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Extremal and near-extremal

black holes



• Definition 1: Extremal black holes have vanishing surface gravity on

the horizon, i.e., their temperature is zero.

• Definition 2: There is a maximum charge and angular momentum

for a given mass. When this bound is saturated, we have an

extremal black hole.

• Generically, both definitions are equivalent but there are

counterexamples. [Dias, Horowitz, Santos; 2109.14633]

• We will only focus on cases where temperature goes to zero.
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Universal features of extremal black holes

• Extremal black holes develop an infinitely long throat in the

near-horizon region. The proper distance from horizon to any point

outside the horizon is infinite.

• For a large class of black holes, near-horizon region contains an

AdS2 factor. [Kunduri, Lucietti,Reall, Figueras, Rangamani; 0705.4214,0803.2998]

• This universal behavior doesn’t survive addition of any finite energy

excitation. [Maldacena,Michelson, Strominger; 9812073]

• There are several ways to see this: 1. 2d gravity Lagrangian is

topological. So, stress-energy tensor vanishes.

2. Consider 2d dilaton gravity models. Any non-zero stress-energy

tensor implies dilaton diverges near the boundary destroying the

AdS2 asymptotics.

3. Even going slightly away from extremality, near-horizon region is

no-longer decoupled from the remaining spacetime. Proper distance

from horizon to any point outside becomes finite.
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Universal features of near-extremal black holes

• If this were the whole story, it would be of limited interest since it

like studying just the ground state of a quantum mechanical system

have and no finite energy excitations.

• However, this is not the whole story. For black holes with small

deviations away from extremality, a universal description also

emerges by keeping leading order effect of backreaction. [Almheiri, Polchinski

1402.6334]

• It is obtainted by correcting Einstein-Hilbert action by

Jackiw-Teitelboim (JT) gravity action

IJT = CJT

∫
d2x

√
−gΦ

(
R +

2

ℓ22

)
(1)
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• The onshell JT action is given by Schwarzian action [Maldacena, Stanford, Yang;

1606.01857]

ISch = CSch

∫
dτ{f (τ), τ} , {f (u), u} =

f ′′′

f ′′
− 3

2

(
f ′′

f ′

)2

. (2)

f (τ) represents the reparametrizations of boundary AdS2 given by

ds2 = dρ2 −
(
eρ/ℓ2 +

ℓ2
2
{f (τ), τ}e−ρ/ℓ2

)
dτ 2 (3)

• It also famously captures the low-energy regime of SYK model.

• The Schwarzian action describes a quantum mechanical model that

is exactly solvable. The partition function is one-loop exact [Stanford,

Witten ’17]

ZSchw =

(
π

β̃

)3/2

eπ
2/β̃ , β̃ =

β

2CSch
. (4)

4



Near-extremal QFTs



• How does this universal description of near-extremal black holes

manifest in the boundary theory?

• In holographic context, there should be a regime of parameters of

the boundary theory that describes the near-extremal black holes

and reproduces their universal features descibed by JT/Schwarzian

theory.

• We will refer to this regime as near-extremal regime of the dual field

theory. In this regime, the field theory computation of quantities like

correlation function and partition function should be consistent with

Schwarzian theory.

• This regime should involve studying thermal field theory close to

zero temperature amongst other limits.
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• We will answer the question of existence of near-extremal limit of

QFTs by looking at QFTs in two dimensions.

• We will consider CFTs, warped CFTs and Carrollian CFTs.

• A common charatersitic of these theories is that there have a

Virasoro factor in their symmetry algebra.

