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Plan

• Fractional quantum Hall effect

• Theories of the composite fermion: HLR and Dirac

• Bosonized composite Fermi surface

• Structure factor from composite fermions

Dung Xuan Nguyen and DTS, to be published



Quantum Hall Effect
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2D electrons in a magnetic field
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Integer quantum Hall effect

• Electrons completely fill n Landau levels

• gapped ground state

• interaction can be treated perturbatively
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Fractional QHE

Electrons fill a fraction ν of a Landau level
Interactions cannot be treated perturbatively

FQHE exists in the limit of a single Landau level
for example, the lowest Landau level



Lowest Landau level limit

H =
X

a

(pa + eAa)2

2m
+

X

ha,bi

e2

|xa � xb|

n=0

n=1
B

m



Lowest Landau level limit
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Lowest Landau level limit
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Jain’s sequences
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Composite fermion

• Halperin-Lee-Read 1993: low-energy quasiparticle of 
half-filled Landau level: a “composite fermion”

• “attaching 2 flux quanta to an electrons”

• End result: an effective field theory of the composite 
fermion



HLR field theory

mean field: 
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In half filled Landau level CFs form a Fermi surface
away from half filling: CFs in a magnetic field



Particle-hole symmetr

• One problem with HLR theory: lack of particle-
hole symmetry

• Solving this problem: the Dirac composite fermion 
theory

• Modification to the HLR theory: CF has a Berry 
phase of π around the Fermi disk

• Composite fermion: particle-vortex dual of the 
electron



Particle-vortex duality
original fermion composite fermion

magnetic field density

density magnetic field
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Mapping from electrons to CFs
electron composite

fermion 

half-filled Landau level Fermi liquid of CFs
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Deviation from half filling → CF in b field



Is there difference between 
HLR and Dirac theories?

• CFs have different densities in the 2 theories

• HLR: equal to number of electrons

• DCF: equal to 1/2 number of fluxes

• Can we distinguish the two theories based on the 
number of composite fermions?

• Problem: CF has a Fermi surface only when ν=1/2, 
where the values in 2 theories are the same

• Can the density of CFs be defined away from ν=1/2?

• Static structure factor



Static structure factor
• Equal time density-density correlation function
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if restricted to LLL states: “projected static structure factor”

s̄(q) = s(q)� (1� e�q2/2)
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Can be read out from the wave function 

For gapped states at small q s̄(q) ⇠ q4
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Density correlator in HLR and 
DCF theories

HLR*

⌫ =
N

2N + 1
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DCF

*:  in Galilean invariant MRPA (by Simon and Halperin) 

⇥ q4

16⇡(2N + 1)
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• The result is actually very robust and depends only 
on the kinematics of the composite Fermi surface



Bosonic excitations

Low-energy, long-wavelength 
excitations: fluctuations of the shape of 
the Fermi surface

pF (t,x, ✓) = p0F +
1X

n=�1
un(t,x) e

�in✓.

2

θ

p

p

x

y

pF(θ)

FIG. 1. A deformed Fermi surface.

state, the composite fermions live in a magnetic field
b = B/(2N + 1), e↵ectively forming an integer quantum
Hall state. We are interested in the regime of frequency
and momentum of the order of N�1 compared to the
Fermi energy and momentum. We now propose that all
low-energy excitations can be viewed as deformations of
the Fermi surface from the circular shape, which we pa-
rameterize by a function p

F

(t,x, ✓) that depends on time
and space and also on the direction in momentum space
✓ (p

y

/p
x

= tan ✓) (see Fig. 1). Furthermore, we decom-
pose the perturbation into di↵erent angular momentum
channels:

p
F

(t,x, ✓) = p0
F

+ u(t,x, ✓) = p0
F

+
1X

n=�1
u
n

(t,x) e�in✓.

(1)
In the language of Landau’s Fermi liquid theory, the state
parameterized by p

F

(t,x, ✓) corresponds to a distribution
function np(t,x) which is one inside the Fermi line and
zero outside the line.

