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Plan of the talk

. Truncated Wigner Approach and the Dirac time-
dependent MF approximation

. Cluster TWA.

. Some applications: diffusion, dynamic structure factor,
disordered spin systems

. Fermion TWA



Variational (saddle point) approach to quantum dynamics

Example: weakly interacting bosons on a lattice (Bose-Hubbard model)
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Quench dynamics: interested in some observable:
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Operators to numbers: insert a complete set of coherent - classical -
states (Schwinger-Keldysh path integral)
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Take the saddle point (variational) approximation with respect
to aj, ;. Result: Truncated Wigner Approximation




Standard Truncated Wigner Approximation (TWA)

/ / D Do W ( z(”)()u( ( ), ¥;(t)),
s dv;  OHw(¥*,4) Classical (mean-field) discrete Gross-
o T ch Pitaevski equation

1. Interpretation: many mean-field states evolved in parallel, not one
like the Dirac time-dependent variational ansatz assumes.

2. TWA s asymptotically exact in the classical limit (large S limit),
harmonic limit, or long-range (large N) limit

3. Asymptotically exact at short times

4. Easy to simulate if W is positive. Within accuracy of TWA the
Gaussian approximation for W works.

5. Can extend TWA to arbitrary systems with the classical limit (classical
Poisson brackets).

6. Many applications: quantum optics, spin systems, cold atoms,
quantum chemistry



What if the elementary local degree of freedom (site) has 3
states? E.g. a spin one system.

H = —-BS + %Sﬁ

TWA fails after a short time unless interactions are weak.
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|ldea: fix TWA introducing additional (hidden) variables
(S. Davidson and A.P., PRL 2015)

Go to SU(3) group. Any 3x3 Hamiltonian is a linear combination
of SU(3) generators.
(Mapping taken from M. Kiseley, et. al. EPL (2013) for LZ problem in a 3 level system)
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U ., . Single site Hamiltonian of Hubbard model:
H = E‘Sz ~ % interaction and chemical potential

(Hp)y @ = (U/2)X3 — X3, (Hp)y ¥ = (U/6)(2 — V3Xs) — Xa.
Map interacting SU(2) spin to noninteracting (= linear) SU(3)) spin

TWA, solve SU(3) Bloch equation: x, — f.,. 2 x

()Xg
Start from a state polarized along x
1
Exact, SU(3) TWA SU(3) TWA —
(semi)classical dynamics
cﬁ\? /\ in 8-dimensional phase
g space.
SU(2) TWA Extra variables are like
—1 L Jhidden variables.
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What did we achieve?

Classical dynamics becomes exact if we go to a higher-
dimensional phase space.

Hidden (but still physical)

A 8D space

I

Conventional

Physical 3D
C% Space

If we solve classical equations in 8D space and project to 3D
space we are exact (for a single spin one)




Many-body generalization.

Bose Hubbard model in spin 1 representation (E. Altman 2001)
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Treat local interactions exactly by mapping to SU(3) spins.
Treat NN interactions semiclassically within TWA.
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Small hopping or large dimensionality (connectivity) — expect SU(3) TWA to
work much better than SU(2) TWA.

Similar in spirit to DMFT (asymptotically correct in high dimensions) and
DMRG (convert linear Schrodinger equation to nonlinear classical
equations). Can treat both spatial and time correlations.



Cluster TWA (CTWA)
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Hilbert space of each cluster is spanned by SU(N) group. N
— Hilbert Space Dimension. N=16 in the shown example.
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Classical equations of motion
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Initial conditions. Choose a Gaussian factorlzed distribution 1/ (X)
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This choice can be justified from the short time expansion. Alternative
discrete sampling: W. Wooters et. al. 2004; works by A.M. Rey et. al.



Example: four sites
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Treat local correlations (entangled degrees
of freedom) as independent variables

X; X, X Xs

0= (Xl + X[+ XEXE) + by (XF + XE+ X+ XF).
Some operators
are correlated
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Number of independent variables 2N*1 (not 4N). Need one extra ancilla spin.



