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1
Essentials of Gravitational Waves

1.1 A Brief Introduction

The concept of gravitational waves was first proposed by Albert Ein-
stein in his theory of General Relativity in 1916. According to this the-
ory, accelerating objects, or more precisely, accelerating quadrupoles,
as we will discuss below, such as merging black holes or neutron
stars, produce ripples in the structure of spacetime itself, gravita-
tional waves, propagating outward at the speed of light. However, it
took many decades before our humanity had access to the required
technology to start detecting them. Quite luckily for us, physicists
of the 21st century, we are now living in a world where such obser-
vations have not only become possible but are performed daily with
prospects of increasing precision in the coming decades, which opens
up a new observational window into the cosmos, unprecedented
since Galileo’s time.

The first observational breakthrough regarding gravitational waves
arose in 1974 when Russell Hulse and Joseph Taylor discovered the
first indirect evidence of gravitational waves through the study of a
binary pulsar system!2. Their observations provided strong support
for the existence of gravitational waves, earning them the Nobel
Prize in Physics in 1993 “for the discovery of a new type of pulsar,

a discovery that has opened up new possibilities for the study of
gravitation ” 3. They observed that the orbit period of the pulsar is
declining: the two bodies are rotating faster and faster about each
other in an increasingly tight orbit. The change is very small: it
corresponds to a reduction of the orbit period by about 75 millionths
of a second per year, but it is nevertheless fully measurable. This
change is presumed to occur because the system is emitting energy
in the form of gravitational waves. According to astronomical data
ranging from 1975 to 2007, the theoretically calculated value from the
relativity theory agrees to within about one half of a percent with the
observed value, see Figure 1.1.

1.R. A. Hulse and J. H. Taylor. Discovery
of a pulsar in a binary system. Astro-
physical Journal, 195:L51-L53, January
1975

2.J. M. Weisberg and ]. H. Taylor.
Relativistic binary pulsar b1913+16:
Thirty years of observations and
analysis, 2004

3The Nobel Prize in Physics 1993.
NobelPrize.org. Nobel Prize Outreach
AB 2024. Thu. 9 May 2024. URL
<https://www.nobelprize.org/prizes/
physics/1993/summary/>
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Figure 1.1: Orbital decay of pulsar PSR
B1913+16. The data points indicate

the observed cumulative shift of the
periastron time while the parabola is
the prediction of General Relativity:
the pulsar emits energy in the form of
gravitational waves which changes its
periastron.


<https://www.nobelprize.org/prizes/physics/1993/summary/>
<https://www.nobelprize.org/prizes/physics/1993/summary/>

8 GRAVITATIONAL WAVES

The quest for direct detection has a long history *. The design of
the gravitational-wave detector that turned out to win the race for
the first detection is based on test masses suspended as pendulum -
separated by a long distance. Laser interferometry is used in order
to sense the motion of the masses produced as they interact with
gravitational waves. Ground-based (i.e. Earth-based) detectors of this
type are based on the pioneering work of Moss et al. in the seventies
1, Rainer Weiss from MIT
3, Drever and colleagues from Glasgow /Caltech between others.

from the Hughes Research Laboratories

These initial designs led to the development of more sophisticated
detectors.

In 2002, the Laser Interferometer Gravitational-Wave Observatory
(LIGO) became operational, combining two interferometers located
in Hanford, Washington, and Livingston, Louisiana. In September
2015, Advanced LIGO, an upgraded version of the detector, began its
first observing run at significantly improved sensitivity levels. Still
within its engineering phase, even before its official science phase,
on September 14, 2015, LIGO made history by directly detecting
gravitational waves for the first time.

Example 1.1.1 (Event GW150914). First direct detection of gravitational
waves by LIGO/Virgo collaboration. > According to the best fit values,
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the progenitor masses of the two initial black holes are respectively My ~
36Me 5 and My ~ 29M*;

Mg = 62Mg fg and spin s = [/ M? = 0.68 + 0.05. Therefore, the
radiated energy is 3Me +8'g, which is enormous! The luminosity distance is

dy, = 420120 Mpc, which corresponds to a redshift of 0.09™7 3.

, giving rise to a black hole of final mass

The signal GIW150914, named based on the date of observation,
lasted 0.2 seconds and had such an extremely high signal-to-noise
ratio that the signal was even visible by eye in the data. The statistical
significance of the even is 5.1¢, one order of magnitude higher than
the 40 detection threshold. The best fit template that reproduces

4 For a detailed account, see

Matthew Pitkin, Stuart Reid, Sheila
Rowan, and Jim Hough. Gravitational
Wave Detection by Interferometry
(Ground and Space). Living Rev. Rel., 14:
5,2011. DOI: 10.12942/lrr-2011-5

*G. E. Moss, L. R. Miller, and R. L.
Forward. Photon-noise-limited laser
transducer for gravitational antenna.
Appl. Opt., 10(11):2495-2498, Nov 1971.
DOI: 10.1364/A0.10.002495. URL
https://opg.optica.org/ao/abstract.
cfm?URI=ao0-10-11-2495

5 See the original article

https:/ /dspace.mit.edu/handle/1721.1/146623

>B. P. et AL. Abbott. Observation of
gravitational waves from a binary black
hole merger. Phys. Rev. Lett., 116:061102,
Feb 2016. URL https://link.aps.org/
doi/10.1103/PhysRevlLett.116.061102


https://opg.optica.org/ao/abstract.cfm?URI=ao-10-11-2495
https://opg.optica.org/ao/abstract.cfm?URI=ao-10-11-2495
https://link.aps.org/doi/10.1103/PhysRevLett.116.061102
https://link.aps.org/doi/10.1103/PhysRevLett.116.061102
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the data corresponds to the merger of two black holes, in complete
agreement with a key prediction of Einstein’s theory. It took 1.3
billion years for the signal to arrive on Earth. This groundbreaking
discovery opened a new era in astronomy. In recognition of their
contributions, the 2017 Nobel Prize in Physics was awarded to Rainer
Weiss, Barry C. Barish, and Kip S. Thorne, “for decisive contributions
to the LIGO detector and the observation of gravitational waves”.

Since then, LIGO, along with the Virgo interferometer in Italy, has
made several more detections of gravitational waves. In 2017, they
recorded the first multi-messenger detection of a binary neutron
star merger (signal GW170817) . These observations have offered
unprecedented insights notably into the astronomy of black holes
and neutron stars, in cosmology, and on the dynamics of gravity in
the strong field regime.

We can enumerate three different types of messengers that give us
direct information about the universe:

o Electromagnetic waves;
e Gravitational waves;
e Particles, such as electrons, neutrons, protons and neutrinos.

In this view, gravitational waves provide since 2015 a new means to
learn about the universe.

There are four methods used to generate waveforms for binary
mergers, which are combined to formulate fast waveform templates,
that are in turn confronted to observation. These methods can be
depicted on the following figure. The x axis is the mass ratio between
the primary and secondary compact object, which ranges from 1
to infinity. The y axis is the separation or distance between the two
bodies.

In the large separation limit, gravity is weak away from the bodies,
and a post-Minkowskian approximation can be used away from the
bodies. At large separation, compact bodies have a relative velocity
small compared to the speed of light and a post-Newtonian approx-
imation can be used to describe the gravitation field close to the
bodies. The combined use of post-Minkowskian and post-Newtonian
expansions is usually denoted as the PN/PM formalism.

In the large mass ratio limit, the secondary object moves along
an approximate geodesic during the inspiral around the primary
massive object. The corrections to the geodesic motion originate from
the finite size effects of the secondary and from the radiation-reaction
effects due to the emission of gravitational radiation. The theory that
describes such a setting is usually denoted as self-force theory. There
is a region of overlap between the large separation and the large mass



10 GRAVITATIONAL WAVES

ratio regime where both the PN/PM and self-force methods apply
and can be cross-checked.

In the nearly equal mass ratio regime and at small separation,
numerical relativity is applicable. A typical simulation of a binary
of mass ratio 10 for around 10 cycles takes several months on a
supercluster of supercomputers. The processing time increases with
the mass ratio because the separation of scales between the spacetime
region close to the secondary as compared with the region close to
the primary requires an adaptative mesh with errors that scale with
the separation of scales. More asymmetric mass ratios also means
that the number of cycles to be computed for relevant frequencies in
band for the detector also increases. The processing time increases
with the number of cycles to be resolved due to the accumulation of
numerical errors during each cycle.

The effective one-body methods are applicable in all ranges of
parameters and need to be informed by the various other methods.

Separation A
r

Weak field

Post-Newtonian /Post-Minkowskian

Effective

Self-force
Numerical

Relativity

»
»

Mass ratio my /my

1.2 Post-Newtonian and Post-Minkowskian Theory

Historically, the weak field approximation of General Relativity was
developed at its birth, with the aim to compute deviations from
Newtonian theory. Here, we will only develop the necessary tools of
the weak field approximation to describe binary coalescences.

