✏ ⌘

✓
4⇡⇢ha

3

3M

◆1/3

⌘ ✏10(s10/s), (42)

where, using Eqs. (11), (30) and (41),

✏10 ⇡ 0.6 (�2
eq + f

2
/10)1/2(X/f)4/3

⇡ 0.006 m
20/111 (�2

eq + f
2
/10)1/2

(�2
eq + f2)14/37

(X/X⇤)
4/3 (43)

We see that ✏10 ⌧ 1 for all (m, f) of interest. In words,
PBH binaries are much “denser” than the characteristic
first halos, because they typically form much earlier on.

An immediate consequence is that the orbital time of
the binary is always much shorter than the dynamical
time of the halo:

torb

th
⇠ ✏

3/2
⌧ 1. (44)

Another relevant timescale is that of general-
relativistic apsidal precession, which, for an equal-mass
binary is (see e.g. Ref. [47])

tprec =
1

6

a

M
j
2
torb. (45)

For binaries merging at t = t0, using Eq. (23), we may
rewrite this as

tprec =
1

6

✓
170

3

t0

M
j
�7

◆1/4

j
2
torb

⇡ 2 ⇥ 105m�1/4
j
1/4

torb. (46)

In particular, for typical binaries with j ⇡ j⇤, using
Eq. (31), we get

tprec

torb
⇡ 105m�8/37(�2

eq + f
2)2/37. (47)

Using Eqs. (44), and (42)-(43), we therefore find, for the
characteristic binaries merging today,

tprec

th
⇠ 105m�8/37(�2

eq + f
2)2/37✏3/210 (s10/s)3/2. (48)

Therefore we find that, until late times, the apsidal pre-
cession time is typically much longer than the character-
istic dynamical time of the halo.

The ratio of the halo’s pairwise velocity dispersion to
a binary’s circular velocity vbin ⌘

p
2M/a is

v
2
h

v
2
bin

⇡
a

M

✓
4⇡⇢h

3
M

2
h

◆1/3

= (Mh/M)2/3✏. (49)

For PBH fractions f & �eq, the mass of the first halos
evolves according to Eq. (40), so we get

vh

vbin
⇡ (10/f)1/3✏1/210 (s/s10)

1/6

⇡ 0.09 m
10/111

f
�47/222(s/s10)

1/6(X/X⇤)
2/3

,(50)

where the second line is valid for f &
p

10�eq ⇠ 0.01. For
f & 0.01, PBH binaries are therefore typically “hard”
relative to the first halos they are part of. Eventually, as
the characteristic halo mass and virial velocity increase,
this is no longer the case.

Finally, it is useful to rewrite the Hubble rate as fol-
lows:

H =

r
8⇡

3
⇢m ⇡

1

10

r
4⇡⇢h

3
⇡

1

10
t
�1
h , (51)

and integrals over time become
Z

dt

th
=

Z
d ln s

Hth
⇡ 10

Z
d ln s. (52)

We now discuss how the orbital elements of PBH binaries
may be a↵ected by non-linear structure. We first consider
the e↵ect of the tidal field from the smooth halo, and then
consider discrete interactions with other PBHs.

We assume that most of the mass lies in haloes currently collapsing.



• Distant encounters with other PBHs 

• Close encounters with other PBHs 

• Dynamical friction by dark matter particles with m << M

Estimated analytically and found to be negligible: 

• Torques by the smooth halo tidal field
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.

also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [39] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely
exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [38] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]
updated this calculation to 30 M� PBHs, and general-
ized it to an arbitrary PBH abundance. They focused on
the case where PBHs are a very subdominant fraction of
the dark matter, as was implied by the stringent CMB
spectral distortions bounds at the time [23], since then

micro-lensing wide binaries
ultra-faint dwarfs

potential limits  
from LIGO O1 run

� � �� �� ��� ��� ����

�����

�����

�����

�

����/�⊙

�
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�)

CM
B anisotropies

CM
B anisotropies

FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [74] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

revised and significantly alleviated [24] (see also [33]).

In this paper, we have, first of all, made several im-
provements to the calculation of NSST, and accurately
computed the distribution of orbital parameters of PBH
binaries forming in the early Universe. Specifically,
we have computed the exact probability distribution of
initial angular momentum for a close pair torqued by
all other PBHs, and have accounted for the tidal field
of standard adiabatic density perturbations, dominant
when PBHs make a small fraction of the dark matter.