We now derive the commutation relation between the
u
n

s with the following prescription. If we define an op-
erator F (and similarly G) as

F =

Z
dx dp

(2⇡)2
F (x,p)np(x), (2)

where np(x) is the quasiparticle distribution function,
then we need to impose the condition on the commuta-
tion relation so that

[F, G] = �i

Z
dx dp

(2⇡)2
{F, G}(x,p)np(x), (3)

where the {F, G} is the classical Poisson bracket between
F and G,

{F, G} =
@F

@p
i

@G

@x
i

� @G

@p
i

@F

@x
i

� b✏ij
@F

@p
i

@G

@p
j

, (4)

where we have allowed the composite fermions to be in
an external magnetic field b. For Jain’s sequences b =
±B/(2N + 1). Restricting np to be of the form of the
step function (1 inside the Fermi line and 0 outside), F ,

G, and the right-hand side of Eq. (3) become functionals
of the shape of the Fermi surface, and one can easily
derive the commutator of the small perturbations u:

[u(x, ✓), u(x0, ✓0)] =
i(2⇡)2

p
F

✓
�n

i

(✓)
@

@x
i

+
b

p
F

@

@✓

◆

[�(x� x

0)�(✓ � ✓0)] +O(u), (5)

where n(✓) = (cos ✓, sin ✓). In terms of u
n

, the formula
reads

[u
m

(q), u
n

(q0)] =
⇡

p
F


2bm

p
F

�
m+n,0 + �

m+n,1q+

+ �
m+n,�1q�

�
(2⇡)2�(q+ q

0) +O(u), (6)

where q± = q
x

±iq
y

. This commutation relation has been
previously derived in Ref. [18] by extending Tomonaga’s
bosonization method to higher dimensions. Note that
the algebra depends only on the size of the Fermi surface
p
F

but not on any dynamic properties (Fermi velocity,
Landau’s parameters etc.).
Gauging the Fermi surface.—The composite fermion

is coupled to a dynamical gauge field. A Fermi surface
coupled to a gauge field is a long-standing theoretical
problem, and the bosonized language allows us to partly
address it.
In the bosonic description, the temporal component

of the gauge field a0 is coupled to u0, and the spatial
components are coupled to u±1. In the Dirac composite
fermion theory, the leading term in action for a

µ

is the
Maxwell term. If the dynamical gauge field is at infinitely
strong coupling, then the constraints u0 = u±1 = 0 arise
as the result of the equations of motion �S/�a

µ

= 0. The
assumption of strong gauge coupling should become bet-
ter and better in the limit N ! 1. This is due to two
reasons. First, the coupling of the composite fermions
to the gauge field is set at the Fermi energy ✏

F

and mo-
mentum p

F

, while the scales of interest for our problem
are ✏

F

/N and p
F

/N . This gauge coupling is relevant
for contact and marginal for Coulomb interactions. Sec-
ond, at these low energies the Fermi surface is e↵ectively
O(N) fermionic species (corresponding to O(N) patches
on the Fermi surface in the renormalization group treat-
ment [22, 23]), boosting the ’t Hooft coupling by an ad-
ditional factor of N . (The argument is more complicated
in the case of the HLR theory with a Chern-Simons term
in the action for a

µ

, but the conclusion is the same).
Hamiltonian and equation of motion.—Assuming the

composite fermions form a Fermi liquid with Landau’s
parameters F

n

, the Hamiltonian of the system is

H =
v
F

p
F

4⇡

Z
dx

1X

n=�1
(1 + F

n

)u
n

(x)u�n

(x), (7)

where F
n

are the Landau parameters. In the case of
a marginal Fermi liquid, we may understand by F

n

the

One scalar field per spin

u0: density of composite fermions
u±1: momentum density
u±2: eccentricity of the Fermi disk 



Algebra of shapes

[un(x), u�n�1(x
0)] = 2⇡

@

@z
�(x� x

0)

[un(x), u�n+1(x
0)] = 2⇡

@

@z̄
�(x� x

0)

To describe dynamics we need a Hamiltonian, e.g.

[un(x), u�n(x
0)] = 2⇡b n�(x� x

0)

H =
p2F

4⇡m⇤

Z
dx

1X

n=�1
(1 + Fn)un(x)u�n(x)

u̇n = i[H, un]

Haldane



Interpreting the result
• It turns out that in both the HLR and DCF theory 

one can relate the projected density with the 
dipole deformation of the composite Fermi surface

