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Scale	invariance

A	concept	that	was	introduced	in	the	70’s	in	high	energy	physics

Can	there	be	physical	systems	with	no	intrinsic	energy/length	scale?		

Need	to	explain	the	behavior	of	e-	-	nucleon	sca6ering	cross-sec8ons

This	concept	later	found	many	applicaJons	in	physics,	maths,	biology,	etc.

Phase	transiJons	and		
renormalizaJon	group Fractals



Scale	invariance	in	a	gas	of	particles

�3

DilataJon	operaJon	acJng	on	space	and	Jme	variables	

r ! r/�
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In	such	a	scaling,	the	velocity	and	the	kineJc	energy	become:

v ! �v
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Ekin ! �2Ekin
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The	acJon																														is	therefore	invariant	in	this	transformaJon	/
Z

Ekin dt
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If	there	is	no	interac8on,	end	of	the	story:	the	ideal	gas	is		
scale-invariant,	both	in	classical	and	quantum	physics	
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Outline	of	this	talk

Explore	the	expected	consequences	+	find	some	unexpected	ones		
for	the	case	of	an	interacJng	2D	Bose	gas

1.	Scale/conformal	invariance	in	a	cold	atomic	gas

2.	Exploring	experimentally	dynamical	probes	of	scale	invariance

3.	Two-dimensional	breathers



The	interacJng	case

Since												behaves	as																															,	an	interacJng	system	will	be		
scale-invariant	if	the	interacJon	energy	also	saJsfies	:		

Ekin ! �2Ekin
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• InteracJon	potenJal	varying	as	 V (ri � rj) /
1

|ri � rj |2
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• Contact	interacJon	in	two	dimensions	(Flatland):

r ! r/�
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g �(r) ! g �(r/�) = �2 g �(r)
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BUT…	2D	contact	interac8on	is	singular	when	treated	in	quantum	mechanics	

• Fermi	gas	in	the	unitary	regime	(not	fully	obvious,	
look	at	Bethe-Peierls	boundary	condiJons)

�5

r ! r/�
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Classical	field	approach	to	the	2D	Bose	gas

Describe	the	gas	by	a	classical	field																obeying	the	Gross-Pitaevskii	equaJon	 (r, t)
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Energy	of	the	gas:	 E( ) = Ekin( ) + Eint( )
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Ekin( ) =
~2
2m

Z
|r |2
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Eint( ) =
~2
2m

g̃

Z
| |4
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	interacJon	strength

No	singularity	at	the	classical	field	level	

In	2D,	the	interacJon	strength						is	dimensionless:	no	length	scale,	nor	energy	scale	
associated	with	the	interacJons,	as	required	for	scale	invariance

g̃
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Enriching	the	scale	invariance

Conformal	invariance												Dynamical	symmetry	[SO(2,1)]

Pitaevskii & Rosch, 1997

In	addiJon	to	the	standard	Galilean	transformaJons	(translaJons,	rotaJons),	there		
exist	three	types	of	transformaJons	that	leave	the	2D	Gross-Pitaevskii	invariant:

t ! t/�2
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DilataJons:

Time	translaJons:	 r ! r
<latexit sha1_base64="cvFSkh/Fau1IfI5i3luFQisNtz0="></latexit>

t ! t+ t0
<latexit sha1_base64="Ut9H6W5zmTCTZn6jdd2bzjch/x8="></latexit>

“Expansions”:

The	ensemble	forms	a	3-parameter	group	(“Jme-dependent”	dilataJons):

t ! ↵t+ �

�t+ �
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r ! r

�t+ �
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↵� � �� = 1
<latexit sha1_base64="4RwG3G1mY3SENc0QiSu0rbKfkLw="></latexit>

Group	SL(2,R)	[real	2x2	matrices	of	determinant	1],	which	is		
isomorphous	to	SO(2,1)	(Lorentz	group	in	two	spa*al	dimensions) �7

r ! r

�t+ 1
<latexit sha1_base64="AHHtN5uuBxYU4KuWRTcy+9Ai2Uw="></latexit>

t ! t

�t+ 1
<latexit sha1_base64="/eDzLNuR0iG59d4C7mep1gcHpWA="></latexit>



“Revealing”	the	SO(2,1)	symmetry
Pitaevskii & Rosch, 1997

Add	a	harmonic	confinement																							leading	to		
1

2
m!2r2
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Ekin + Eint ! �2 (Ekin + Eint)
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Epot ! 1

�2
Epot
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Epot =
1

2
m!2

Z
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Naive	reacJon:	this	breaks	the	scale/conformal	invariance!