Our second and most important addition was to check
thoroughly whether the highly eccentric orbits of PBH
binaries merging today can get significantly disturbed
between formation and merger. To do so, we have esti-
mated the characteristic properties of the first non-linear
structures, and as a consequence their e↵ects on the or-
bital parameters of PBH binaries. We found that PBH
binaries merging today are essentially unscathed by tidal
torques and encounters with other PBHs. This robust-
ness stems from the fact that these binaries typically form
deep inside the radiation era and are very tight. We have
also estimated the e↵ect of baryon accretion to be much
weaker than previous estimates [43], but potentially im-
portant if unknown numerical prefactors happen to be
large.

Thirdly, we have revisited the calculation of Ref. [8]
for the merger rate of PBH binaries forming in present-
day halos through gravitational recombination. We have
explicitly accounted for the previously neglected Pois-
son fluctuations resulting from the granularity of PBH
dark matter. This shot noise greatly enhances the vari-
ance of density perturbations on small scales, and has
pronounced e↵ects on the properties of low-mass halos.

Numerical checks needed



Structure formation in ΛPBH cosmology
with Derek Inman (in preparation)

• Use N-body code CUBEP3M (Merz et al. 2004, Harnois-Déraps et al. 2012, 
Emberson et al. 2016) 

• fraction fpbh in PBHs and (1-fpbh) made of low-mass collisionless particles “PDM” 

• PDM given adiabatic initial conditions consistent with (extrapolated) Planck  

• PP force for r < 3 grid cells 

• softening: 1/10 grid cell (unphysical for PBHs)

• box size: L = 45 kpc 

• PDM: 2x2563  “particles”, with mass 0.09 (1-fpbh) Msun 

• PBH mass: 30 Msun.       Npbh = 105 fpbh
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FIG. 1: The matter field at z = 99 for various PBH fractions. The PDM density field is represented by the colormap with
white points indicating PBH locations. The slice width is 1/16 the box size, just under 2kpc/h. Could you also show f = 1 at
several redshifts, so we see the evolution of clustering out of initial random distribution? Also, is it a visual e↵ect, or the PBHs
seems to be in “filaments” in the fpbh = 10�2 simulation. These filaments seem to follow the PDM initial overdensity ridges?
Finally, I recommend moving the single-PBH simulation separately, and zooming in, and adding the fpbh = 10�1/2 simulation
instead. We keep saying that things happen above f ⇠ 10�1, so we should show the simulation!

snapshots at z = 99, slice width = 3 kpc
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FIG. 5: The halo number function as a function of fPBH.
Solid lines are determined from N-body simulations. Dashed
lines are theoretical predictions assuming Poisson statistics.
In the lower panel we also show the Press-Schechter prediction
for a Poisson power spectrum as dotted lines, although it
has limited validity. I recommend removing PS, which... has
limited validity! Also, the points at N = 1 are distracting
and non-informative. Last but not least, the computed mass
function is binned. You want to do the exact same sum of
Epstein, as it may not be well approximated by the central
value.

negligible fluctuations in the PDM component). This
is equivalent to requiring that the linearly-extrapolated
matter overdensity �lin(a) has reached a critical value �cr.
Denoting by D+(a) = 1+ 3

2
(a/aeq) the linear growth fac-

tor, we have �lin(a) = D+(a)�m,i, implying

�i(a) =
�cr

D+(a)fPBH

. (26)

When collapse occurs well inside matter domination, the
critical density is �cr = 1.69. However, it can di↵er signif-
icantly from this value as collapse occurs closer to matter-
radiation equality. We explicitly compute �cr(acoll) in
Appendix B. We find, for instance, that �cr ⇡ 1.98 at
z = 999, and even at z = 99, �cr ⇡ 1.71.

We find that the Epstein mass function (23), with �i

given by Eq. (26), give a good match to our halo mass
function at z = 99, see lower panel of Fig. 5. The Press-
Schecter approximation is accurate only for N ⌧ �

�3

i ⇡
3 ⇥ 104

f
3

PBH
. I think we should just use �i ⌧ 1 since the

error is maximal there, and much smaller than �i ⇠ 1
error in any case.