p
x
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gij(x) ⇡ �ij + hij
<latexit sha1_base64="ePw6VcSa2DqaVg7S7pfAm4NarEU=">AAACH3icbZC7SgNBFIbPxluMt1VLm8EoRoSwa6Nl0MYygrlANoTZ2UkyZvbCzKwkLHkEH8JnEKwU7OzENqUPYe9kk8Ik/jDw8Z9zOGd+N+JMKssaGZml5ZXVtex6bmNza3vH3N2ryjAWhFZIyENRd7GknAW0opjitB4Jin2X05rbux7Xaw9USBYGd2oQ0aaPOwFrM4KVtlrmSaeVsPthoX+KHBxFIuwjx6Nc4dRGZ6g7gZaZt4pWKrQI9hTypaOfl3cAKLfMb8cLSezTQBGOpWzYVqSaCRaKEU6HOSeWNMKkhzu0oTHAPpXNJP3QEB1rx0PtUOgXKJS6fycS7Es58F3d6WPVlfO1sflfrRGr9mUzYUEUKxqQyaJ2zJEK0Tgd5DFBieIDDZgIpm9FpIsFJkpnOLPF9Yc6E3s+gUWonhdtq2jf6nCuYKIsHMAhFMCGCyjBDZShAgQe4Rle4c14Mj6MT+Nr0poxpjP7MCNj9As+KqXP</latexit><latexit sha1_base64="NsF2rQ0f53Kdi6VGZCzg0DRdfis="></latexit><latexit sha1_base64="NsF2rQ0f53Kdi6VGZCzg0DRdfis="></latexit><latexit sha1_base64="bAsgafrbx5sNeJrQbSixAhmfSCI=">AAACH3icbZC7TsMwFIadcivlFmBksagQRUhVwgJjBQtjkehFaqLIcZzW1HEi20GtojwCD8EzsMLMhlg78ia4aQfa8kuWPv3nHJ3j308YlcqyJkZpbX1jc6u8XdnZ3ds/MA+P2jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh3fTeueZCElj/qjGCXEj1Oc0pBgpbXnmed/L6FNeG11AByWJiEfQCQhTqLDhJRzMwDOrVt0qBFfBnkMVzNX0zB8niHEaEa4wQ1L2bCtRboaEopiRvOKkkiQID1Gf9DRyFBHpZsWHcnimnQCGsdCPK1i4fycyFEk5jnzdGSE1kMu1qflfrZeq8MbNKE9SRTieLQpTBlUMp+nAgAqCFRtrQFhQfSvEAyQQVjrDhS1+lOtM7OUEVqF9Vbetuv1gVRu383TK4AScghqwwTVogHvQBC2AwQt4A+/gw3g1Po0v43vWWjLmM8dgQcbkF0mZowA=</latexit>

=

✓
1 +Q1 Q2

Q2 1�Q1

◆

<latexit sha1_base64="/nRoQsYjBOH7a0xQ8I3QrTM8lls="></latexit><latexit sha1_base64="27AayMejDFyuJ5vjK5CYwBGv9bk="></latexit><latexit sha1_base64="27AayMejDFyuJ5vjK5CYwBGv9bk="></latexit><latexit sha1_base64="jy+tPsHfYCW7QtRWQx8MiIJ3ehg=">AAACMXicbVDLSgMxFM34rPVVdekmWCyCWCbdqAuh4MalBVuFzjBk0tsazGSGJCOWod/iR/gNbnXtTt36E2amRaz1QsjhnHO5954wEVwb131z5uYXFpeWSyvl1bX1jc3K1nZHx6li0GaxiNVNSDUILqFtuBFwkyigUSjgOrw7z/Xre1Cax/LKDBPwIzqQvM8ZNZYKKqdnXggDLrMkokbxhxEmh62A4BpuBQ3secVXw+QoJz2QvR9jUKm6dbcoPAvIBFTRpC6DyofXi1kagTRMUK27xE2Mn1FlOBMwKnuphoSyOzqAroWSRqD9rDhxhPct08P9WNknDS7Y3x0ZjbQeRqF12v1u9V8tJ//Tuqnpn/gZl0lqQLLxoH4qsIlxnhfucQXMiKEFlClud8XslirKjE11akoY5ZmQvwnMgk6jTtw6abnVZnOSTgntoj10gAg6Rk10gS5RGzH0iJ7RC3p1npw35935HFvnnEnPDpoq5+sbdryn5A==</latexit>