In the context of compact binary mergers, one can distinguish at
least two length scales: the distance between the compact bodies d
and the typical gravitational wavelength Agw emitted by the system.
The typical wavelength associated with the compact binary is vi/c
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where v is the typical relative velocity of the compact binary, and

it compares to the gravitational wavelength Agyw, as we will show
below. For non-relativistic sources, we therefore have d < Agw.
Atradii r < Agw post-Newtonian theory is applicable because
wave propagation effects can be ignored. For radii » > d, post-
Minkowskian theory is applicable because the gravitational field is
approximately described by a perturbation of Minkowski spacetime.
Solving for gravitational wave emission from a compact binary
system in the weak field regime involves performing these two
expansions and matching them in the overlap region d < r < Agw.
We will consider these two expansions in turn.

Executive summary of General Relativity

Let us first summarize General Relativity. The dynamics of the
gravitational field, the metric, is described by the Einstein-Hilbert
action

3 ” A S
167G / x/—gR[g] + Sm. (1.1)

Here Sy is the matter action, which is minimally coupled to the

S =

metric. If one starts with an action around Minkowski spacetime,
minimal coupling amounts to apply the rule:

Huv — §uv ay — Dy. (1.2)

The measure takes the form of \/—gd*x = /—gcdtd3x where we set
xg = ct. Upon varying the metric, the variation of the matter action
allows one to define the matter stress-energy tensor

1
oSy = % /d4x V=8 T"oguv, (1.3)
as
2c OSm
n
! V=8 08w’ 9

The variation of the Einstein-Hilbert Lagrangian can be written as

6(v/—8RIgl) = —/—8GMéguv + 0,0 [0g, ] (1.5)

where the last term is a boundary term. The first term is proportional

to the Einstein tensor G, = Ry — %ng. Performing the variation of

the total action with respect to the metric and requiring invariance of

the action under an arbitrary perturbation leads to the Einstein field

equations

871G
A

G = Ty (1.6)

11
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General Relativity is invariant under diffeomorphisms which trans-
form the coordinates and the metric as

xt — x'M(x), -
oxP oxv 1.7
Suv — g;u/(xl) = oxH axi/ygptf (x(x,)) .

A consequence of this invariance are the Bianchi identities, which
imply that the stress-energy tensor is covariantly conserved,

V‘HG}[V = O = VPT’,“/ - 0. (1.8)

Propagation around Minkowski

Let us linearize Einstein’s theory by considering small metric pertur-
bations around a flat Minkowski background

Suv = Ny + My (1.9)

The metric perturbations are small in the sense that the metric com-
ponents as well as their gradients are small |7,y | < 1, [du/1| < 1 at
least in a given set of coordinates.

We will now derive that a wave equation emerges from Einstein’s
equations in this linearized approximation, and that the solutions
can be put in an especially simple form by an appropriate gauge
choice. Then, by using standard tools of General Relativity such as
the geodesic equation and the equation of geodesic deviation, we will
study how these waves interact with a detector, idealized as a set of
test masses.

We start by expanding the field equations to linear order in .
The resulting theory is called the linearized theory. It admits residual
gauge transformations

xt — xt = xM — &t (x), (1.10)

which transform the linearized metric as

h,u,(x) N h;,,,(x’) _ a(x/ ;’xi(x))p a(xl ;xi(X))UgPV (x(x/)) _—

= aygvavéy + Uaaaﬂyv + hpn/(x)' (1.11)

Consistently with the condition |/,,| < 1, the coordinate transforma-
tion needs to be small in the sense that |0,,{,| < 1. The behaviour of
the perturbation hy, under a gauge transformation is thus given by

551/1,“,(3() = E@W;tv(x)r (1.12)

where the Lie derivative is defined as

Ly = gaaaﬂyv +9ugy + duy- (1.13)

The second equality comes from the fact
that

gPV (x(x/)) = UPV(X, + C) + hpff(x)
= UPU(X/) + gaazxﬂpv + hpzr(x)~
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The isometries of Minkowski spacetime are defined from vector Note that in Minkowski coordinates,
fields ¢, that leave the background metric 7, invariant. After a we have 9,1,y = 0 because the metric
. . L. components are constant. However,
simple algebra, the general solution is given by Minkowski written in spherical co-

ordinates x* = (ct,r,0,¢) will have
— 9 0.
G = ap o+ by, (g

with ay, by, constants that label translations and Lorentz trans-
formations. From Eq. (1.12), such isometries are symmetries of the
linearized theory: they leave the linearized metric invariant.

Let us discuss briefly the corresponding finite transformations.
Under a finite Lorentz transformation

xt = x' = AV Y, (1.15)
where APVAUV Noo = Muv, the metric becomes Using the metric to raise and lower
the indices we have A" A, = 5.
/ , Z1\P _1\¢ Comparing with the definition of the
g;w(x) — gw(x ) = (A ) (A ) Vgpa(x) inverse (A’])zja/\”‘v = oY, we find
, . (A, =A = quaﬁqﬁ#.
-1 -1

such that hy, is a tensor under Lorentz transformations.

Let us prove that the linear Riemann tensor is gauge invari-
ant in linearized theory. Let us take for convenience the standard
Minkowskian coordinates such that d.175, = 0. We perturb the
Christoffel symbols

1
By = §gm (9p81 +018pr — 918py)
=0+ 51"%7, (1.17)

such that
1
5F%,y = ng\ (a}gl’lfy/\ + aryh}g/\ - 8,\hﬁ7) . (1.18)
The Riemann tensor is defined as
R#Vpa = aprga - aargp + Ftl;clprﬁcr - Tgal"ﬁp' (1.19)

Then, by neglecting the terms of order O(h?) and lowering and
raising indices with the background metric, we find that the Riemann
tensor is

Rywpor Lyvo = 9T pjup

1
=5 (90 (Ovhuo + kg — Ouhue) — 9c (Ivhyp + Dphiiy — Ophup) )
_1
2

(apathy + ag'ayhyp - apayhyg' - agayhl/l‘g> . (120)
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We have now everything in hand to compute the infinitesimal trans-
formation of the Riemann tensor:

1
8¢ Ruvper = 5 (3p2udyl + 3pDudoyy +3edydup + edydpl

—0p040y 8o — 090,008y — 0500, Cp — Ay 0y 0ply)
=0, (1.21)

from which we conclude that the linearized Riemann tensor is invari-
ant under residual gauge transformations.

Linearized Einstein equations
The linearized Einstein equations will simplify upon defining the
trace of the perturbation
h=n""hy,, (1.22)

and the trace-reversed perturbation

_ 1
hyv = hw/ - Eﬂyvh- (1-23)

The trace of the trace-reversed metric perturbation is just minus the
trace of the original metric perturbation,

h= 17’“’%1, = —h, (1.24)

so that we can invert for the metric in terms of the metric-reversed

perturbation as

_ 1 -
hyy = hyy — E;ywh. (1.25)

We compute the Ricci tensor and Ricci scalar

{Ryv = Waﬂhaxvﬁ - % (28(}4(8 ) = Bl = aﬂalﬁ) ' (1.26)

R = 0"0Ph,g — Ok,

allowing us to compute the linearized Einstein tensor

1
Gyv = Ryv - ngR
1

1
5 (2a(y(a h)y) — Oy — ayavh) — 5t (a“aﬁha,g - Dh) . (1.27)

Then, we replace hy,;, with EW — %vaﬁ/ which yields
1 — — 1 _
G =3 (2&)(},(3 1)y — udvh — Oy + 5wk +W>
M (atxaﬁhaﬁ ~ SOk + Dh)
Ohyy

1

2
1 — _ _
=- ( — 3y dulty — 3,3y + nwa“aﬁhaﬁ) . (1.28)
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It is convenient to fix the gauge, at least partially, to the so-called
harmonic gauge, which is also called de Donder gauge or Lorentz

gauge,

0"hyy = 0. (1.29)

One can always reach de Donder gauge. In the de Donder gauge,
the equations of linearized gravity on a Minkowski background
become

161G

Ohyy = —CTTW. (1.34)

This gauge yields four (differential) conditions upon hy,. Thus,

the initial ten components of /,,,, reduce to six totally independent
components and four dependent components. Note that the stress-
tensor obeys 0T}, = 0, which can be obtained either by acting on
Eq. (1.34) with 0¥ or by linearizing the contracted Bianchi identity
D¥Tyy = 0.