Schwinger boson TWA
Schwinger bosons: X, — al X™"™a,,, > o ala, =1

Need to solve D=2N equations

iall) — oH _ Can almost satisfy initial conditions with
" da’ (") the Gaussian state. Works very well.

Reduction from D? operators to D Schwinger bosons is like
reduction from the density matrix to the wave function.

Make a product ansatz [¢) = | | 1v;)
J

Dirac mean field equations (v |i0;|v)) = (1| H |¢))
are identical to classical equations. TWA is like a statistical
mixture of many mean fields. This does make a difference!



Application: diffusion

Model (motivated by discussions with F. Polimann): XXZ chain

N N
H=2 S8+ 5,8 +ASLSIH 4+ 851807 + 8,5, + ASLSIH?.
) )
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Choose A =2, v=1/2, S,=o0,
Describes well Y by Pto Pb, 1. Zaliznyak et. al. unpublished

Central object
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Defines the spectral function (dynamic structure factor), spin susceptibilities,
diffusion constant, fluctuation-dissipation relation (key indicator of
thermalization),...

This work — focus on infinite temperatures

Ciy(t,) = T [SL(HS(E)] = o Tr [SLOSLE) + S3(H) S (1)



Expected long time behavior

N 1 i —j|?
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Can be used to extract diffusion constant (D. Luitz and Y. Bar Lev, 2016, 2017)
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Main challenges: small system sizes amenable to ED can be too small to
see asymptotic diffusive behavior.

Approximate methods (DMRG, mean field, TWA, ...) do not preserve time
translational invariance, fail at long times.



Numerical Results
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Longitudinal correlations, comparison with mean-field dynamics
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CTWA respects time-translation invariance: correct noise. MF fails, increasing
cluster size makes things even worse due to ETH. Non-equilibrium initial state:
MF is expected to fail completely.



Extracting diffusion constant
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Excellent convergence to diffusive profile for all cluster sizes

0.15- ~ < 41
B — t=5 g C
+ 0.10- t=10 | &
% — t=20 | 3
O 0.05- \ O
wn
=
0.00{—~" = | F2+4L
—-10 0 10 2 4 6 8 10 12
XVt Cluster Size

Very slow saturation of the diffusive constant with the cluster
size (strong quantum renormalization).

Much faster saturation if we remove Z-conservation law. MF
(classical) dynamics gives very accurate diffusion constant.



Can reproduce well the whole dynamical structure factor
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Less favorable example: MBL in a disordered Heisenberg spin chain
H=Y Gj-Gjy1+h.» 807, 6 €[-11]
J
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Long time-diffusion, but can see the evidence of localization.
Higher entanglement in the classical limit



Disordered 2D XY chain (=hard core bosons). Preliminary results

ZZ Correlation Dynamics
4x4 Sites, Random ZIC, A=5
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Fermions. No obvious classical limit.

Main idea: use bilinear strings as dynamical variables. Non-
locality is crucial

A

X R 1 s % g
Ey = 02;05 — 5(5@5, Eag—=e.Ca; EYP — gcg

Group structure U(N) ={E3}
SO(2N) = {ES, Bag, B*%}.

Treat string variables as SO(2N) nonlocal spin degrees of freedom. Phase
space dimensionality ~ 2N? (instead of 2N).

Non-interacting system. Hamiltonian is linear. TWA is exact.



Poisson brackets (commutation relations). Encode locality
B=p

[BF, BY]- = 0pu B} — dar B,

[B5, Buv)- = SavEsu — SauLpy.

(B By)- = 0anBE + 65, B3 — 60pBE — 05, E2,

B E]- =0, [E*P E*]- =0 o

“New non-local phase space variables
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These variables satisfy canonical Poisson bracket relations, e.g.
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Equations of motion
/0.()4,5 = {poz,BaHW}v 7_045 < {TaﬂaHW}

Initial conditions: exact Wigner function is too complicated. Use the best
Gaussian (alternatively discrete sampling A. M. Rey group).