u±2 ⇠ Q1 ± iQ2
<latexit sha1_base64="lO62BZ02NrJ+h2sqCx2qSbAENsM=">AAACE3icbZC7TsMwFIZPyq2UW4CxErKokJiqpAuMlVgYW4lepKaKHNdtrdpJZDtIVZShD8EzMLDAzIZYeQBG3gSn7UBbfsnS7/+co2N/QcyZ0o7zbRW2tnd294r7pYPDo+MT+/SsraJEEtoiEY9kN8CKchbSlmaa024sKRYBp51gcpfXO49UKhaFD3oa077Ao5ANGcHaRL5dTvzUiwWqZchTTKCm76L8zpp+zbcrTtWZC20ad2kq9YvZSx0AGr794w0ikggaasKxUj3XiXU/xVIzwmlW8hJFY0wmeER7xoZYUNVP55/I0JVJBmgYSXNCjebp34kUC6WmIjCdAuuxWq/l4X+1XqKHt/2UhXGiaUgWi4YJRzpCORE0YJISzafGYCKZeSsiYywx0YbbypZAZIaJu05g07RrVdepuk0DJyeTqwhluIRrcOEG6nAPDWgBgRk8wyu8WU/Wu/VhfS5aC9Zy5hxWZH39AgVJnvQ=</latexit><latexit sha1_base64="UGYg6Bo56TSrV3LazxOe7XjS30k=">AAACE3icbVDLSgMxFM34rPU16koKEiyCqzLTjS4LbgQ3LdgHtMOQSTNtaJIZkoxQhln0I/wGF2507U506Qe49E/MtF3Y1gMXTs65l5t7gphRpR3n21pb39jc2i7sFHf39g8O7aPjlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Cb32w9EKhqJez2OicfRQNCQYqSN5NulxE97MYfVDPYU5bDhuzB/04Zf9e2yU3GmgKvEnZNy7WzyfCc/T+u+/dPrRzjhRGjMkFJd14m1lyKpKWYkK/YSRWKER2hAuoYKxIny0ukRGbwwSh+GkTQlNJyqfydSxJUa88B0cqSHatnLxf+8bqLDay+lIk40EXi2KEwY1BHME4F9KgnWbGwIwpKav0I8RBJhbXJb2BLwzGTiLiewSlrViutU3IYJpwZmKIASOAeXwAVXoAZuQR00AQYT8ARewKv1aL1Z79bHrHXNms+cgAVYX7/prqBP</latexit><latexit sha1_base64="UGYg6Bo56TSrV3LazxOe7XjS30k=">AAACE3icbVDLSgMxFM34rPU16koKEiyCqzLTjS4LbgQ3LdgHtMOQSTNtaJIZkoxQhln0I/wGF2507U506Qe49E/MtF3Y1gMXTs65l5t7gphRpR3n21pb39jc2i7sFHf39g8O7aPjlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Cb32w9EKhqJez2OicfRQNCQYqSN5NulxE97MYfVDPYU5bDhuzB/04Zf9e2yU3GmgKvEnZNy7WzyfCc/T+u+/dPrRzjhRGjMkFJd14m1lyKpKWYkK/YSRWKER2hAuoYKxIny0ukRGbwwSh+GkTQlNJyqfydSxJUa88B0cqSHatnLxf+8bqLDay+lIk40EXi2KEwY1BHME4F9KgnWbGwIwpKav0I8RBJhbXJb2BLwzGTiLiewSlrViutU3IYJpwZmKIASOAeXwAVXoAZuQR00AQYT8ARewKv1aL1Z79bHrHXNms+cgAVYX7/prqBP</latexit><latexit sha1_base64="W3exsyzwN9H0bpqP+eckmJ8Ufz4=">AAACE3icbVC7TsMwFL3hWcqrwNjFokJiqpIuMFZiYWwl+pCaKHJcp7VqJ5HtIFVRBj6Cb2CFmQ2x8gGM/AlOm4G2HOlKx+fcq+t7goQzpW3729ra3tnd268cVA+Pjk9Oa2fnfRWnktAeiXkshwFWlLOI9jTTnA4TSbEIOB0Es7vCHzxSqVgcPeh5Qj2BJxELGcHaSH6tnvqZmwjUypGrmEBd30HFm3X9ll9r2E17AbRJnJI0oETHr/2445ikgkaacKzUyLET7WVYakY4zatuqmiCyQxP6MjQCAuqvGxxRI6ujDJGYSxNRRot1L8TGRZKzUVgOgXWU7XuFeJ/3ijV4a2XsShJNY3IclGYcqRjVCSCxkxSovncEEwkM39FZIolJtrktrIlELnJxFlPYJP0W03Hbjpdu9Ful+lUoA6XcA0O3EAb7qEDPSDwBC/wCm/Ws/VufVify9Ytq5y5gBVYX79/z50q</latexit>

�⇢el =
k4F
16⇡

1

Bb
@i@jhij

<latexit sha1_base64="8H8WUda9nXuCs9fp2MfLu5lA4TM="></latexit><latexit sha1_base64="mQ6aFe8llOBNIGGCnAGicxXw3hs="></latexit><latexit sha1_base64="mQ6aFe8llOBNIGGCnAGicxXw3hs="></latexit><latexit sha1_base64="QxynJsDhknccgiCNjW6V+KI67T0="></latexit>