Transverse-traceless gauge - Propagation
We look at Eq. (1.34) outside of sources, where T, = 0:

Ohyy =0, (1.35)

with O = —C%a% + V2. Therefore, gravitational waves propagate at
the speed of light. At the moment, the gauge is not totally fixed. We
can still use x#* — x'# = x# — ¢¥(x"). The trace-reversed perturbation
transforms as

5§E}tv = (aygv + avgy - U;tvapg‘o) = é;n// (1.36)
and Eq. (1.35) implies that ¢}, is harmonic:
O, = 0. (1.37)

Then, we can shift /1, — hyy + &v, which removes four components
of the trace-reversed pertubation. This leaves us with two remaining
components, out of ten, which obey a wave equation. Let us fix the
gauge further to find those two components.

e We choose & such that 1 = 0. We have

nt (E;w +8uw) = B+ 20, — 40, C"
=h — 2008 — 29;¢". (1.38)

Requiring a traceless gauge requires solving the ODE
1
008’ +9:¢' = Sh, (1.39)

for &0(xY, x') such that we are left with a harmonic residual gauge
parameter ¢°(x'). This implies iy = hyy.

To reach de Donder gauge, we perform
the following gauge transformation:

_ _ _
My = hyy = gy + (a,lgv + 0y — mwapgﬂ) .

(1.30)
Therefore, one has

aVﬁ,,v — 8"ﬁ,¢1/ +0¢,. (1.31)

If a%v # 0, we can solve for &, up to
zero modes of OF, = 0. Let G(x) be a
Green's function of O:

0G(x—y) = 6W(x —y). (1.32)
This yields

(:}l = — /d4y G(x 7y)aVE]lV‘ (133)

We obtain this equality because the
box operator commutes with partial
derivatives.
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e We choose & such that h% = 0. To do so, we want
hoi + Coi = hoi +doGi + 9iGo = 0, (1.40)
which results in the ODE
do&i = —hoi — 9iCo, (1.41)

for & (x0, x%), such that we are left with a harmonic residual gauge
parameter & (x/).

Moreover, the harmonic gauge imposes two additional conditions

K ohy =0 < hgy=0 ifu=0,
{ 00 + 9" hp; 00 if u (1.42)

'h; i =0 ifu=i.
The first condition implies that /g (X) is a Newtonian potential, but

that is irrelevant for propagation. At the end of the day, we are left
with the three following conditions:

hOy =0 ; I’ll',' =0 ; ail’lij =0. (1.43)

This is called the Transverse-Traceless gauge, or TT gauge. Note that
it cannot be chosen inside sources because DEW # 0. We now
decompose the metric into plane waves weighted by a polarization
tensor e;;:

hiTjT — eij (E)eik-ffiwt/ (1.44)

where k¥ = (a)/c, E), w/c = |k|, and 7i = k/|k| gives the direction of

propagation. For a plane wave, aihi]» = 0 becomes

niei]- =0. (1.45)

Let us choose, for definiteness # = ¢;, the unit vector along the z axis,
and a wave propagating in the +e, direction. Imposing the TT gauge

gives
hy hy O .
hE'T(t’Z) =|hx —hy 0] cos (w (t — E) + q)o) . (1.46)
0 0 0 i

This results in the linear solution
ds* = — c*dt* +dz? + (1 + h4 cos (w (t - %) + (po)) dx?
+ (1 — hy cos (w (t - %) + qoo)) dy?

+ 2h« cos (w (t - ;) + goo) dxdy. (1.47)
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Given a plane wave solution /,, (x) propagating in the direction 7
outside of sources in the Lorentz gauge, we can go to the TT gauge as
follows: first, we introduce the tensor

Py(7) = 0 — njn;. (1.48)
This tensor is symmetric, transverse, and is a projector. Its trace is Transverse : n'P;(7i) = 0
P;; = 2. We can now construct Projector : PyPyj = P;j
~ 1
Aijja (1) = PPy — Epijpkl/ (1.49)

called the A-tensor. It has the following properties:

(i) projector: Ajj Akt mn = Nijmns

n' A =0
(ii) transverse: L ikl ’
n Aij,kl =0,
Ay =0
(iii) traceless: ik
Ajjpk =0

(iv) symmetric: A = Agpjj-
More explicitely, the A-tensor can be written as
~ 1
Nijja (1) =0dj1 — 50630k — njdix — Nimtgdi
1 1 1
+ Enknléij + Eninjékl + Eninjnknl. (1.50)

When working in the de Donder gauge, the two equations

Dhi]‘ =0 and akﬁkl =0, (1.51)
imply that the quantity
hyit = Aijgihi (1.52)
obeys
DhiT]-T =0 and akﬁle =0. (1.53)

By construction, h;-r]-T is transverse and traceless, but some algebra
is required to prove Eq. (1.53). A generic solution to DhiT].T =0isa
superposition of plane waves:

d3k N\ ik-x * (TN, —ik-x
hz'TfT:/ 2n) (AR + A Rye ), (1.54)

with k" = (w/c,k), |k| = w/c = 2nf/c, f >0 being the frequency,
and k = |k|A. Therefore, in spherical coordinates, in momentum
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space, the measure is given by

3 2 2 2m\? 5 o0
@k = [kPdkld*Q = ( == ) frdfd*Q, (1.55)
d2Q) = sin 0d6d. (1.56)

In these coordinates,

1 Vi N\ i f (- X
Wt =5 [ £ [0 (Ayrme >0 ree). sy
0
The TT gauge fixes
AL(k) =0, (1.58)
K Aj;(k) = 0. (1.59)

Note that h;ST does not reduce to a 2 x 2 matrix when there are
waves in several directions. This is physically the case for stochastic
gravitational wave backgrounds. However, for gravitational waves
emitted from a single astrophysical source towards a detector on
Earth or in space, the direction of propagation of the wave on the
celestial sphere, 7y, is well-defined and we can write

Aij (k) = A (£8P (@ — ). (1.60)

We can then span the space transverse to 7y by a 2-dimensional
space with tensor labels a,b = 1,2: 7y - 77 = 0 = 7 - U, with

Vg = C101,4 + C202,4. Then, hiTjT is non-zero only on these transverse
directions. Such a transverse tensor is

[e0)

hap (1, %) = / Af (Tap(f, %) 0 T, (f, %)), (1.61)

where

= TAab(f)ezniff. (1.62)

In the case of resonant bars and ground-based interferometers, but
not in the case of space-based ones, the linear dimensions of the
detector are much smaller than the reduced wavelength Agy = A/27
of the gravitational waves to which they are sensitive:

Ldetector < KGW' (1~63)

If we choose the origin of the coordinate system within the detector,
we have o o
2riffig-® P it
e ¢ —=elaw =¢ ‘aw ~1, (1.64)

The metric used is
v = diag(—c%,1,1,1).

The wave of frequency f and direction
7 moves in the +# direction.

For example, the LIGO detector has
arms of 4 kms long while the maximal
sensitivity at around 100 Hz, which
corresponds to a wavelength of a
million kms.
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for all gravitational waves at the detector location ¥ which have
|¥| < Lgetector- We can therefore ignore the ¥ dependency and we
have, for a single source:

ha(t) = [ df (Ra(Fle ™+l (D). (169)
0

However, we have to be careful. We need to keep the ¥ dependency
when we compare the gravitational wave signal at two different
detectors (e.g. LIGO Handford and Livingstone), or when we need
spatial derivatives of h,,(t, ¥) (e.g. to compute the stress-energy
tensor).

The trace-free and symmetry conditions imply

o (BB R 1
hut$ = (545 —h+(f)>ab' (160

The + and X polarizations are defined with respect to the given
choice of axis in the transverse plane.

The Lorentz transformations that leave the propagation direction
71 invariant are rotations around 7 and boosts in the # direction.
Under these operations, hy and hy will transform and mix between
themselves. We saw that in the linearized theory, under a Lorentz
transformation x* — x'* = A", x?, the tensor hyy transforms as

v (x) = h;w(xl) = AypAvahpa(x)- (1.67)
Choosing 71 = Z, a rotation around the z axis and a boost along z are
written as
1 0 0o o0\
A) = 0 C(,)S g —sing 0 , a rotation of angle . (1.68)
# 0 siny cosyp O
0 0 0 1
K
coshy 0 0 —sinhy
A = 8 (1) (1) 8 , aboost of rapidity #. (1.69) - |
—sinhy 0 0 coshy The rapidity is expressed in terms of

the velocity as 7 = arctanh?.

In the TT gauge, we remind ourselves that hl-T]-T has no 0 component

and is a superposition of plane waves A;; (K)e'** that are transverse,

meaning i1 = 0. Since these Lorentz transformations do not af-

fect the direction of the transverse plane, the tensor indices a4, b are

unambiguous after the Lorentz transformation and we have Note that k- x =k - x'.