• Near-extremal CFTs For a large class of 2d CFTs with large

central charge, there exists a regime of parameters, namely, low

temperature and large angular momentum where partition function

and correlation functions are determined by Schwarzian theory. [Ghosh,

Maxfield, Turiaci; 1912.07654]

• These results are in line with the bulk computations of near-extremal

BTZ.
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• Near-extremal Warped CFTs (WCFTs) For a large class of

non-unitary WCFTs with large central charge, there exists a regime

of parameters, where partition function is determined by

warped-Schwarzian theory. It matches the low energy behavior of

complex SYK mode. [AA, Castro, Detournay, Mühlmann; 2211.03770]

• These results are also in line with the bulk near-extremal limit of

warped black holes. Based on this we conjectured that only

non-unitary WCFTs have interesting holographic duals. [AA, Castro,

Detournay, Mühlmann; 2304.10102]

• We also present the exact modular S-matrices of WCFTs that can

be used to obtain density of states of near-extremal WCFTs. [AA, Simon;

to appear]
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• Near-extremal Carrrollian CFTs (CCFTs): CCFTs also contain a

universal “near-extremal” sector. Partition function is dominated by

vacuum character and looks similar to Schwarzian partition function.

[AA, Bagchi, Detournay, Grumiller, Riegler, Simon; to appear]

• However, we do not yet know the bulk interpretation of this

“near-extremal” regime of CCFTs.

• The putative bulk is 3d asymptotically flat spacetime. There are no

black holes in 3d in absence of cosmological constant.

• There are flat space cosmologies but they only have one horizon.

• Nevertheless, this sector does exists from the field theory side. We

also present modular S-matrices of Carrollian CFTs that can be used

to derive the density of states in the near-extremal regime. [AA, Simon; AA,

Bagchi, Detournay, Grumiller, Riegler, Simon; to appear ]

In all three cases, there is another

universal regime, i.e., Cardy regime.
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Near-extremal CFT2



Consider a CFT, an a
torus

with modular paramite [
------

Y

T

:
>



Modular invariance
=> partition function is invariant.

Dual Channel

z(t, ) = z(i)
direct channel

Z Can be decomposed as ar over

characters

z(t, z) = Tr(q)to
*u)j(u)

= ((t)X(z) + 2 XE)X[(E)
primaries



-

q = 2
2πi[

, q
= ei

Xn(T) are the characters

Xn(t) = Tr(g)
-> Highestwh. rep

.
Labelled

by h

Introduce left and right temp .

B = - Cit
, fr = 2Ti



=> Xn(Bz) = Tran DeBc(hon)])

Xi <Pr) = Try (ePm (50 Yn))
Descendants are suppressed when By

a

by Boltzmann factors . We red their

contribution to obtain the prefactor of Eschw.

This dictates the choice of modular

transformed channel.



Dual channel-

High right moving
temperature Prto

projects the partition
function on

the

vacuum character in the
modular

transformed channel

z( , Pr) =XI-- .. &
corrections of order exp)-gap

Egap : lowest I other than vacuum



X(i exp
Assumption involved

: no other state
withTo

except vacuum

2 Existence of twist gap)
h = 0 = h = 0

Cardy Formula
can be derived by taking Bo

as well

S
cardy

= (



Near-extremal limit :

1- D

BR - to
- Projects onto vacuum

By ~ < -0
- contains Schwarzian

Schwarzian appears in left moving sector.

Using explicit form of
vacuum character

Xy(t) =

q
·(
( 1 - q)
->
Mull state-

2(2) me subtraction
invariant

S1(2 , R)
vacuum

& (2) : Dedekind eta for



X(g- exp
~

~ Zschw

Er = (exp
I

=Esw
.

(1+ - -.. )
Near Extr



One gets Cardy entropy even in the near-

extremal regime upto log corrections·

Assumptions about CT

1 : Unitary : h
,
h >, o

h =
= 0

2 . Compact : Unique vacuum
sl(2) invariant

3 . Twist gap : Only vacuum has
I = 0

1)
I

No additional symmetries



Bulk Interpretation

· Boundary of a Euclidean
BTI has following

identifications

(tE ,
4) - ( + E ,

4 + 2π) - (te +B , 4
+ 0)

B : Inverse temp.