• [Using the Press-Schechter form could be useful, how-
ever, as it is straightforward to include the adiabatic
power spectrum as well: �2 = �2

CDM
+�2

PN
. It should be

possible to account for the joint probability distribution
of PDM and PBHs and write a general mass function,
even if it is not in the PS limit (it would be some kind
of convolution of Epstein with PS). But in general, I am
not sure we want to make a big deal about PS, given
that this was long known, since Epstein’s work... (you
may also want to read and cite more recent papers by
Sheth). I recommend removing all the PS lines in the
plots, as well as the points at N = 1 for fPBH < 10�3:
these points are just NHL ⇡ NPBH, and non-informative.

• Even small changes in �i can have a large e↵ect as
they appear in an exponential, but it does not seem that
the radiation correction changes things in the right direc-
tion. What can also happen is that when �i is of order
unity, one cannot approximate the Epstein function as a
slowly-varying function of N , so the bin-averaged mass
function has to be computed by explicitly summing over
N (rather than computing Epstein at the average value).

Given the number function, Eq. 23, we can now com-
pute the value of fPBH for which halo formation transi-
tions from the seed to the Poisson mechanism. Specif-
ically, this is when half the PBH are in halos with
NPBH/HL � 2, or


NPBH/HL

NPBH

dNHL

dNPBH/HL

�

NPBH/HL=1

=
d

1 + d
exp


�1

1 + d

�

(27)

=
1

2
. (28)

This is satisfied for d = 2.175 so fPBH ' 0.02(1+ z)/100.
This prediction is shown in Fig. 3 as the vertical grey
line and matches the numerical result quite well. This
paragraph seems unrelated to the section title. In gen-
eral, for an order of magnitude estimate, the probability
of having HL containing more than 2 BHs by redshift z

is of order unity if fpbh/
p

2D+(a) & 1.69, i.e. f & a few
percent at z = 99. The Epstein mass function (which
does not fit well at N = 1) seems a bit of an overkill to
get this simple estimate.

3. Halo Profiles

Of course, we are primarily interested in the conse-
quences of these di↵erent clustering regimes. We expect
that isolated PBH have grown predominantly by spher-
ical accretion of PDM You mean spherical accretion of

halo mass  
function
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FIG. 7: The number of PBH per unit velocity as a function of
PBH velocities at z = 299 and fPBH = 10�1. The grey curve
shows a prediction via the halo model and should be compared
to the black curve. The warm coloured lines show components
originating from HL with di↵erent numbers of PBH. Note that
we only consider PBH found by the halofinder in this figure.
How about showing this for a couple of values of fPBH

predominantly isolated halos with fPBH . 10�2 and the
clustered ones with fPBH & 10�2, with the latter mov-
ing significantly faster. The relevant velocity scales for
the gas are the linear relative velocity, which is approxi-
mately [44]

vrel = 30km/s
1 + z

1000
(33)

and the gas sound speed [45]:

cs = 6km/s

r
1 + z

1000
. (34)

Current CMB bounds are dominated by regions where
the relative velocity is low as accretion is ine↵ective.
Since the virial velocities are small compared to vrel, we
do not expect this picture to change substantially. How-
ever, in regions with low vrel, accretion processes may
change as we find that the virial velocities become com-
parable to cs. Indeed, they become comparable near
z ⇠ 300, precisely where the CMB is most sensitive
to PBH. Hence, nonlinear processes may substantially
change the expected constraints on PBH. Given that we
have not run hydro simulations, it is not possible to make
precise constraints. However, it is...

Nonetheless, we find that these nonlinear velocities are
subdominant to the linear relative velocity [62], which
is approximately vrel = 30km/s ⇥ z/103[44], until very
late redshifts (z ⇠ 100). In actuality, there will be some
amount of gas bound in each halo. We expect that this
gas will virialize and have comparable velocities to the
PBH, and so should still be negligible compared to the
linear e↵ect. Last sentence is a bit unclear. It would be
good to also plot the background sounds speed of the gas,

FIG. 8: The PBH velocity dispersion as a function of fPBH

and redshift. PBH clustering increases the velocities of PBH,
but not to speeds comparable to the relative velocity e↵ect.

and compare to the depth of potentials. CMB bounds are
dominated by regions with low relative velocity, and set
by the sound speed of the gas. As a future project, would
it be doable to add hydro to these simulations? This
might do very interesting things, especially in regions
with supersonic relative velocities!