=
k4F
16⇡

1

Bb
R[gij ]

<latexit sha1_base64="7R8DmzykCKhkmlLf4FRljOXdk6g="></latexit><latexit sha1_base64="LB7HvWaYRRqHjO5fiQ0fETtwhIE="></latexit><latexit sha1_base64="LB7HvWaYRRqHjO5fiQ0fETtwhIE="></latexit><latexit sha1_base64="ld+dg1wXsaJCsWObISunG+UP02U="></latexit>

Haldane

(requires electric dipole moment of CFs)



• Computing the static structure factor becomes an 
algebraic exercise

[hz̄z̄(x), hzz(y)] =
4⇡b

k4F
�(x� y)

<latexit sha1_base64="mwZ5ufhoptEatKYgiqMhaGE7QoM="></latexit><latexit sha1_base64="iEp9RQcsatQX04OaLHfrXTzGnzE="></latexit><latexit sha1_base64="iEp9RQcsatQX04OaLHfrXTzGnzE="></latexit><latexit sha1_base64="3OhTxVpSziFe9VXzvPdmR3p0ROk="></latexit>

a
<latexit sha1_base64="oboyzemSzDfF81rLRzfvOR6yipM=">AAAB93icdZA9SwNBEIbn4leMX1FLm8UgWIU7G23EoI1lAuYDkiPsbeaSJXt7x+6ecISAva3WdmLrr/A3WPpP3CQKSdAXFh7ed4aZnSARXBvX/XRyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4c0kb96j0jyWdyZL0I9oX/KQM2qsVaPdYskru1MR9xe8ZShdfRQuHwCg2i1+dXoxSyOUhgmqddtzE+OPqDKcCRwXOqnGhLIh7WPboqQRan80XXRMTqzTI2Gs7JOGTN35jhGNtM6iwFZG1Az0cjYx/8raqQkv/BGXSWpQstmgMBXExGTya9LjCpkRmQXKFLe7EjagijJjb7MwJYjG8zf5HxpnZc8tezW3VLmGmfJwBMdwCh6cQwVuoQp1YIDwCE/w7GTOi/PqvM1Kc85PzyEsyHn/BvMblUY=</latexit><latexit sha1_base64="XNwveYBfVS5hGh0ygcly7yfUafE=">AAAB93icdZDLSgMxFIYzXut4q7p0EyyCqzLjRjdi0Y3LFuwF2qFk0jNtaJIZkowwDH0Ct7p2IYhbn8JHEJe+iWmr0Bb9IfDx/+dwTk6YcKaN5306S8srq2vrhQ13c2t7Z7e4t9/Qcaoo1GnMY9UKiQbOJNQNMxxaiQIiQg7NcHg9zpt3oDSL5a3JEggE6UsWMUqMtWqkWyz5ZW8i7P2Cvwily3f3Inn+cKvd4lenF9NUgDSUE63bvpeYICfKMMph5HZSDQmhQ9KHtkVJBOggnyw6wsfW6eEoVvZJgyfubEdOhNaZCG2lIGagF7Ox+VfWTk10HuRMJqkBSaeDopRjE+Pxr3GPKaCGZxYIVczuiumAKEKNvc3clFCMZm/yPzROy75X9mteqXKFpiqgQ3SETpCPzlAF3aAqqiOKAN2jB/ToZM6T8+K8TkuXnJ+eAzQn5+0b+naWug==</latexit><latexit sha1_base64="XNwveYBfVS5hGh0ygcly7yfUafE=">AAAB93icdZDLSgMxFIYzXut4q7p0EyyCqzLjRjdi0Y3LFuwF2qFk0jNtaJIZkowwDH0Ct7p2IYhbn8JHEJe+iWmr0Bb9IfDx/+dwTk6YcKaN5306S8srq2vrhQ13c2t7Z7e4t9/Qcaoo1GnMY9UKiQbOJNQNMxxaiQIiQg7NcHg9zpt3oDSL5a3JEggE6UsWMUqMtWqkWyz5ZW8i7P2Cvwily3f3Inn+cKvd4lenF9NUgDSUE63bvpeYICfKMMph5HZSDQmhQ9KHtkVJBOggnyw6wsfW6eEoVvZJgyfubEdOhNaZCG2lIGagF7Ox+VfWTk10HuRMJqkBSaeDopRjE+Pxr3GPKaCGZxYIVczuiumAKEKNvc3clFCMZm/yPzROy75X9mteqXKFpiqgQ3SETpCPzlAF3aAqqiOKAN2jB/ToZM6T8+K8TkuXnJ+eAzQn5+0b+naWug==</latexit><latexit sha1_base64="8dxkaSjUzicdi53Fb/K5ulyuNRk=">AAAB93icdVDLSgNBEOyNrxhfUY9eBoPgKex60WPQi8cEzAOSJcxOOsmQmdllZlZYlnyBVz17E69+jkf/xMlDMEELGoqqbrq7okRwY33/0ytsbG5t7xR3S3v7B4dH5eOTlolTzbDJYhHrTkQNCq6wabkV2Ek0UhkJbEeTu5nffkRteKwebJZgKOlI8SFn1DqpQfvlSlD15yD+DwnWSQWWqPfLX71BzFKJyjJBjekGfmLDnGrLmcBpqZcaTCib0BF2HVVUognz+aFTcuGUARnG2pWyZK7+nsipNCaTkeuU1I7NujcT//K6qR3ehDlXSWpRscWiYSqIjcnsazLgGpkVmSOUae5uJWxMNWXWZbOyJZLT35n8T1pX1cCvBg2/UrtdplOEMziHSwjgGmpwD3VoAgOEJ3iGFy/zXr03733RWvCWM6ewAu/jG2jgk3k=</latexit>