Epot
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λ	=	dynamical	parameter:	oscillatory	exchange	between																									and	Ekin + Eint
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Undamped	“breathing	mode”	at	frequency	2ω	

However	one	can	sJll	exhibits	a	3-parameter	group	of	transformaJons	leaving		
the	GP	equaJon	invariant:

tan(!t) ! ↵ tan(!t) + �

� tan(!t) + �
<latexit sha1_base64="dVn1tjLsz+NU5Oj5NfZrUKGL+10="></latexit>

↵� � �� = 1
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r ! r

�(t)
<latexit sha1_base64="QvsZh4MsonYCkvSrIyvRQcpxkcE="></latexit>
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The	SO(2,1)	symmetry	in	a	nutshell

The	three	contribuJons	to	the	Hamiltonian

Ĥkin =
X

j

p̂2
j

2m
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Ĥpot =
X

j

1

2
m!

2r̂j
2
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Ĥint =
1

2

X

i6=j

V (r̂i � r̂j)
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Define	the	three	operators:

L̂1 =
1

2~!

⇣
Ĥkin + Ĥint � Ĥpot

⌘
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1
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⇣
Ĥkin + Ĥint + Ĥpot
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L̂2 =
1

4

X

j

�
r̂j · p̂j + p̂j · r̂j

�
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CommutaJon	relaJons:	 [L̂1, L̂2] = �i~L̂3
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[L̂3, L̂1] = i~L̂2
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Close	to	an	angular	momentum	(SO(3)),	but	not	quite

The	invariant	is	here:	 L̂2
1 + L̂2

2 � L̂2
3
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A	few	consequences	of	scale	invariance	for	cold	gases

Dynamics	in	a	harmonic	trap: Pitaevskii & Rosch (1997)
Paris (2001), Grimm group (2004), Köhl group (2012)  

+ Vale and Jochim groups (2018)

Universal	viscosity	in	a	unitary	Fermi	gas:
Thomas group (2011)predictions by Son (2007), Zwerger (2011) 

Universal	thermodynamics	for	2D	Bose	gas

Universal	thermodynamics	for	Fermi	gas	at	unitarity:	

Chin group (2011), Paris (2011-14)

Salomon group (2010), Zwierlein group (2012)

+ second sound measurements, Paris (2018)
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Outline

1.	Scale/conformal	invariance	in	a	cold	atomic	gas

2.	Exploring	experimentally	dynamical	probes	of	scale	invariance

3.	Two-dimensional	breathers
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Experimental	setup	(rubidium)

Frozen	moJon	along	the	verJcal	direcJon	z
!z/2⇡ = 4kHz
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IniJal	confinement	in	the	xy	plane:
Box-like	potenJal	with	arbitrary	shape

internal	state
|F = 1,m = 0i
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Uniform	gas	in	the	Thomas-Fermi	regime	
with	a	few	104	atoms

At	Jme	t =	0,	switch	off	the	box	potenJal	and	transfer	the	atoms	to	|F = 1,m = 1i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Harmonic	magneJc	potenJal	in	the	xy	plane	with	 !/2⇡ = 20Hz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

50	μm
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Periodic	evoluJon	of	

Consequence	of	the	SO(2,1)	symmetry:		
Periodic	exchange	of	energy	between												and				
	

Ekin + Eint
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Epot
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We	measure											using	in-situ	pictures:	Epot
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Epot(t) =

Z
1

2
m!2r2 n(r, t) d2r
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Results	for	an	iniJally	
uniform	square	distribuJon

hr2i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Epot

N
[kHz]
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t [ms]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

OscillaJon	at	2ω
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Linking	different	soluJons	of	the	GP	equaJon

Assuming	Thomas-Fermi	regime	for	the	iniJal	state,	one	can	link	for	a	given	
iniJal	shape	(square,	disk,	star,	triangle,	etc…)	the	evoluJons	of:

0

BB@

N2

g̃2
L2

!2

1

CCA

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0

BB@

N1

g̃1
L1

!1

1

CCA

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3	parameters	needed:	 µ2 =
g̃2N2

g̃1N1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢ =
L2

L1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇣ =
!2

!1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Rescaling	of	posiJons	and	non-linear	rescaling	of	Jme:	