IV. DISCUSSION AND CONCLUSION

We have studied how structure forms in ⇤PBH cos-
mologies containing a mixture of 20h

�1
M� PBH and

standard PDM. Our results depend sensitively on what
fraction of the CDM is PBH. For fPBH . 10�2, the PBH
are generally isolated from one another and accrete PDM
to form halos. For fPBH & 10�2, there is significantly
more clustering of PBH to form much larger halos. [Clar-
ify: This separation at fpbh ⇠ 10�2 applies specifically to
z ⇡ 102] We find that the key descriptor of a halo is the
number of PBH it contains, and that the halo number
function is well described via the Poisson number func-
tion computed by Epstein [60]. We lastly quantified the
nonlinear velocities of PBH and find them strongly sub-
dominant to the relative velocity between gas and CDM
except at z ⇠ 100. We therefore expect them not to
significantly a↵ect the CMB constraints of Ref. [44].

While we have only simulated a single PBH mass,
MPBH = 20h�1 M�, our results can be somewhat ex-
trapolated to other masses. To understand why, consider
initial conditions with no perturbations such that PDM is
on the grid with PBH scattered randomly. Clearly such
a setup is independent of physical parameters like box
size or particle mass, and only depends on the number
of particles. The gravitational evolution will likewise be
independent of the box size and particle mass - Eq. (18)
- and only depend on Ni and now ⌦i. So, provided
the relevant numerical parameters (e.g. fPBH, Ni, ⌦i) are
kept fixed, the simulation is invariant to the scaling

11

FIG. 7: The number of PBH per unit velocity as a function of
PBH velocities at z = 299 and fPBH = 10�1. The grey curve
shows a prediction via the halo model and should be compared
to the black curve. The warm coloured lines show components
originating from HL with di↵erent numbers of PBH. Note that
we only consider PBH found by the halofinder in this figure.
How about showing this for a couple of values of fPBH

predominantly isolated halos with fPBH . 10�2 and the
clustered ones with fPBH & 10�2, with the latter mov-
ing significantly faster. The relevant velocity scales for
the gas are the linear relative velocity, which is approxi-
mately [44]

vrel = 30km/s
1 + z

1000
(33)

and the gas sound speed [45]:

cs = 6km/s

r
1 + z

1000
. (34)

Current CMB bounds are dominated by regions where
the relative velocity is low as accretion is ine↵ective.
Since the virial velocities are small compared to vrel, we
do not expect this picture to change substantially. How-
ever, in regions with low vrel, accretion processes may
change as we find that the virial velocities become com-
parable to cs. Indeed, they become comparable near
z ⇠ 300, precisely where the CMB is most sensitive
to PBH. Hence, nonlinear processes may substantially
change the expected constraints on PBH. Given that we
have not run hydro simulations, it is not possible to make
precise constraints. However, it is...

Nonetheless, we find that these nonlinear velocities are
subdominant to the linear relative velocity [62], which
is approximately vrel = 30km/s ⇥ z/103[44], until very
late redshifts (z ⇠ 100). In actuality, there will be some
amount of gas bound in each halo. We expect that this
gas will virialize and have comparable velocities to the
PBH, and so should still be negligible compared to the
linear e↵ect. Last sentence is a bit unclear. It would be
good to also plot the background sounds speed of the gas,

FIG. 8: The PBH velocity dispersion as a function of fPBH

and redshift. PBH clustering increases the velocities of PBH,
but not to speeds comparable to the relative velocity e↵ect.

and compare to the depth of potentials. CMB bounds are
dominated by regions with low relative velocity, and set
by the sound speed of the gas. As a future project, would
it be doable to add hydro to these simulations? This
might do very interesting things, especially in regions
with supersonic relative velocities!

IV. DISCUSSION AND CONCLUSION

We have studied how structure forms in ⇤PBH cos-
mologies containing a mixture of 20h

�1
M� PBH and

standard PDM. Our results depend sensitively on what
fraction of the CDM is PBH. For fPBH . 10�2, the PBH
are generally isolated from one another and accrete PDM
to form halos. For fPBH & 10�2, there is significantly
more clustering of PBH to form much larger halos. [Clar-
ify: This separation at fpbh ⇠ 10�2 applies specifically to
z ⇡ 102] We find that the key descriptor of a halo is the
number of PBH it contains, and that the halo number
function is well described via the Poisson number func-
tion computed by Epstein [60]. We lastly quantified the
nonlinear velocities of PBH and find them strongly sub-
dominant to the relative velocity between gas and CDM
except at z ⇠ 100. We therefore expect them not to
significantly a↵ect the CMB constraints of Ref. [44].