0 : Angular potential

· Define : B= B-io ,
Pr = B + io



· Grand Canonical partition function
is

= (p ,
0) = Tv([PR-105]
= Tr [Bc (lo-)-Pr()

mass
H = Lo +2 - 2

J = To Lo
-

Angulat tur
Momen



·

Near extremality = B7] ↓

For near-extremal => E B + 101
BH to dominate

&
Since MrJ near (large

Mr J extremality
we get

Br + same conditions
used in

B
,
31 &

near ext. CFT

⑫>242 for BTE to dominate

>(M -J)



M - M
& - - -=x- -
-- -

-+-- -- -

-
-

-
-

-
>
J

We can asmptote/51- M

while still staying on the

desirable side of Hawking page

phase transition.



Summary till now

Partition Function CFT,
written in turn

of characters

Modular S ↓ Pr-
- 0

Transformation

Vacuum Character
Dominates

↓ By c +
0

Schwarzian appears
in left vacuum

+

character



Generalising this procedure to other QFTs
-

partition function of a modular invariant/covariant
Q FT , [(To . [g) = EXpq(Tists) = XpEp)Xq(Tq)

Modular S ↓ Eqto
to project into

Transformation vacuum

Vacuum Character
Dominates (Alreadyuniversal)

↓Take apt . limit on Ip
"Schwarzian-like" / "Near-extremal" partition

function.



Near- extremal Carroll CFT2



• Carroll symmetries arise as the c → 0 limit of Poincare symmetries,

making space absolute and time relative; opposite of Gallilean

symmetries. [Lévy-Leblond ’65, Sen Gupta ’66]

• Carroll symmetries are associated to null hypersurfaces and are thus

relevant for flat space holography. Additionally, they have found

applications in condensed matter systems, hydrodynamics, tensionless

strings, and black hole microstates.

• Carroll symmetries arise on a Carroll manifold defined by the pair

(τµ, hµν) a degenerate symmetric tensor hµν and a vector τµ generating

the kernel of hµν ,

hµντ
µ = 0. (5)
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• Carroll algebra is generated by the isometries of the Carroll structure,

Lξτ
µ = Lξhµν = 0.

• For d−dimensional flat Carroll spacetimes, τµ = ∂t and ds2 =
d−1∑
i

(dx i )2,

Conformal Carroll algebra, ccard , is generated by the isometries

Lξτ
µ = −λτµ, Lξhµν = 2λhµν . (6)

• ccard , is isomorphic to the (d + 1)-dimensional

Bondi–van der Burgh–Metzner–Sachs (BMS) algebra, bmsd+1, which is

the algebra of d + 1 dimensional asymptotically flat spacetimes. [Duval, Gibbons,

Horvathy ’14].
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• We are interested in d = 2, i.e., bms3 or ccar2. It consists of semidirect

sum of Virasoro and an abelian algebra. Expanding the generators in

Fourier modes

[Ln, Lm] = (n −m) Ln+m + cL(n
3 − n) δn+m, 0 (7)

[Ln, Mm] = (n −m)Mn+m + cM(n3 − n) δn+m, 0 (8)

[Mn, Mm] = 0 (9)

• Lns are superrotations and Mns are supertranslations. L0, L±1,M0,M±1

generate global subalgebra isl(2,R) coresponding to the isometries of 3d

Minkowski. cL = 0 and cM ̸= 0 for Einstein gravity.

• The 2d QFTs with these symmetries are Carroll CFT2 (CCFT2)—natural

holographic duals to 3d asymptotically flat gravity.
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Carroll Partition Function,

modular transformations



• We define the partition function of a Carroll CFT2 as

Zccar(βcar, θcar) = Tr e−βcarH+iθcarJ , (10)

where βcar is the inverse Carroll temperature, θcar is the angular

potential and

H = M0, J = L0. (11)

• One can obtain Carroll CFT2 from a Lorentzian CFT2 in the limit of

vanishing speed of light

t → ϵt, ϕ → ϕ, ϵ → 0. (12)

Ln = Ln − L̄−n, Mn = ϵ(Ln + L̄−n) (13)

cL = c − c̄ , cM = ϵ(c + c̄), (14)

βCFT = βcar, θCFT = ϵθcar (15)
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• This limiting procedure also provides a way to obtain Carroll modular

transformations. We start with CFT2 modular transformations PSL(2,Z),

τ → aτ + b

cτ + d
ad − bc = 1 with a, b, c , d ∈ Z. (16)