; Moo\
() <x'>:<h,+ " ) e, (170)
X
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where
! !
(Z;‘r _h;;/ > = AﬂcAl’}d (ZJ’_ _h; > 7 a, b/ C/d - 1, 2 (1.71)
x + ab X + cd

For a rotation, the 4, b indices span the second and third rows of AVU
associated with the rotation. Therefore, if we look at a rotation, we
have

W, KW, \ [cosyp —siny) (hy hx cosyp  siny

W, —K_.) \sing cosy hy —hy) \—siny cosy
_ (hycosp—hysinyp hycosy+hysing cosy siny
~ \hysing +hycosp hysing —hicosy) \ —siny cosy

hy sin(2yp) + hy cos(2y)  hy sin(24) — hy cos(2y)
(1.72)

_ <h+ cos(2p) — hy sin(2y)  hy sin(2y) + hy cos(21,b)>

which leaves us with the following transformations, while consider-
ing rotations:

{h; = s cos(24) e sn2p), 79

W, = hysin(2y) + hy cos(2¢).

Under boosts, the matrix A, i.e. the 2 X 2 submatrix made by the
second and the third rows, is the identity matrix, which trivially

hg— = h+/
(1.74)
{hlx = h><.

The gravitational wave amplitudes iy and hy are thus invariant

implies that

under boosts along e,. Under a rotation along the z-axis,
hy £ihy — eT2¥ (hy £ihy). (1.75)

This means that the massless graviton has helicity 2 with helicity
eigenstates (hx F il ). Helicities always come in pairs in a Lorentz-
invariant quantum field theory, such as the quantization of linearized
Einstein gravity. This is a consequence of CPT symmetry.

1.3 Interaction with Test Masses, Freely-falling Frame, TT and
Detector Frames

Review on Geodesics

Geodesic equation
One considers a curve described by coordinates x} (1), where 7y refers
to the curve and A its parametrization. The spacetime interval ds



ESSENTIALS OF GRAVITATIONAL WAVES 21

between two points separated by a parametrized interval dA is

alx7

2
TR d/\ (1.76)

2| _ —
0] = g, 1, 5%, = g
The four-velocity is defined as the tangent vector along the curve:

M
dxs

ul = I (1.77)

For a timelike curve, the proper time T is defined as
dr? = — dsz‘ = — g, ulu’dA%. (1.78)
')/ ’}/
Using as parameter the proper time, A = T, the four-velocity is

normalized as

2

Sy wu’ = —c*. (1.79)

The classical trajectory of a test particle of mass m is obtained by
extremizing the action

T
S = —m/dr
T
i
_ _m/ /= 8l ururda

dx” dx
m/d/\\/ Suv(x d)\ d)L (x — x4 (A)). (1.80)

This yields the geodesic equation

d2xt o, dxV dxP

W + rvp(x) EF — 0 (1.81)
Proof. See GR class. O
Parallel transport
Consider a timelike geodesic x4 (7) and a vector V* (x(7)) defined 7
on the geodesic y. We define the covariant derivative along the curve
xﬂ(t) as v (X(T))

[ [ (4
%V - d; +TH v ”;x (1.82)
i ‘ VP (x(7))

The covariant derivative DD—V: transforms as a vector under coordinate
transformations. (The proof is left to the reader.) Parallel transport of
the vector V¥ D V’ =0).

Geodesic deviation
Consider two geodesics, each one with proper time 7, that are close
by. The geodesic equation implies that
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d2(x1' + 1)
dt?

d(x" +¢") d(xf +¢°)
dt dt

+ T, (" +¢t) =0. (1.83)

If |¢#] is negligible with respect to the scale of the variation of the
gravitational field, we can expand at finite order in ¢*(7) such that

d2en L dxV dee y dxV dx
oz Pw g W dr (1.84)

This is the equation of geodesic deviation. We can rewrite it in a

+¢&79,T

more elegant tensorial form as

D%¢r dxV dxP

= _F9RH,
D72 ¢ Rlvap dt dt’ (185)
Proof. By definition,
D¢t D [(dgl | ,dxF
Dﬂ_m<ﬁ+wgﬁ>
d2grdxt .y dxf

As usual, we can work in a frame where the Christoffel symbols (but
not their derivatives!) vanish at a point. We then use Eq. (1.84) to
write this equation as

chf?‘ - dxV dxP  dx? dxP
= %9, Ih = 4 T 9 Th AT Tt
D12 ¢ 9oTup dr dt + ar N w6 dt + 1 —terms
dxV dxf
= C‘T (E)Vrgp — agfffp) FE + I'—terms
dxV dxf
_ _xopH @A
- g R UUp dT dT . (1‘87)
O

Interaction of Gravitational Waves with Test Masses

A detector can be idealized as a set of test masses which are de-
scribed by a reference frame, called the detector reference frame. Phys-
ical results are invariant under a choice of frame. On the one hand,
observations are performed in the detector frame. On the other hand,
gravitational waves are most simply described in TT gauge (outside
of sources). This gauge corresponds to a specific reference frame, the
TT frame, which itself is associated with a specific observer. We need
to establish a dictionary between these two frames, in order to under-
stand how to describe the gravitational wave observables in terms of
the mathematical tools that have been developed in TT gauge.

Definition 1.3.1 (Local inertial frame). It is always possible to choose
coordinates such that the Christoffel symbols vanish at one point. The
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resulting coordinate system around that point is called a local inertial frame.
Moreover, it is always possible to choose coordinates such that on an entire
timelike geodesic, all Christoffel symbols vanish.

Proof. Indeed, under a change of coordinates, we have

/ ax""/ oxP ox7 92 x ax/tx’
/o _ o
Fﬁ/fy/ - dx r‘BfYax/‘B/ axl,},/ + ax’ﬁ/axW ox™ ’ (188)

and we can use the inhomogenous terms to set I, "?l,y, = 0. For a proof
of the second statement we refer to the book of Luther Eisenhart
"Riemannian geometry”3. O

In a local inertial frame of a given geodesic, the geodesic equation
becomes around each point P of that geodesic,

dZxh

—| =0. (1.89)
at? |p

Equivalently, this is the statement that a test mass located at P is
freely falling. This gives a realization of the equivalence principle, as
a consequence of the modelling of the gravitational field by a metric
described by Riemmanian geometry.

An explicit construction of the corresponding system of coor-
dinates goes as follows*. At a point P, we choose a basis of four
orthonormal four-vectors ey, & = 0, ..., 3 labelling the four-vectors
(this is not a spacetime index). We choose them orthogonal to each
other with respect to the flat space metric 77,,. Thus, we have that

Euv eygevﬁ = Nap- (1.90)

We need to ensure I'g, b= 0. For that purpose, we consider
geodesics that start at P in the direction of a unit four-vector n*.

We parametrize the geodesic using the proper distance for a spacelike
vector, and proper time for a timelike one. Let Q be a point reached
from P after a proper geodesic distance s and let (nQ, nl n2, ni) be
the components of n* in the basis {e, }:

nt = elg i n'n%é. (1.91)

We fill all spacetime with such geodesics (null geodesics are obtained
as a limit). In a small region of spacetime, geodesics do not intersect
(in large regions, we could have gravitational lensing). Thus, each
point in a small region is reached by a single geodesic. Coordinates
are assigned unambiguously to all points of a sufficiently small
spacetime region around P, after a choice of Lorentz frame at P. This
coordinate system is known as Riemann normal coordinates. We have

3 Luther Pfahler Eisenhart. Rieman-
nian geometry, volume 51. Princeton
university press, 1997

+James B Hartle. Gravity: an Introduc-
tion to Einstein’s General Relativity,
2003

The space metric is defined in the
tangent space of the manifold at point
P, where the 4-vectors e, belong.

At point P, we want to build coordi-
nates such that g,v|p = -

For example, if n* = e%, by orthogonal-
ity, we have n* = (0,0,0,1). Then, we
assign Q to have coordinates x¢, = sn®.
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gu(P) = nu by construction. In order to show l"ffp(P) = 0, we
consider the geodesic equation

A2yt uo, o dxtdxP 0

a2 vp(x)FE (1.92)

Since the coordinates are linear in proper time by construction,

P! dx'

e 0 at P, while = n#. Then, (1.92) becomes

ng n'nP b= 0. (1.93)

Since this holds for all n, we conclude that I',,(P) = 0. Therefore,
the Riemann normal coordinates provide an explicit example of a
local inertial frame at a point P.

However, we can do much better than this: building a reference
frame where a test mass is in free fall along a timelike geodesic 7.
As before, one constructs a Riemann normal coordinate frame in
3 dimensions, orthogonal to the worldline tangent vector, which is

- p () . o
chosen as ¢, = . At each proper time T, there is a choice of

Lorentz frame to be made. One fixes a choice at proper time 7 = 0.
H

The frame is chosen at any T uniquely by requiring that the frame ¢;

is parallely transported along the geodesic y. We are left with

Del' de! b (1)
L L L Sl —
Dr — 0 & It + Faﬁel - 0. (1.94)

Physically, one can place three gyroscopes along the direction e? . The
gyroscopes will be parallely transported if they are not constrained.
These coordinates are called Fermi normal coordinates.

v

Riemann coordinates Fermi coordinates

Such a Fermi frame is realized in practice by drag-free satellites, in
which an experimental apparatus is freely-floating inside a satellite
that screens it from external disturbances (e.g. solar wind, micromete-
orites, etc). The satellite locates the experimental apparatus precisely
and adjusts its position using thrusters to remain centered about it.