While we have only simulated a single PBH mass,
MPBH = 20h�1 M�, our results can be somewhat ex-
trapolated to other masses. To understand why, consider
initial conditions with no perturbations such that PDM is
on the grid with PBH scattered randomly. Clearly such
a setup is independent of physical parameters like box
size or particle mass, and only depends on the number
of particles. The gravitational evolution will likewise be
independent of the box size and particle mass - Eq. (18)
- and only depend on Ni and now ⌦i. So, provided
the relevant numerical parameters (e.g. fPBH, Ni, ⌦i) are
kept fixed, the simulation is invariant to the scaling

velocity distribution



30 kpc/h

�

�

-1

3

50

4e3

0

fpbh = 0.01
<latexit sha1_base64="S/2eRRcuLbG6pM7tiIznr/vqLe8=">AAAB+3icbZDLSgMxFIbP1Futt1qXboJFcFVmRNCNUHTjsoK9QDsMmTTThiaZIcmIZZhXceNCEbe+iDvfxrSdhbYeCPn4/3PIyR8mnGnjut9OaW19Y3OrvF3Z2d3bP6ge1jo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99pEqzWD6YaUJ9gUeSRYxgY6WgWouCbKAESsJxjq6R23C9oFq317zQKngF1KGoVlD9GgxjkgoqDeFY677nJsbPsDKMcJpXBqmmCSYTPKJ9ixILqv1svnuOTq0yRFGs7JEGzdXfExkWWk9FaDsFNmO97M3E/7x+aqIrP2MySQ2VZPFQlHJkYjQLAg2ZosTwqQVMFLO7IjLGChNj46rYELzlL69C57zhWb6/qDdvijjKcAwncAYeXEIT7qAFbSDwBM/wCm9O7rw4787HorXkFDNH8Keczx+/wZLt</latexit><latexit sha1_base64="S/2eRRcuLbG6pM7tiIznr/vqLe8=">AAAB+3icbZDLSgMxFIbP1Futt1qXboJFcFVmRNCNUHTjsoK9QDsMmTTThiaZIcmIZZhXceNCEbe+iDvfxrSdhbYeCPn4/3PIyR8mnGnjut9OaW19Y3OrvF3Z2d3bP6ge1jo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99pEqzWD6YaUJ9gUeSRYxgY6WgWouCbKAESsJxjq6R23C9oFq317zQKngF1KGoVlD9GgxjkgoqDeFY677nJsbPsDKMcJpXBqmmCSYTPKJ9ixILqv1svnuOTq0yRFGs7JEGzdXfExkWWk9FaDsFNmO97M3E/7x+aqIrP2MySQ2VZPFQlHJkYjQLAg2ZosTwqQVMFLO7IjLGChNj46rYELzlL69C57zhWb6/qDdvijjKcAwncAYeXEIT7qAFbSDwBM/wCm9O7rw4787HorXkFDNH8Keczx+/wZLt</latexit><latexit sha1_base64="S/2eRRcuLbG6pM7tiIznr/vqLe8=">AAAB+3icbZDLSgMxFIbP1Futt1qXboJFcFVmRNCNUHTjsoK9QDsMmTTThiaZIcmIZZhXceNCEbe+iDvfxrSdhbYeCPn4/3PIyR8mnGnjut9OaW19Y3OrvF3Z2d3bP6ge1jo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99pEqzWD6YaUJ9gUeSRYxgY6WgWouCbKAESsJxjq6R23C9oFq317zQKngF1KGoVlD9GgxjkgoqDeFY677nJsbPsDKMcJpXBqmmCSYTPKJ9ixILqv1svnuOTq0yRFGs7JEGzdXfExkWWk9FaDsFNmO97M3E/7x+aqIrP2MySQ2VZPFQlHJkYjQLAg2ZosTwqQVMFLO7IjLGChNj46rYELzlL69C57zhWb6/qDdvijjKcAwncAYeXEIT7qAFbSDwBM/wCm9O7rw4787HorXkFDNH8Keczx+/wZLt</latexit><latexit sha1_base64="S/2eRRcuLbG6pM7tiIznr/vqLe8=">AAAB+3icbZDLSgMxFIbP1Futt1qXboJFcFVmRNCNUHTjsoK9QDsMmTTThiaZIcmIZZhXceNCEbe+iDvfxrSdhbYeCPn4/3PIyR8mnGnjut9OaW19Y3OrvF3Z2d3bP6ge1jo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99pEqzWD6YaUJ9gUeSRYxgY6WgWouCbKAESsJxjq6R23C9oFq317zQKngF1KGoVlD9GgxjkgoqDeFY677nJsbPsDKMcJpXBqmmCSYTPKJ9ixILqv1svnuOTq0yRFGs7JEGzdXfExkWWk9FaDsFNmO97M3E/7x+aqIrP2MySQ2VZPFQlHJkYjQLAg2ZosTwqQVMFLO7IjLGChNj46rYELzlL69C57zhWb6/qDdvijjKcAwncAYeXEIT7qAFbSDwBM/wCm9O7rw4787HorXkFDNH8Keczx+/wZLt</latexit>