• The relation between CFT2 and Carrollian modular parameters,

σ ≡ iβcar/2π, ρ ≡ θcar/2π, yields the expansion

τ = σ + ϵ ρ → aσ + b

cσ + d
+ ϵ ρ

ad − bc

(cσ + d)2
+O(ϵ2) , (17)

leading to Carroll modular transformations

σ → aσ + b

cσ + d
ρ → ρ

(cσ + d)2
. (18)

σ transforms like τ and ρ transforms like imaginary part of τ .
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• If σ is thought of as coordinate on the base manifold, H, on which

Carroll modular transformations act, ρ transforms like a vector in TσH.

• Similar to a thermal CFT2 defined on upper half plane, it is useful to

think about thermal Carroll CFT2 to be defined on the complex upper

half plane and the corresponding tangent space.

• The Carroll modular group is generated by composing S and T

transformations

S : σ → − 1

σ
ρ → ρ

σ2
T : σ → σ + 1 ρ → ρ . (19)

• They satisfy the usual identities

S2 = 1 (ST )3 = 1 (20)

• Carroll modular transformations can be thought of as acting
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Carroll Characters



• The states in a 2d Carrollian CFT are labelled with the eigenvalues of L0
and M0:

L0|∆, ξ⟩ = ∆|∆, ξ⟩ M0|∆, ξ⟩ = ξ|∆, ξ⟩ . (21)

• One can construct highest weight representations by defining primary

states as

Ln|∆, ξ⟩p = Mn|∆, ξ⟩p = 0 ∀n > 0 (22)

• A generic descendant takes the form

|Ψ⟩ = L−n1L−n2 . . . L−nqM−m1M−m2 . . .M−mr |∆, ξ⟩p ni ,mj > 0
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• There is another type of representation — induced representation, which

is built out of states anihilated by all supertranslations (except for M0):

Mn|∆, ξ⟩I = 0 ∀n ̸= 0 . (23)

• Generic states in induced representation are obtained by acting with

arbitrary combinations of Ln generators (not necessarily n > 0) on |∆, ξ⟩I :

|Φ⟩ = Ln1Ln2 . . . Lnm |∆, ξ⟩I . (24)

• The highest weight and induced representations turn out to have

identical characters.
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• For non-vacuum states, the Carroll characters are given by

χ(cL,cM ,∆,ξ)(σ, ρ) =
e

2πiσ
12 e−2πi(σ

cL
2 +ρ

cM
2 )e2πi(σ∆+ξρ)

η(σ)2
(25)

where η(σ) is the Dedekind eta-function.

• For the vacuum (∆ = 0, ξ = 0), we have

χ(cL,cM ,0,0)(σ, ρ) =
e

2πiσ
12 e−2πi(σ

cL
2 +ρ

cM
2 )

η(σ)2
(1− e2πiσ)2 . (26)

• The Carroll partition function is then the sum of Carroll characters

Zccar(σ, ρ) =
∑

primaries

D(∆, ξ)χ(cL,cM ,∆,ξ)(σ, ρ) . (27)

where D(∆, ξ) is multiplicity of the primaries with weight (∆, ξ).
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Summary until now

• Carroll CFT2 is a two-dimensional QFT invariant under ccar2 or bms3
symmetries.

• It can be obtained as a limit of a CFT2.

• Thermal CCFT2 is invariant under Carroll modular transformations that

act on the upper half plane as well as its tangent space.

• CCFT2 partition function can be expressed as the sum of Carroll

characters. These characters are same for both induced and highest

weight representations.

18



Vacuum Dominance and

Universal Carroll Sectors



Are there any universal sectors present in a generic class of 2d

Carroll CFTs?

• We will consider a class of 2d Carroll CFTs that satisfy the following

two assumptions: ∆ ≥ 0, ξ ≥ 0 for all primaries and that the only

primary state with ξ = 0 is the vacuum.