: Parallel transport

}I
. . e; .
Sine e;‘ is a vector, oy is also a vector.

Figure 1.2: Riemann and Fermi coordi-
nate frames. The third space dimension
is not depicted: this is the visulization
in 2 4+ 1 dimensions.
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This is the core design of the space-based LISA interferometer to be
launched around 2036.

TT frame
The coordinate frame in which the metric is in the TT gauge is the
TT frame. Consider a test mass initially at rest at T = 0. The geodesic

__ (de)z
=0 o0 dt
i

dx
where we used the fact that masses are initially at rest: —

equation is

d2xt : dxV dxf

_ 1

P PR (A =i =

, (1.95)
=0

=0.
7=0
For a linear gravitationnal field g,, = 7,y + huv, expanding to first

order in hy,, the Christoffel symbols Fﬁ‘p become

1
D’jp = 577]/“7 (avhptr + BPhW — ao—hvp) , (196)
and therefore,
; 1
T'oo = 5 (200h0i — dihoo) - (1.97)

However, in the TT gauge, this quantity vanishes because g, = 0,
which implies that there is no acceleration:

d2xt

— =0. (1.98)
dt? =0

If at time T = O, dx’ is zero, it will remain zero at all times. This
shows that in TT fr;—mes, particles, which were at rest before the wave
passed through, will remain at rest after its passage. The coordinates
stretch themselves so that the position of the free test masses does
not change. A physical implementation of coordinates can be ob-
tained using the free test masses themselves to mark the coordinates.
For example, one could have four test masses defining the origin and
three axis, as in Fig. 1.3.

What about time? In the TT gauge, have seen that iy, = 0. The
proper time along a timelike trajectory x#(7) is obtained from

1

2dt? = 2di? — (517 + hiTjT) Ed—;dTZ. (1.99)
For a test mass initially at rest, d—XI = 0 at all times. Then, in the TT
gauge, the proper time T measured by a clock sitting on a test mass
initially at rest is the coordinate time f. Moreover, proper distances
change. Consider the distance between (t,x1,0,0) and (¢, x2,0,0). The
coordinate distance L = x; — x7 is invariant. However, the proper
distance after the passage of the wave is

Strictly speakink, this is true at linear
order, but || ~ 1072, meaning that
higher order terms are negligible.

4 [ ]

€x
Figure 1.3: Four test masses

Since the induced metric on the path
gxx does not depend upon x.
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X2
5§ = /dx./gxx = /QxxL = /1 + h4 cos (wt)L
X1

o~ (1 + %h+ cos (wt)) L. (1.100)

Therefore, the proper distance changes periodically in time because
of the gravitational wave. This is the basis of interferometry, where
test masses are mirrors, and proper time determines the time taken
by light to make a round trip.

Mirror

Laser

<
N
1
JOIITN

Detector

Interferometer

The Earth-based laboratory detector frame

An experimentalist on Earth is not using the TT frame. In a labora-
tory, one fixes an origin, and one uses a rigid ruler to define coor-
dinates (under the passage of a wave, the ruler does not change its
relative length, that is AL/L < h). In such a frame, we expect that a
mass free to move in some direction will be displaced by the passage
of the gravitational wave.

Let us first think on a space-based laboratory. Conceptually, the
simplest laboratory to analyze is one inside of a drag-free satellite,
so that the apparatus is in free fall in the total gravitational field,
including both the Earth and the gravitational wave. For such an
apparatus, the metric is approximately flat:

ds? ~ —c?d® + (Sijdxidxj. (1.101)

We can build such a freely-falling frame using Fermi coordinates.

To linear order in x’, there is no correction to this metric because

Jy gw‘ p=0 around the origin P, where we expand. At second order,
there is a correction proportional to the Riemann tensor at P:

xka>
P

+ dxidxl (517 — % R,-k]-l‘P xkxl> . (1.102)

ds? ~ — 242 (1 + ROin‘p xlx]) — 2cdtdx’ <3 ROjik
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Let Lp be the typical scale of variation of the metric so that the Rie-
mann tensor is of order Ryn5 = o(1/ LZB), then corrections to the
metric scale as O(r?/L3).

For an Earth-bound detector, the frame is not in free-fall: there is
an acceleration @ = —g with respect to a local inertial frame. Fur-
thermore, it rotates relatively to local gyroscopes (as illustrated by
the Foucault pendulum) with angular velocity (). The metric in this
laboratory frame can be found by explicitly writing the coordinate
transformation from the inertial frame to the frame which is accelerat-
ing and rotating, and transforming the metric accordingly. The result,
up to order O(r?) is

2. 1 . 1 /2 N2 o
ds? ~ — c*df? (1 + 24" X+ I (a@- x)2 -2 (Q X x) —I—ROiojxlx])

/1 A 2 ,
+ 2cdtdx! (Csijk()]xk - 3R0]-ikx/xk>
o, 1 k.l
+dx'dx! ( 6ij — gRikjlx x ), (1.103)

where a' is the acceleration of the laboratory with respect to a local
free-falling frame and Q' is the angular velocity of the laboratory
with respect to local gyroscopes. All terms involving Ry,.p give ef-
fects of gravitational backgrounds and gravitational waves. Moreover,

the term C%Zi - X corresponds to the inertial acceleration, C% (@-%)%is

~ 2
the gravitational redshift and ch (Q X 55) is the Lorentz time dilata-

tion due to the angular velocity, the %si]»k()j x is known as the Sagnac
effect.

This metric is in the proper detection frame on Earth. It is implicitly
used by experimentalists. At zeroth order in r/Lg, the metric reduces
to the flat metric. If we focus on regions smaller than the variation
scale of the background, and if velocities in the apparatus are small
compared to ¢, we can use Newtonian physics. All the effects of
gravitational waves should be understandable in terms of Newtonian
forces! This is to be constrasted with the TT gauge, where gravita-
tional waves are always present in the background spacetime, and
where there is no expansion in r/Lg. In the detector proper frame,
there are corrections linear in 7/ Lg that can be described in terms
of Newtonian forces. Writing the geodesic equation on the metric
(1.103), and neglecting O(r®) terms, we get

d2x
dt?

=—a -2 (f) X 27)1 tot O(x), (1.104)

. - i
where a' corresponds to Newtonian gravity, (Q X Z_J') is the Coriolis

acceleration, f i /m are the external forces (e.g. suspension mecha-
nism). Gravitational wave effects are lower-order effects. To isolate

27
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the effects of gravitational waves, we have to focus on the response
of the detector on a specific frequency window (see Fig. 1.4). The
acceleration @ is compensated by the suspension mechanism and all
effects (called the seismic noise and Newtonian noise) are typically
slowly varying (i.e. they have a frequency < 10 Hz). If we neglect
such effects, we are back to the metric in the freely falling frame with
only terms proportional to the Riemann tensor. It is understood that
we restrict the analysis of the motion of the components x'(7) in

the directions in which test masses (mirrors) are left free to move by
the suspension mechanism, and that we only consider the Fourier
components of the motion, in a frequency window where the de-
tector is sensitive to gravitational waves. In this frequency window,
we assume that time-varying Newtonian gravitational forces are
sufficiently small, so that only gravitational waves contribute to the
Riemann tensor. Other sources of noise include the quantum noise
of the lasers at higher frequencies (above 10°Hz). The “sweet spot”
where Earth-based observations are currently possible lies in the
range 10Hz to 3000Hz for LIGO-Virgo-Kagra and 1Hz to 3000Hz for
the Einstein Telescope (with increased sensitivity in the 1 — 10 Hertz
band due to placing the detector underground).

/x| Figure 1.4: Frequency-dependent
A response function for a typical Earth-
Einstein Telescope based detector.