fpbh = 0.1
<latexit sha1_base64="mIyLKSaAbhnk8WzZzHi934nKAA0=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARXJUZEXQjFN24rGAv0A5DJs20oUlmSDJKGfsoblwo4tYncefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zu7buVg5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UKVZIu/NOKWBwAPJYkawsVboVuIw7ymB0mg4QVfIq/mhW/Vq3kxoGfwCqlCoEbpfvX5CMkGlIRxr3fW91AQ5VoYRTiflXqZpiskID2jXosSC6iCfnT5BJ9bpozhR9kmDZu7viRwLrccisp0Cm6FerE3N/2rdzMSXQc5kmhkqyXxRnHFkEjTNAfWZosTwsQVMFLO3IjLEChNj0yrbEPzFLy9D66zmW747r9avizhKcATHcAo+XEAdbqEBTSDwCM/wCm/Ok/PivDsf89YVp5g5hD9yPn8ATIGSsw==</latexit><latexit sha1_base64="mIyLKSaAbhnk8WzZzHi934nKAA0=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARXJUZEXQjFN24rGAv0A5DJs20oUlmSDJKGfsoblwo4tYncefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zu7buVg5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UKVZIu/NOKWBwAPJYkawsVboVuIw7ymB0mg4QVfIq/mhW/Vq3kxoGfwCqlCoEbpfvX5CMkGlIRxr3fW91AQ5VoYRTiflXqZpiskID2jXosSC6iCfnT5BJ9bpozhR9kmDZu7viRwLrccisp0Cm6FerE3N/2rdzMSXQc5kmhkqyXxRnHFkEjTNAfWZosTwsQVMFLO3IjLEChNj0yrbEPzFLy9D66zmW747r9avizhKcATHcAo+XEAdbqEBTSDwCM/wCm/Ok/PivDsf89YVp5g5hD9yPn8ATIGSsw==</latexit><latexit sha1_base64="mIyLKSaAbhnk8WzZzHi934nKAA0=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARXJUZEXQjFN24rGAv0A5DJs20oUlmSDJKGfsoblwo4tYncefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zu7buVg5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UKVZIu/NOKWBwAPJYkawsVboVuIw7ymB0mg4QVfIq/mhW/Vq3kxoGfwCqlCoEbpfvX5CMkGlIRxr3fW91AQ5VoYRTiflXqZpiskID2jXosSC6iCfnT5BJ9bpozhR9kmDZu7viRwLrccisp0Cm6FerE3N/2rdzMSXQc5kmhkqyXxRnHFkEjTNAfWZosTwsQVMFLO3IjLEChNj0yrbEPzFLy9D66zmW747r9avizhKcATHcAo+XEAdbqEBTSDwCM/wCm/Ok/PivDsf89YVp5g5hD9yPn8ATIGSsw==</latexit><latexit sha1_base64="mIyLKSaAbhnk8WzZzHi934nKAA0=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARXJUZEXQjFN24rGAv0A5DJs20oUlmSDJKGfsoblwo4tYncefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zu7buVg5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UKVZIu/NOKWBwAPJYkawsVboVuIw7ymB0mg4QVfIq/mhW/Vq3kxoGfwCqlCoEbpfvX5CMkGlIRxr3fW91AQ5VoYRTiflXqZpiskID2jXosSC6iCfnT5BJ9bpozhR9kmDZu7viRwLrccisp0Cm6FerE3N/2rdzMSXQc5kmhkqyXxRnHFkEjTNAfWZosTwsQVMFLO3IjLEChNj0yrbEPzFLy9D66zmW747r9avizhKcATHcAo+XEAdbqEBTSDwCM/wCm/Ok/PivDsf89YVp5g5hD9yPn8ATIGSsw==</latexit>