a†
<latexit sha1_base64="+eS0ip8IpUikL6ITFd+pK10qctY=">AAAB/3icdZDLSgMxFIbP1Futt6pLN8EiuCozbnQjFt24rGAv0taSyWSmoUlmSDJCGQr6DG517U7c+gQ+g0vfxLRVaIv+EPj4/3M4J8dPONPGdT+d3MLi0vJKfrWwtr6xuVXc3qnrOFWE1kjMY9X0saacSVozzHDaTBTFwue04fcvRnnjjirNYnltBgntCBxJFjKCjbVu8G07wFFEVbdY8sruWMj9BW8eSmcfhdN7AKh2i1/tICapoNIQjrVueW5iOhlWhhFOh4V2qmmCSR9HtGVRYkF1JxsvPEQH1glQGCv7pEFjd7ojw0LrgfBtpcCmp+ezkflX1kpNeNLJmExSQyWZDApTjkyMRr9HAVOUGD6wgIlidldEelhhYuyNZqb4Yjh9k/+hflT23LJ35ZYq5zBRHvZgHw7Bg2OowCVUoQYEBDzCEzw7D86L8+q8TUpzzk/PLszIef8GGqKYug==</latexit><latexit sha1_base64="zfnglPDjbDpheh+xfCd32JcXvtY=">AAAB/3icdZC7SgNBFIZnvcb1FrW0WQyCVdi10UYM2lhGMBdJ1jA7e3YzZGZ2mZkVwpLCZ7DVysJObH0CH0EsfRMniUIS9IeBj/8/h3PmBCmjSrvupzU3v7C4tFxYsVfX1jc2i1vbdZVkkkCNJCyRzQArYFRATVPNoJlKwDxg0Ah658O8cQtS0URc6X4KPsexoBElWBvrGt+0QxzHIDvFkld2R3LcX/BmoXT6bp+kTx92tVP8aocJyTgITRhWquW5qfZzLDUlDAZ2O1OQYtLDMbQMCsxB+flo4YGzb5zQiRJpntDOyJ3syDFXqs8DU8mx7qrZbGj+lbUyHR37ORVppkGQ8aAoY45OnOHvnZBKIJr1DWAiqdnVIV0sMdHmRlNTAj6YvMn/UD8se27Zu3RLlTM0VgHtoj10gDx0hCroAlVRDRHE0T16QI/WnfVsvViv49I566dnB03JevsGIf2aLg==</latexit><latexit sha1_base64="zfnglPDjbDpheh+xfCd32JcXvtY=">AAAB/3icdZC7SgNBFIZnvcb1FrW0WQyCVdi10UYM2lhGMBdJ1jA7e3YzZGZ2mZkVwpLCZ7DVysJObH0CH0EsfRMniUIS9IeBj/8/h3PmBCmjSrvupzU3v7C4tFxYsVfX1jc2i1vbdZVkkkCNJCyRzQArYFRATVPNoJlKwDxg0Ah658O8cQtS0URc6X4KPsexoBElWBvrGt+0QxzHIDvFkld2R3LcX/BmoXT6bp+kTx92tVP8aocJyTgITRhWquW5qfZzLDUlDAZ2O1OQYtLDMbQMCsxB+flo4YGzb5zQiRJpntDOyJ3syDFXqs8DU8mx7qrZbGj+lbUyHR37ORVppkGQ8aAoY45OnOHvnZBKIJr1DWAiqdnVIV0sMdHmRlNTAj6YvMn/UD8se27Zu3RLlTM0VgHtoj10gDx0hCroAlVRDRHE0T16QI/WnfVsvViv49I566dnB03JevsGIf2aLg==</latexit><latexit sha1_base64="doKRrUedAh3mPBJp+3ooSWB4YpI=">AAAB/3icdVA9SwNBEJ3zM8avqKXNYRCswp2NlkEbywjmQ5IY5vb2Lkt2947dPSEcKfwNtlrbia0/xdJ/4uZDSII+GHi8N8PMvCDlTBvP+3JWVtfWNzYLW8Xtnd29/dLBYUMnmSK0ThKeqFaAmnImad0ww2krVRRFwGkzGFyP/eYjVZol8s4MU9oVGEsWMYLGSvf40Akxjqnqlcp+xZvA9X6Jv0zKMEOtV/ruhAnJBJWGcNS67Xup6eaoDCOcjoqdTNMUyQBj2rZUoqC6m08OHrmnVgndKFG2pHEn6vxEjkLroQhsp0DT18veWPzLa2cmuuzmTKaZoZJMF0UZd03ijr93Q6YoMXxoCRLF7K0u6aNCYmxGC1sCMZrP5H/SOK/4XsW/9crVq1k6BTiGEzgDHy6gCjdQgzoQEPAML/DqPDlvzrvzMW1dcWYzR7AA5/MHkFiW7Q==</latexit>