Underground to limit

Newtonian noise Quantum
/ Noise

1 20 1000 10 000
: | >

>
Frequency
(Hz)

Sweet Spot
LIGO/ Virgo

Seismic Newtonian
Noise Noise

Let us now derive the effective Newtonian force acting on test
masses on a Earth-based detector due to gravitational waves. We start
with the geodesic deviation equation written in the form

dxV dxP
+ g"a,,r@‘p(x)ﬁdj =0. (1.105)

d>eH
F + ZFI’fp(x)

dr dt
At point P, the Christoffel symbols vanish. Since the motion of the
i dxO dxt

X
detector is non-relativistic, i.e. — < ——, terms proportional to —
dt dt prop dt
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can be neglected. Thus, we find

d2& - dx?
9, T =0. 1.106
dr? + & 9T < dt > ( )
Moreover, at linear order in hy,, T = t, so ¥V = ¢t = ¢1, which implies
dx? :
that il Since we evaluate the equation at P, we set x' = 0 and

Suv = v + (’)(xixj ). A non-zero contribution only comes from terms
in which the two derivatives on the metric present in BJFBO are both
spatial derivatives, and act on xix/, so that

¢790Tho = §9;Thy- (1.107)
We also know that
Rijo = 9Tho — Ff; + O(IT), (1.108)

where the time-derivative part vanishes since the metric is propor-
tional to x'x/, and x’ = 0 at point P. This finally yields

d2F L
Tg = _Rf)jo@']' (1.109)

Let us now use an incredible trick. As we saw, the Riemann tensor
is invariant under linear coordinate changes, in linearized Einstein
gravity. Therefore, we can use its expression in any frame. We know
its expression in the TT frame, where the metric is the simplest. We
find

R6j0 = Rjpjo = ~ 3 ZhgT, (1.110)
where dots stand for coordinate time derivatives. We can then
substitute this expression to find the acceleration of masses in the
Earth-based detector frame. In conclusion, the equation of geodesic
deviation in the Earth-based detector frame is

&= thTgf (1.111)

In the Earth-based detector frame, the effect of gravitational waves on
a point particle of mass m can be described in terms of a Newtonian
force

F = —hTTg’,‘] (1.112)

The experimenter can use Newtonian physics! The expression of the
force uses the metric in the TT frame where gravitational waves are
best computed. This is the best of both worlds.

Remark 1.3.2. We used the geodesic deviation equation, which assumed
that |&| is much smaller than the typical scale, the reduced wavelength

29
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Agw, over which the gravitational field changes substantially. For a detector
of size L, we assumed L < Agw. It is obeyed by resonant bar detectors,
ground-based detectors but not space-based detectors, where a general
relativistic description is necessary.

Motion of test masses

We can now study the motion of test masses in the detector frame.
Let us consider a ring of test masses initially at rest in the Earth
detector frame. We fix the origin at the center of the ring. In this
manner, & describes the distance with respect to the origin. This
distance is the proper distance and coordinate distance since they are
the same close to x = 0 in the proper detector frame. We place the
ring on the (x,y)-plane at z = 0. We consider a gravitational wave
propagating in the z direction. Considering the origin of time such
that hiTjT =0, at t = 0. We have

h+ h>< 0
h;ro =|hx —hy 0fsin <w(t - Z)) , (1.113)
0 0 O

z being set to 0. If a particle is initially at rest at z = 0, it will remain
at z = 0 at all times from

& = %EEJ-TCJ =0. (1.114)
Therefore, gravitational waves are transverse not only in the sense
that d;h;; = 0, but also from their physical effect: they displace test
masses transversely with respect to their direction of propagation, in
the case of test masses initially at rest.

Let us study the motion in the (x,y)-plane. For the + polarization,
we have that

hﬂr = hy sin(wt) (é 01> , a,b=xy. (1.115)
We also consider
Za(t) = (xo 4+ 6x(t),y0 + 6y(t)), (1.116)
.. dx < xg,
where xg and yg are the unperturbed positions and
5y < Yo

In order to find the deformation of the ring, we need to solve Eq.
(1.111) for this §,. We have

0% = —%wz (x0 + x) sin(wt),

(1.117)
0y = +h7+w2 (yo + oy) sin(wt).
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Since the perturbations dx and dy are small with respect to their
unperturbed position, we can neglect them at linear order in h. Thus,
we solve those equations by integrating twice with respect to time
and we obtain

6x(t) = + " xg sin(wt),

i (1.118)
oy(t) = =5 yosin(wt).
For the x polarization, we proceed the same way, such that
hx :
6x(t) = 4+ yosin(wt), (1.110)

oy(t) = —hTXxO sin(wt).

The resulting deformations can be summarized in the following

table:
wt h+ hx The Newtonian force is divergence-free:
000 000 .
O OO OO OO al‘Fl’ = %h};r&l] = O, (1.120)
O O @) O Lo
O O O O so that the area of the disk is conserved
0 OO 0 OO OO o OO in time.
o=l

Gooe® | o
/2 CoooO o0

o o 0 o
o o | o o)
o o | o O
o) o | O o

i 0560 0660

Q
o O Q @!

O 0O 0 @)
28 | & B

37/2 OOOO Qo000

These patterns justify the names of the perturbations i and h.
We see a quadrupolar pattern, rooted in the helicity 2 nature of the
graviton. At each time, the pattern is invariant under a rotation of
angle 271/2 = 7t. The denominator 2 in the last expression is exactly
due to the helicity 2 of the graviton, see also Eq. (1.75).

1.4 Generation of Gravitational Waves

The linearized Einstein equations in the de Donder gauge read

— 167G

Ohyy = —CTTW ;o My =0 ; 0'Ty =0, (1.121)
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We can solve this equation in terms of the retarded Green function
O0G(x —x') = 6W(x —x), (1.122)

where

E _ 167rG

(x = x") Ty (x7). (1.123)
The Green function is given exp11c1tyly by

1
G(x—x) = —mfs (XQet - x;gt) , (1.124)

where ' = ct/, 2, = ctret and tet = t — |¥ — ®’|/c. Outside the
source, we can use TT gauge and we have

TT
hij” = Nijjahi, (1.125)
where hy; is in harmonic gauge. Therefore, outside the source, we
have
TT(t » Y) ¥ —x' _,
hii (4,%) = — Aija (%) a3 x Tkl - (1.126)

Note that h}}T depends upon integrals of spatial components of Tj;.
The temporal components of T, are related by the conservation law
"Tyy = 0.

Let us do some geometry to simplify the expression (1.126). We set
the origin at the center of the source, which has dimension d. Thus,
|¥’| < d. The setup considered is depicted on Fig. 1.5:

Source

Detector

Let X = ¥/ be the unit vector from the source towards the detec-
tor (which encodes the angle of sight of the source with respect to
the detector), and r = |¥| the distance between the source and the
detector. Astrophysical compact binary sources in the last stages of
the inspiral obey d < r since distances are r > 1 Mpc while the
source size is of the order of magnitude of a couple to a hundred of
Schwarzschild radii of the largest compact body (= 3km for a solar
mass compact body). We have

X—x'|=r—%"- %4+ 0d*/r), (1.127)

Figure 1.5: Kinematics of the source
with respect to the detector.



where higher orders terms are of order d?/r and can be safely ne-
glected. Therefore, at large distance from the source,

14G X'x
h}}T(t, X)) == A”kl /d x' Ty (t— Tyl x,x’). (1.128)

We see that hiTjT is proportional to the inverse distance to the source.
This is analogous to electromagnetism: radiation fields admit a gauge
potential that is also inversely proportional to the distance to the
source of electromagnetic radiation (in contrast to a static Coulombic
potential without radiation which falls off as r~2). It is important to
keep the dependency in x’ at leading order in the integral in order
to capture the leading order effects of the source. To compute this
integral, we first perform a Fourier transform,

2= 4y L e L
Ty <f—z+”,f’> :/(dk T (w, k)e “*’<f i ,x/)+zkx.

c 27)4 LA
(1.129)
We shall now assume the post-Newtonian approximation, v < ¢,

where v = w;d is the typical velocity of the source and wjs the typical
source frequency. More precisely, we assume that the source has
Fourier modes with frequencies bounded from above, w < ws.

Then, we have that

/
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Tia (w, k)
A
} -
ws w

X

* 5&\ (Usd

w (1.130)

which allows us to expand the exponential in orders of w/c:
me(E ) (-0 [1 -9 2 0 (9)?
e e [1 lc x—l—(’)(c) . (1.131)

This is equivalent, in position space, to expanding as follows:

r xX'-x T
Ty (t—1 ) ~T (tff,fc”)
kl( C+ c ) Kl c +

: fatTkl + O (a%Tkl> .