�(t) =

"
⇢2 cos2(!2t) +

✓
µ

⇢⇣

◆2

sin2(!2t)

#�1/2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

tan(!1⌧) =
µ

⇣⇢2
tan(!2t)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n2(r, t) = �2µ2 n1(�r, ⌧)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

correspondance	law

i~@ 1

@t
= � ~2

2m
� 1 +

~2
m

Ng̃ | 1|2 1 +
1

2
m!2

1r
2 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Start	with	a	soluJon:

!1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> !2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Experimental	check	of	the	correspondance	law

Compare																									and																							,	keeping																			for	simplicity	(g̃1N1, L1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(g̃2N2, L2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

!1 = !2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Set	1	of	
param.

Set	2	of	
param.

For	each	image	of	run	2,	find	the	best	match	in	run	1	aqer	rescaling:

O(n1, n2) = max
�

�
R
n1(�r)n2(r) d2r

||n1|| ||n2||
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This	best	match	provides											and	�(t)
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⌧(t)
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Experimental	check	of		
the	correspondance	law	(2)

tan(!1⌧) =
µ

⇢2
tan(!2t)
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1

�2(t)
= ⇢2 cos2(!2t) +

✓
µ

⇢

◆2

sin2(!2t)
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No	adjustable	parameter

Overlap:	excellent	
correspondance	between	
the	two	series

!t
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Outline

1.	Scale/conformal	invariance	in	a	cold	atomic	gas

2.	Exploring	experimentally	dynamical	probes	of	scale	invariance

3.	Two-dimensional	breathers



Periodic	evoluJon	of	shapes

The	breathing	mode	of	Pitaevskii-Rosch	deals	with	the	periodicity	of	average	quanJJes:
Epot

N
[kHz]
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t [ms]
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Are	there	shapes	that	evolve	periodically?

Much	stronger	requirement	than	simply	the	periodicity	of	 hr2i
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The	existence	of	such	shapes	is	not	guaranteed	by	the	SO(2,1)	symmetry

However…
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The	equilateral	triangle
t =0.5 ms t =24.0 mst =4.0 ms t =8.0 ms t =12.0 ms t =16.0 ms t =20.0 ms

Period T/2 with T = 2π/ω  

Numerical	simulaJon	starJng	from	the	GP	ground	state	in	the	triangular	box:

Overlap	of	wave	funcJons:																																						(calculaJon	grid	1024	x	1024)|h i| f i| > 0.995
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“Scalar	product”		
of	images	with		
the	iniJal	one	

!t
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Other	examples	of	breathers?	Only	one	so	far:	Disk

Period 2T with T = 2π/ω  

Experimentally:

Genuine	non-linear	effect,	which	can	(probably)		not	be	captured		
by	a	linearizaJon	of	the	moJon	around	an	equilibrium	posiJon	

No	breathers	found	for	squares,	pentagons,	hexagons,	6-branch	stars,…

Possible	approach:	Mul*-mode	treatment	+	mode-locking	via	non	linear	effects?

t =0.5 ms t =34.0 ms t =68.0 ms t =102.0 ms

t = 0
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t = 2T/3
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t = 4T/3
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t = 2T
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Numerical	simulaJon:	

Overlap:																																							
					on	a	grid	1024	x	1024

|h i| f i| > 0.998
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t/T
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Conclusion	and	outlook

Quantum	gases	consJtute	an	excellent	plauorm	to	study	scale/conformal	invariance

3D	unitary	Fermi	gas,	2D	(weakly	interac8ng)	Bose	gas

Here	we	explored	with	2D	Bose	gases	some	predicted	effects	(connecJon	between	
evoluJons	in	various	sevngs)	as	well	as	unexpected	phenomena

Breathers	(triangle	and	disks)

Open	ques*ons:
• Do	such	breathers	also	show	up	for	other	systems	with	SO(2,1)	symmetry?	

• Are	the	breathers	robust	against	quantum	effects	when															?								
Quantum	anomaly	explored	recently	by	the	Vale	and	Jochim	groups

g̃ & 1
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• Robustness	with	respect	to	thermal	effects?

3D	unitary	Fermi	gas,	gas	with	1/r2	interac8on	poten8al

t =24.0 mst =102.0 ms