• Modular invariance of the 2d Carrollian partition function under the

S- transformation implies

Zccar(σ, ρ) = Zccar

(
− 1

σ
,
ρ

σ2

)
(28)

• We can thus write the partition function in terms of characters in

the S-dual channel.

Zccar(σ, ρ) =
∑

primaries

χ(cL,cM ,∆,ξ)

(
− 1

σ
,
ρ

σ2

)
. (29)
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• We look for regimes where the vacuum character is the dominant

contribution to the partition function in the S-dual channel

χ(cL,cM ,∆,ξ)

χ(cL,cM ,0,0)

(
− 1

σ
,
ρ

σ2

)
→ 0, ∀∆, ξ ̸= 0 . (30)

• It turns out that there are two regimes/ sectors where this happens

Sector Physical parameters

1.Cardy βcarΩcar → 0+, Ωcar, βcar < 0

2.Cardy −Near extremal βcarΩ
2
car → 0− , Ωcar, βcar < 0

• Carroll temperature is negative for both of the regimes which is in

line with the negative temperature for Flat space cosmologies in the

dual theory.
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• The partition function in the Cardy regime is well-approximated by

Z
(1)
ccar(σ, ρ) ≈ exp

{
2π2

[
cL

|βcarΩcar|
+

cM
|βcarΩ2

car|

]}
. (31)

• In the Cardy-Schwarzian regime, the partition function is

Z
(2)
ccar(σ, ρ) ≈ Z

(1)
ccar(σ, ρ)

1− e−
4π2

|βcarΩcar|

η( 2πi
βcarΩcar

)

2

. (32)

• In both of the regimes regimes, one finds BMS-Cardy formula for the

entropy to the leading order excluding generically small corrections

S
(1)
ccar ≈ S

(2)
ccar ≈ 4π2

(
cL

|βcarΩcar|
+

cM
|βcarΩ2

car|

)
. (33)
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Near-extremal sector of CCFT2



• There is a subsector of the Cardy-Near extremal regime that leads to

a “Schwarzian-like” partition function. In this subsector

βcarΩcar ≫ 1 in addition to βcarΩ
2
car → 0−.

• The partition function in the Near-extremal regime is given by [AA,

Bagchi, Detournay, Grumiller, Riegler, Simon; to appear]

ZNE
ccar ≈

(2π)5

(βcarΩcar)3
exp

{
βcarΩcar

12
+ 2π2

[
cL − 1/6

|βcarΩcar|
+

cM
|βcarΩ2

car|

]}
.

• The prefactor indicates the contribution of six zero modes

corresponding to six global generators M0,±1, L0,±1.

• This is in contrast to the 3 zero modes of Schwarzian theory.
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Summary of near-extremal

Carrollian CFTs



• A generic class of 2d Carroll CFTs has two universal sectors—Cardy

and Cardy-Near extremal.

• Both of these sectors reproduce BMS-Cardy entropy while

Cardy-Near extremal regime has a subsector that leads to a

“Schwarzian-like” partition function.

• They require negative Carroll temperatures which is in line with the

thermodynamics of Flat space cosmologies.

• However, since there are no black holes in 3d Einstein gravity with

Λ = 0, the bulk interpretation of the Schwarzian sector is unclear.

Can’t be tied to near-extremality.
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Near-extremal density of states

from modular S-matrices



• Now, we will see the appearance of “Schwarzian” in the

near-extremal desnity of states using modular S-matrices.

• Given an S-modular transformation τ → τ ′, modular S-matrices Si,m
relate characters in the original (τ) and modular (τ ′) channels, i.e.

χi (τ
′) =

∑
m

Si,m χm(τ) . (34)

• Or

χi (τ
′) =

∫
dP Si,P χP(τ) (35)

for continuous spectrum.
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CFTs/ Virsoro modular S-matrix

• Modular S-transformation:

S : τ → −1

τ
(36)

• Using Liouville parametrization, let

h − c − 1

24
=: P2 ,

c − 1

6
=: Q2 , Q =: b + b−1 . (37)

Then, characters of Virsoro algebra are

χP(τ) =
e2πiτP

2

η(τ)
(1− δvacq) , q := e2πiτ (38)

δvac =

{
1, for vacuum

0, otherwise
. (39)

The vacuum character is different due to the presence of null states.
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h − c − 1

24
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6
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• We define the Virsoro modular S-matrix as

χP′

(
−1

τ

)
=

∫ ∞

−∞

dP

2
S(P ′;P)χP(τ). (44)

•
S(P ′;P) = 2

√
2 cos [4πPP ′] . (45)

for non-vacuum characters.