fpbh = 1
<latexit sha1_base64="WDr3iSXAHd2vFer7LbpFNQUXTas=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsgqsyI4JuhKIblxXsBdphyKSZNjTJDElGqEOfxI0LRdz6KO58G9N2Ftr6Q+DjP+dwTv4o5Uwbz/t2SmvrG5tb5e3Kzu7eftU9OGzrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbjUO874SKI1GU3SN/NCteXVvLrQKfgE1KNQM3a/+ICGZoNIQjrXu+V5qghwrwwin00o/0zTFZIyHtGdRYkF1kM8Pn6JT6wxQnCj7pEFz9/dEjoXWExHZToHNSC/XZuZ/tV5m4qsgZzLNDJVksSjOODIJmqWABkxRYvjEAiaK2VsRGWGFibFZVWwI/vKXV6F9Xvct31/UGjdFHGU4hhM4Ax8uoQF30IQWEMjgGV7hzXlyXpx352PRWnKKmSP4I+fzB2mOkkE=</latexit><latexit sha1_base64="WDr3iSXAHd2vFer7LbpFNQUXTas=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsgqsyI4JuhKIblxXsBdphyKSZNjTJDElGqEOfxI0LRdz6KO58G9N2Ftr6Q+DjP+dwTv4o5Uwbz/t2SmvrG5tb5e3Kzu7eftU9OGzrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbjUO874SKI1GU3SN/NCteXVvLrQKfgE1KNQM3a/+ICGZoNIQjrXu+V5qghwrwwin00o/0zTFZIyHtGdRYkF1kM8Pn6JT6wxQnCj7pEFz9/dEjoXWExHZToHNSC/XZuZ/tV5m4qsgZzLNDJVksSjOODIJmqWABkxRYvjEAiaK2VsRGWGFibFZVWwI/vKXV6F9Xvct31/UGjdFHGU4hhM4Ax8uoQF30IQWEMjgGV7hzXlyXpx352PRWnKKmSP4I+fzB2mOkkE=</latexit><latexit sha1_base64="WDr3iSXAHd2vFer7LbpFNQUXTas=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsgqsyI4JuhKIblxXsBdphyKSZNjTJDElGqEOfxI0LRdz6KO58G9N2Ftr6Q+DjP+dwTv4o5Uwbz/t2SmvrG5tb5e3Kzu7eftU9OGzrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbjUO874SKI1GU3SN/NCteXVvLrQKfgE1KNQM3a/+ICGZoNIQjrXu+V5qghwrwwin00o/0zTFZIyHtGdRYkF1kM8Pn6JT6wxQnCj7pEFz9/dEjoXWExHZToHNSC/XZuZ/tV5m4qsgZzLNDJVksSjOODIJmqWABkxRYvjEAiaK2VsRGWGFibFZVWwI/vKXV6F9Xvct31/UGjdFHGU4hhM4Ax8uoQF30IQWEMjgGV7hzXlyXpx352PRWnKKmSP4I+fzB2mOkkE=</latexit><latexit sha1_base64="WDr3iSXAHd2vFer7LbpFNQUXTas=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsgqsyI4JuhKIblxXsBdphyKSZNjTJDElGqEOfxI0LRdz6KO58G9N2Ftr6Q+DjP+dwTv4o5Uwbz/t2SmvrG5tb5e3Kzu7eftU9OGzrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vZ/XOI1WaJfLBTFIaCDyULGYEG2uFbjUO874SKI1GU3SN/NCteXVvLrQKfgE1KNQM3a/+ICGZoNIQjrXu+V5qghwrwwin00o/0zTFZIyHtGdRYkF1kM8Pn6JT6wxQnCj7pEFz9/dEjoXWExHZToHNSC/XZuZ/tV5m4qsgZzLNDJVksSjOODIJmqWABkxRYvjEAiaK2VsRGWGFibFZVWwI/vKXV6F9Xvct31/UGjdFHGU4hhM4Ax8uoQF30IQWEMjgGV7hzXlyXpx352PRWnKKmSP4I+fzB2mOkkE=</latexit>

• PBH binary survival 
• More generally, impact on current bounds 
• Formation of first stars (cf Kashlinsky)  
• Impact on reionization, 21 cm?

Program with N-body sims

Inman & Ali-Haïmoud, in prep.

z = 99