hz̄z̄|0i = 0
<latexit sha1_base64="U5SAUfOlOSnSZC6WzRiZLGUAK28=">AAACFXicbVA9SwNBEJ2LXzF+nVqKsCQIghDubLQRgjaWEcwH5MKxt9kkS/b2jt09IZ6p/BG2trZa24mttaX/xE1OxCQ+mOHx3gyz+4KYM6Ud59PKLSwuLa/kVwtr6xubW/b2Tl1FiSS0RiIeyWaAFeVM0JpmmtNmLCkOA04bweBi7DduqFQsEtd6GNN2iHuCdRnB2ki+vd/3Uy/AEt1mfXTneBKLHqfoDDm+XXLKzgTol7izpFQpekePAFD17S+vE5EkpEITjpVquU6s2ymWmhFORwUvUTTGZIB7tGWowCFV7XTyjRE6MEoHdSNpSmg0Uf9upDhUahgGZjLEuq9mvbH4n9dKdPe0nTIRJ5oKkh3qJhzpCI0zQR0mKdF8aAgmkpm3ItLHEhNtkpu6EoQjk8lcAvOkflx2nbJ7ZcI5hwx52IMiHIILJ1CBS6hCDQjcwxM8w4v1YL1ab9Z7NpqzfnZ2YQrWxzdDGKAs</latexit><latexit sha1_base64="vAHC5PdDRrCoFjwJV8+8OovHWuU=">AAACFXicbVDLSsNAFJ34rPUVdSnC0CIIQknc6EYounFZwT6gCWEynbRDJ5MwMxFizMpfEPwGt7p2J25dd+mfOG1EbOuBezmccy935vgxo1JZ1shYWFxaXlktrZXXNza3ts2d3ZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/eHl2G/fEiFpxG9UGhM3RH1OA4qR0pJnHgy8zPGRgHdFz+8tRyDeZwSeQ8szq1bNmgD+EnuWVOsV5/hxVE8bnvnl9CKchIQrzJCUXduKlZshoShmJC87iSQxwkPUJ11NOQqJdLPJN3J4qJUeDCKhiys4Uf9uZCiUMg19PRkiNZCz3lj8z+smKjhzM8rjRBGOi0NBwqCK4DgT2KOCYMVSTRAWVL8V4gESCCud3NQVP8x1JnMJzJPWSc22ava1DucCFCiBfVABR8AGp6AOrkADNAEGD+AZvIBX48l4M96Nj2J0wfjZ2QNTMD6/AWNcobI=</latexit><latexit sha1_base64="vAHC5PdDRrCoFjwJV8+8OovHWuU=">AAACFXicbVDLSsNAFJ34rPUVdSnC0CIIQknc6EYounFZwT6gCWEynbRDJ5MwMxFizMpfEPwGt7p2J25dd+mfOG1EbOuBezmccy935vgxo1JZ1shYWFxaXlktrZXXNza3ts2d3ZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/eHl2G/fEiFpxG9UGhM3RH1OA4qR0pJnHgy8zPGRgHdFz+8tRyDeZwSeQ8szq1bNmgD+EnuWVOsV5/hxVE8bnvnl9CKchIQrzJCUXduKlZshoShmJC87iSQxwkPUJ11NOQqJdLPJN3J4qJUeDCKhiys4Uf9uZCiUMg19PRkiNZCz3lj8z+smKjhzM8rjRBGOi0NBwqCK4DgT2KOCYMVSTRAWVL8V4gESCCud3NQVP8x1JnMJzJPWSc22ava1DucCFCiBfVABR8AGp6AOrkADNAEGD+AZvIBX48l4M96Nj2J0wfjZ2QNTMD6/AWNcobI=</latexit><latexit sha1_base64="iwnvoSuNVqSAezcd3quBwvEFZ80=">AAACFXicbVDLSgMxFM3UV62vUZciBIvgqmTc6EYounFZwT6gU4ZMmmlDk8yQZIQ6zsqP8Bvc6tqduHXt0j8xfSC29cC9HM65l5ucMOFMG4S+nMLS8srqWnG9tLG5tb3j7u41dJwqQusk5rFqhVhTziStG2Y4bSWKYhFy2gwHVyO/eUeVZrG8NcOEdgTuSRYxgo2VAvewH2R+iBW8n/T8AfkKyx6n8AKiwC2jChoD/hJvnpTBFLXA/fa7MUkFlYZwrHXbQ4npZFgZRjjNS36qaYLJAPdo21KJBdWdbPyNHB5bpQujWNmSBo7VvxsZFloPRWgnBTZ9Pe+NxP+8dmqi807GZJIaKsnkUJRyaGI4ygR2maLE8KElmChm3wpJHytMjE1u5koocpvJQgKLpHFa8VDFu0Hl6uU0nSI4AEfgBHjgDFTBNaiBOiDgETyDF/DqPDlvzrvzMRktONOdfTAD5/MHGZKeow==</latexit>
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Lessons