(1.132)
We define the multipoles of the stress tensor as
i(t) = /d3x T;j(t, %), (1.133)
Sijk( /d x Ti(t, X) xg, (1.134)
Sij, w( /d x Ty (8, X) xgx;. (1.135)

We can now therefore resolve the spatial integrals in terms of the
multipoles of the stress-tensor and express the metric perturbation in
TT gauge as

14G I. &
It (4 %) = —— A (%) [Skl( )+ ZXmSkm () + 555

(1.136)

1
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evaluated at the retarded time t — r/c. The linear term in X is pro-
portional to wsd/c ~ v/c, and so on. Therefore, weak sources with
non-relativistic velocities emit gravitational radiation that is deter-
mined by the lowest spatial multipole moment of the source. Higher
order multipole moments bring corrections in powers of v/c: they
are post-Newtonian (PN) corrections. Using the conservation of the
stress-energy tensor, it is possible to convert S;; in terms of moments
of TO()Z

1
M;; = 2 /d3x Tooxixj, (1.137)

which is the quadrupole moment. One can prove that S;; = Ml-j/ 2 (see
exercise session). Finally, one obtains

~ 12G e r .
hiTjT(t,x) = ;TAi]-,kl(x)Mk, (t - E) + PN corrections. (1.138)

We conclude that gravitational waves are generated by the accel-
eration of mass quadrupoles. We also learned that we do not need
to know much about the source to compute its gravitational wave
emission as long as the source is non-relativistic and the gravitational
field around the sources is weak: we only need to know its lower-
order multipole moments. In the case of mergers of compact bodies,
the motion is relativistic and takes place within the strong field re-
gion of gravitational interaction. In that case, the approximations that
we made are not valid, and other analytic (e.g. self-force) or numeri-
cal schemes (e.g. numerical relativity) are necessary to compute the
gravitational wave emission.

The Energy of Gravitational Waves

Defining the energy of gravitational waves is a very subtle point. It is
clear that gravitational waves carry energy-momentum because they
accelerate masses. In 1961, Bondi wrote an influencial Nature paper >
proving that gravitational waves carry energy, which led to the defini-
tion of the Bondi mass at ., the null boundary of asymptotically flat
spacetimes where outgoing radiation flows. That milestone ended

a multi-decade long debate on the physical nature of gravitational
waves. This approach is based on the non-linear theory of General
Relativity with boundary conditions in the asymptotic region and it
is now called the Bondi-Metzner-van den Burg-Sachs or BMS frame-
work. In full General Relativity (non-perturbatively), the energy is
only defined as a codimension two integral at fixed time and radius,
far from the sources. This is rooted in the holographic nature of
gravity: the Hamiltonian is a surface term. Such considerations go
well beyond this introductory class. In what follows we will instead

5H. Bondi. Gravitational Waves in
General Relativity. Nature, 186(4724):
535-535, 1960
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present the definition of energy within the perturbative expansion of
the metric.

According to General Relativity, any form of energy induces
curvature. In linearized gravity, the total energy is conserved as
a consequence of Noether’s theorem, and it is not related to the
gravitational waves contained in the linearized metric. Indeed, the
linear field obtained by perturbing the Schwarzschild metric

2GM dr? .
gidxtdx’ = —(1— =3 =) + g r?(d6? + sin® 0dg?)
cer
(1.139)
asM— M+6M,
2G6M 2G6M
hffydx"dxv = ?dt2 + ?drz (1.140)

adds a contribution to the mass M where § M can be freely specified
independently of any other modes present in the linear metric. Lin-
ear fields are just a superposition of modes without any influence
between them.

At second order in perturbation theory however, modes start to
couple to one another. Gravitational waves backreact and produce
curvature, which allows to define energy as an integral of a suitable
function of that curvature over an hypersurface at fixed time. In
perturbative General Relativity, thanks to Minkowski acting as a
background structure, one can still use standard tools of field theory
along with the Noether theorem to define symmetries and associated
conserved quantities.

However, there is yet another catch. It turns out that the perturba-
tion scheme

Suv = v + hyy + h;ﬁ,) + ... (1.141)

is inconsistent, as we will demonstrate, because it excludes that
gravitational waves curve the spacetime. Instead, we must allow for a
dynamical background (at least containing a varying total energy):

v = 8y (0) Tl (¥) + 1) () 4., | <10 (1142)

The definition of what is the background and what is the pertur-
bation should be made unambiguously. In what follows, we will
distinguish the notion of background and perturbation through their
frequency content: the background will be the low frequency con-
tent, while the perturbation will be the high frequency content. This
is similar to splitting sea waves into a incoherent superposition of
waves forming the background, and the localized perturbations of
interest. More precisely, we consider the situation in which, in some

35
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reference frame, we can separate the metric into a background plus
fluctuations, where the separation is based on a scale in either time or
space. If the splitting is valid in position space, we have Agw < Lp:

|Suvl
A

ZGW Lp

If the splitting is valid in frequency space, we have fp < fow:

-
>

Length

|guv
A

m m
>
fB fow Hz

As we discussed earlier, see Figure 1.4, ground-based detectors

indeed obey fp < fow.
As a consequence of this split, we have two small parameters at

our disposal:
A
(1) h=l|hwl, (2) ZCW op fliv. (1.143)

In order to define the energy we need to find how gravitational
waves curve the background. Let us expand Einstein’s equations to
quadratic order in hy,,, starting from the convenient form

8nG 1
Ryy = & (Tyu - zgva) . (1.144)
We expand
Ruv(g] = Ruw (3] + R,(}V) [h;g] + R;ﬁ) [h,h;g)+ ... (1.145)

The first term contains low frequency modes, the second high fre-
quency modes, and the last one contains both modes'. Einstein’s

* This is simply because ef¥ek™ ~ ¢2k%
and eF¥e=F% ~ ¢ In words, high
modes times high modes give either

high modes or low modes.
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equations can be split into

. 1 low
low mode eq.: Ryy = —[R(z)]low + G (Tlﬂf - 2g14vT> , (1.146)

w o
. ) 871G 1 high
high mode eq.: Rgllv) = f[RLZV)]hlgh + ZT (Tyv - zg;wT> .

(1.147)

The high-mode equation is essentially the linear equation that we
already considered for gravitational wave generation, corrected with
second order perturbations. The main interest lies in the low-mode
equation.

Far from sources where T# ~ 0, we have Ry, ~ [R,(fv)]low. Since

we have two small parameters, this is possible to equate two different
1
g/
where Lp is the background wavelength. On the other hand, we have

perturbative orders in h. On the one hand, we have Ry, ~ 82§W ~

ROMw _ apan 4 o212 ~ 1 8
[ yv] ~ + ~ 32 (1.148)

since partial derivatives acts on waves. We deduce that

A2 A
h? ~ (LB) & |he~ Iy (1.149)

far from sources. Thererfore, if we push up the scale Lp as Lp — oo,
the perturbation amplitude & will go to zero, # — 0, which runs
the perturbative description of gravitational waves: the perturbative
scheme does not apply at all.
If T;,, dominates [R;,ZV)]IOW, we find Li% ~ ;—i + matter > ﬁ’(—i
Therefore, one has
A
h< —. (1.150)
Lp
In both cases, we cannot set Ly — oo. That would fix 8w = M but
also h = 0. This explains why the linearized expansion is fundamen-
tally inconsistent if expanded around a Minkowski metric.
The low-mode equation allows to define the energy-momentum
of gravitational waves. It can be obtained practically as follows. We

introduce an intermediate time scale f:

l>>1?>>L (1.151)
1B fow’ o

Then, we average over £, i.e. over many periods of gravitational
waves:

— 871G 1
Ry = — <R§12U)> + —a <T;W — ngT> . (1.152)

37



38 GRAVITATIONAL WAVES

This was understood in the sixties. This is a renormalization group
flow: we integrated out the high frequencies to describe the physics
of low frequencies. We define the low-frequency part of the stress-
tensor as T'" = (T"). In perturbation theory, we have approximately,
(T = b3 T) = T — 13,0 T.

Typically, the stress-energy tensor T*" generated by a macroscopic
matter distribution is smooth: . Otherwise, we can define the low-
frequency . It is convenient to add traces and define

ct 2 1_
by = 871G <R£W) - Zg;th(2)> ’ (1.153)
where R®?) = EWR;%). Its trace is thus
R _i<R<z>> (1.154)
=8 ltw = 871G . 1.154
We find from these two definitions that
@)\ _ 87G 1_
— <RW> =4 <tw — ngt . (1.155)
Plugging it into (1.152), we find
— 1_ - 8nG =
Ry — EgF“’R - (Tyw + tuv) (1.156)

where Ty, is the low frequency matter and t,, is quadratic in h.
This is the coarsed-grained form of Einstein’s equations. These
equations determine the low frequency dynamics of g,,,. There

is no fundamental distinction between a background metric and
fluctuations over it in the sense that the gravitational field is the
entire metric. We can define however an effective low frequency
stress-energy tensor of gravitational waves using a coarsed-grained
macroscopic description.