•
S(1;P) = 4

√
2 sinh (2πbP) sinh (2πb−1P) (46)

for vacuum character. This is the Plancherel measure for the

continuous principal series representations of the quantum group

Uq(sl2). [Ponsot,Teschner; ’99]
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• One can use S(P;1) to find the Schwarzian desity of states as

follows.

• Since CFT partition function can be approximated by (left) vacuum

characters in the S-transformed channel

ZCFT ∼ χ1

(
−1

τ

)
=

∫
dP S(1;P)χP(τ) (47)

• In near extremal limit, c → ∞ =⇒ b → 0, βL ∼ c → b−2

χP(τ) ∼ e−βLP
2

∼ e−
P2

b2 (48)

• Thus, the above integral is dominated by P ∼ b

S(P;1) ∼ sinh
(
2πb−1P

)
(49)
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b2 (48)

• Thus, the above integral is dominated by P ∼ b

S(P;1) ∼ sinh
(
2πb−1P

)
(49)
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• Density of states D(P) is defined as

Z =

∫
dP D(P)χP (50)

So, in the near extremal limit D(P) ∼ S(1;P) ∼ sinh
(
2πb−1P

)
P ∼

√
h ∼

√
Energy
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Near-extremal Carrollian DoS from modular S-matrices

• Using a Liouville inspired parametrization, let

ξ − cM
2

=: P2
M , ∆− cL − 1/6

2
=: PL , cL −

1

6
=: QL . (51)

• The modular S-matrix is defined as

χ(P′
L,P

′
M )

(
− 1

σ
,
ρ

σ2

)
=

∫ ∞

−∞

dPM

2

∫ ∞

−∞
dPL S(P

′
L,P

′
M ;PL,PM)χ(PL,PM )(σ, ρ).

(52)

• It is given by

S(P ′
L,P

′
M ;PL,PM) = 2

|P ′
M |

|PM |2
PM

P ′
M

sin

[
2π

(
P ′
M

PM
PL +

PM

P ′
M

P ′
L

)]
.

(53)

for non-vacuum characters. [AA, Simon; to appear]
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• For vacuum characters

S(1;PL,PM) = 8
PM

|PM |2
sinh

[
2π

(√
cM
2

PL

PM
+

PM√
cM/2

QL − 2

2

)]

sinh2
πPM√
cM/2

. (54)

• This is possibly Plancherel measure of some quantum deformation of

iso(2, 1) which might be obtainable by Ignönü-Wigner contraction of

modular double of Uq(sl2).

• Density of states in the near-extremal regime turns out to be [AA, Bagchi,

Detournay, Grumiller, Riegler, Simon; to appear]

D ≈ 8π2PM

cM
exp

[
2π

PL

PM

√
cM
2

]
exp

(
PM√
2cM

(QL − 2)

)
. (55)

• PL → 0 and PL/PM doesn’t diverge as 1/PM in the near-extremal

regime. So, DoS indeed goes to zero as PM ∼
√
E → 0 (E being

”energy above extremality”). The behavior is similar to Schwarzian

DoS.
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Summary and future directions



• We observed that three different two-dimensional QFTs have a

universal near-extremal sector different from the universal Cardy

sector of these theories.

• Common characteristics of these theories that lead to the

near-extremal sector: Modular symmetry, atleast one copy of

Virsoro, and two dimensions.

• Can one find such sectors in other QFTs, particularly in higher

dimensions?

• There should be a mechanism for this to happen since higher

dimensional near-extremal blackholes also show the Schwarzian

behavior and their putative duals are higher dimensional QFTs.

Cardy in higher dimensions?
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Thank you!
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