<[3(r;3> i ] D /)D Tpc.x:,'?W(pa 'T.)a </-)(,}:l.-"3p;,1.v +pu.r./f)(uf5’> = 2 / D f)D TPap Pu.z.va(Pa T.),
Alternatively exact discrete sampling (Wooters, A.M. Rey in progress)

Example: initial free Fermi sea, indexes —-momentum modes

<10045> 6 ( . 1/2) <Ta6> ¥ O [)n 3 <> (:r1 }f % 1/2 T(,}:,.'f? — (_5(,1'(?,;"3

<Pa5i0W> 5au56v (o + g — 2nang), (6,

(TagTuv)e = 5 (5%55:/ — 0gudav) (1 + 2nang — na — ng)

Normal variables: no fluctuations at zero or unit filling.
Superconducting variables — always fluctuate.



Interaction blockade. Fermion expansion with NN and long-range hopping

Hitw, ==Y Jij (lotio + ) + U Y furiay,

Long range hopping + interactions leads to stronger localization




Non-local correlations: cluster vs. fermion TWA for XY chain
64
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Accuracy of TWA depends on the choice of basis operators!

Integrability is seeing as emerging asymptotically from CTWA with
increasing cluster size.



Conclusions

Can incorporate (short-distance) quantum fluctuations
into TWA by adding more degrees of freedom.

CTWA - cluster degrees of freedom; fTWA — fermionic
bilinears as degrees of freedom. In general need a
closed set of commutation relations to define Poisson
brackets..

TWA goes beyond mean field. Fluctuations in initial
conditions are crucial for recovering non-equal time
correlation functions and correct hydrodynamic behavior.

Can dramatically improve accuracy of TWA by using
better degrees of freedom.



Application: two channel model (cartoon for gauge theories)

_[IBZ()W) —J Z (01(01+h()+(]Z(bI(TJ(LJ+]2()

o,(ij)

Large positive (negative) (L B — attractive (repulsive) Hubbard model

Two-site model, near mean-field regime. Fermion vacuum, coherent state
for bosons with N=9 per site. Quenchto up =1, g =1/3

o ﬂ 1« MF —only short times
0.8} ” !

[ « fTWA nearly exact
= 061 A including long time
Sha Ww I limit (but no revivals)

0.4] ;
“ QM DE 1 * Hilbert space is
028 YW1l 1_____ FTWA MF 5 sufficiently large to
N L i LA MR I AL PR ; thermalize.
20 10 20 30 40 50



Same model. Initially no bosons, half filling of fermions. No

obvious small parameter 3x3 system.
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fTWA works very well except for very slow ramps. Can not
predict correctly strongly-correlated GS. Works very well for

short and intermediate time ramps.




Same as in the previous slide but for 10x10 lattice
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Emergence of a very unusual (ring-type) state of fermions.
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Application to MBL experiment (M. Schreiber et. al.). Same
parameters, same number of dublons. L=40
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fTWA works qualitatively well for at least intermediate times
and better than CTWA. Long times — tendency to decay.



Slow Ramps from IN to SF
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S. Braun, ... |. Bloch, U. Schneider, J. Eisert, PNAS 2015

Check correlation length in the SF state as a function of ramp rate
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Experiment vs. SU(3) TWA
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Imbalance

2D simulation (uncorrelated disorder), 8x8 lattice (quick run)

0.8 AlJ=16
0.6} - 8
I | §
0.4 £ = 1 8
I ié
0.2+ . 2 A
; 2d: 8x8 sites | ; 1d: 40 sites |
e e e T _
0 5 10 15 20 0 5 10 15 20 25 30 35
tJ t]

Reliable for the time scales shown.