• The formula reproduces the results of more detailed 
(and rather cumbersome) calculations in the HLR and 
DCF theories; explains their difference

• also suggests that it is not easy to modify the HLR 
theory to get the correct result

• the problems is in the kinematics, not dynamics

• In fact modifications of the HLR theory have been tried 
but I was told that none of the considered 
modifications give the correct structure factor while 
preserving Galilean invariance Chong Wang, B. Halperin 
2017-2018



Outlook

• The static structure factor carries direct 
information about the density of the composite 
fermion

• Can give information about the Berry phase

• Technique can be applied to ν=1/4, where the 
Berry phase is not fixed by symmetry

• Higher-harmonic deformations of Fermi surface? 
Physical implications

• Higher-spin description of FQHE and non-Fermi 
liquids?
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For example, in the Dirac theory of the ⌫ = N/(2N + 1) state

⇢ =
N

2N + 1

B

2⇡
, ⇢CF =

1

2

B

2⇡
, b =

B

2N + 1
(29)

and

sDirac
4

✓
N

2N + 1

◆
=

N + 1

8
+ c1 (30)

In HLR theory for the same calculation gives

sHLR
4

✓
N

2N + 1

◆
=

N

8
+ c1 , sHLR

4

✓
N + 1

2N + 1

◆
=

N + 2

8
+ c1 . (31)

VII. BERRY PHASE OF ⌫ = 1/2n STATE

For the ⌫ = N/(2nN + 1) state, we have

⇢ =
N

2nN + 1

B

2⇡
, ⇢CF =

1

2nN + 1

B

2⇡

⇣
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⌘
, b =

B
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(32)

and then
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◆
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8
(N + ⌘) + c1 (33)

For ⌫ = N(2nN � 1) state, we have

⇢ =
N

2nN � 1

B

2⇡
, ⇢CF =

1

2nN � 1

B

2⇡

⇣
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⌘
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(34)

which implies
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✓
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◆
=

1

8
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We then found that

lim
N!1
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⌘
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(36)

Another easy-to-derive equation is the di↵erence between the product of filling factor ⌫

and s̄4 between states on the two Jain sequences,

lim
N!1


⌫s̄4

✓
N

2nN + 1

◆
� ⌫s̄4

✓
N + 1

2n(N + 1)� 1

◆�
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1

8n

✓
2⌘ � 1� 1

n

◆
(37)

For n = 1 the two states on the left-hand side of the above equation are particle-hole

conjugates, so the left-hand side is 0. From this one finds ⌘ = 1, i.e., the CF should be a

Dirac fermion.