Let us compute t,, in the spacetime region far from the source,
where the background spacetime can be considered flat up to O(1/r)
corrections. This region encloses the detector. Mathematically, this
region is located close to null infinity .# . Using the explicit expres-
sions and replacing D, par 9, we get

R = % %ayhaﬁavh“ﬁ + 19,9y s — W3, 35N
—1"P2,,9ghay + h*POadghyy + 0P 10 phay — OPHS,0uhg,
—3ph*PAy g, + 0gh POy — Dgh*POy ey — %a“haahw

1 1
+§8”‘havhw + Ea“hath . (1.157)

Bianchi’s identities imply ﬁ#TPW =0
which implies in turn that D" tyy = 0.
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Out of the ten components of 1, eight are gauge modes and two are
physical modes. We gauge fix to harmonic gauge 5”%1, = 0hyy =0
up to negligible corrections. We can, in addition, gauge fix 1 = 0,
which implies hyy = hy,,. We are left with the physical modes hl-TjT and
pure gauge modes hy,, = L¢17,, where the infinitesimal generator of
diffeomorphims ¢* obeys 0O¢# = 0.

We can now drastically simplify R;,ZV). Let us consider for definite-
ness the case of a spatial (wavelength) average ( ). In that case, any
spatial derivative d; can be freely integrated by parts: all boundary
terms vanish since 1, ~ 1/r. What about the temporal derivatives
do acting on the linearized metric 1, ? Since it obeys Ohy,, = 0, the
linear metric is a linear combination of plane waves. Time derivatives
can be substituted in terms of spatial derivatives by combining the
two properties

(1.158)

aoeik-x — ikoeik-x
ik-x — 1.1k
0;e* = ik;e'™*,

with kg = |k;|. Indeed, we can find a rotation such that the wave is
aligned along the z direction: Ai]-kj = (0,0,k*). Then

Aijajeik'x = (0,0,1)dpe’** = 9pel¥ = A‘?E)jeik'x. (1.159)

As a summary, any derivative d;, can be freely integrated by parts
inside the average (-) in the case of a spatial average. The argument
applies similarly in the case of a temporal (frequency) average. In
that case, time derivatives dy can be integrated by parts directly
while spatial derivatives are expressed in terms of time derivatives as
9i(+) = ki/kodo(-) and then 9y is integrated by parts.

Using 0"hy, = 0 and Ohy, = 0, we obtain

@\ _ 1
<RW > = <ayhaﬁavh“ﬁ>, (1.160)
<R(2)> =0. (1.161)
All in all, this yields
c* 5
b = o — <a oA > (1.162)

Let us check that the residual gauge modes L7,y do not contribute
to t,,. Under a gauge transformation, we have

C4 B
Seti = gy <a apdu (5chF) + ( 1/)>

2

= <ayhaﬁa P+ (u > 1/)>
=0, (1.163)

ShP = 9z 4 9B,

39
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after integrating by parts and using 9*h;,, = 0. We can then use TT
modes and we have

W S T 6
t = 201G if ij /- (1.164)

The gauge invariant energy density is

0= _C_ (i) (1.165)
327G \ii i/ 155

where the dot correponds to a derivative with respect to t: d; = cdp.

In terms of amplitudes /4 and hy, hl-]- = (:+ hhx ), which gives
x Ty
£00 — 7C2 <712 + 1 > (1.166)
T 1enG Nt T/ '

The Bianchi identity implies 9"t,, = 0. Having obtained the
energy-impulsion tensor carried by gravitational waves, it is now
straightforward to obtain the energy flux: the energy of a gravita-
tional wave flowing per unit time through a unit surface at a large
distance from the source. We have

0= /d3x 0t = /d3x (aotOV + aitiV) . (1.167)
v v

We now select the v = 0 component and take V as a large volume
around the source bounded by a surface S. The gravitational wave
energy inside V is

Ey = /d3x £90, (1.168)
1%
Using dg = c~19;, we find that

1dEy . o

PR /d3x 0;t% = — /dS n;t%, (1.169)
1% S

with dS = r2d%Q) the measure on the surface S and 7 = # the outer

unit normal to the surface S. Thus, we have

d;—tv = —c/sz 210, (1.170)

4 d
where " = 326% <80hl-TjTarhiTjT>. A gravitational wave that prop-

agates radially outwards, at sufficiently large distance 7, has the
form

hiTjT(tr r) = %fij (t - g) +0(r2). (1.171)
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Indeed,

(T -2
(fl] (t C) +O(r )> (1.172)
_ 1
=] (7’ 2)_|_ <_ 1/]/+ Z/]/ , (1173)
which is satisfied. Therefore,

8 TT . ) 1 8 T
ghij (tr)=00"")+ ;gfij (t - E)

cort ()20

= —aohiTjT +0(r2?) = aohiT]T +0(r ). (1.174)
At large distances, we obtain
4
or_ _¢ OITQIT _ 400
= e <8 hl] arh” > =1t, (1.175)
and IE ‘
d—tv = —c/ d?Q 249, (1.176)

The energy Ey is the opposite of the gravitational wave energy which
is escaping the system: Ey = —Egw. The outgoing flux of gravita-
tional wave energy per unit angle is finally

PEcw _ 5 00 _ T JiTTyTT
aai =" = agee (W) (1.177)
In terms of 4 and hy, this becomes
d*Egw ¢ N2 ()2
q0d = T6rG \ () + (1) (1.178)
Analogously, we compute the flux of momentum
P"} = —% /d3x £0k, (1.179)
14
For outward-directed gravitational waves, we have
caoPt = / Px 3t
4
= /dZQthOk, (1.180)
S
which yields
dp c 2 [T, 1, TT

We can obtain similarly the fluxes of the Lorentz charges (angular
momentum and mass moment).
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Remark 1.4.1. In conclusion, we confirmed that gravitational waves
carry away energy when second order effects in perturbation theory are
taken into account consistently. Energy is conserved at linear order in
perturbation theory but second order effects are non-dissipative and lead to
energy extraction of the system through gravitational waves. The reason
why energy is conserved at linear order can be understood intuitively in
several ways. Linear solutions are superpositions of wavepackets that can
be chosen to be no spatial extension to infinity. The energy as computed
from the 1/r term in the metric can therefore be tuned to be vanishing for
any localized wavepacket. In other words, one can localize linear fields on
a compact spatial support and the mass as computed at spatial infinity is
zero. Once second order effects are taken into account, energy is released
to null infinity. It becomes then also clear that the background cannot be
Minkowski, otherwise one would take away energy starting from zero,
which would be pathological. Instead, the background should contain a
finite amount of energy, it should be different from Minkowski, in order to
consistently define gravitational waves. This is also a result that we formally
derived in this section.



2
Theory of Gravitational Waves: waveforms

One of the main challenges of gravitational relativists is to predict
the shape of the gravitational waves to be observed by current and
future gravitational wave observatories to the precision set by the
observational devices, in order to avoid any wrong inference of the
physics due to systematic modelling errors.

We have deduced so far the main features of gravitational waves.
We will now turn to the modern methods used to derive the precise
gravitational waveforms emitted from the main event detectable by
current observatories: compact binary mergers.

The problem is difficult to tackle due to the non-linearity of Ein-
stein’s equations. Several approximation methods have to be used,
compared and complemented in order to obtain a suitable database
of accurate enough gravitational waveforms. There are currently four
main first-principle methods to obtain gravitational waveforms:

e Post-Newtonian/ post-Minkowskian (PN/PM) theory or weak
field expansion,

o self-force theory (SF),
e numerical relativity (NR),
o effective one-body (EOB) and phenomelogical waveforms.

All such methods are applicable in a different range of parameters
of the compact binary system. The main parameters of the system
are the two masses my, my of the bodies with m; > mj; by conven-

tion and the geodesic distance r between the bodies. We can derive Exercise. Solve the geodesic equation
around the Schwarzschild black hole for
L a circular orbit. Derive that the angular
, which is a con- velocity scales as Q ~ r73/2,

sequence of Kepler’s law. There are several standard definitions of

several auxiliary parameters. The angular velocity of the secondary

body around the primary body scales as Q) ~ r—3/2

masses:

e Total mass: M = mq + mp,
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mymy
my +my’

reduced mass: y =

i m
small mass ratio: ¢ = —2, where 0 < ¢ <1,
my

. m
e large mass ratio: g = —1, where 1 < g < o0,
my

mqmiy

m, where 0 < v < 1/4. The
1 2

e symmetric mass ratio: v =

s

equal mass case is v =

The range of applicability of the various methods is depicted on
Figure 2. For high large mass ratio and large distances, both the
weak field and the self-force approaches are applicable and can be

compared.
7 A
Weak field
Post-Newtonian/Post-Minkowskian
GM
; D
Self-force
Numerical
Relativity
av >
1 g

How precise should the waveforms be derived? The answer de-
pends upon the precision set by the detectors. Ideally, we would like
to ask that the modelled waveform is indistinguishable from the tar-
get exact waveform when performing measurements with a chosen
detector. From two waveforms and a detector sensitivity curve one
can define the so-called unfaithfulness F of two waveforms relative
to the chosen detector (see part of the class on detectors). A well
accepted criterion is
o)

SNR*’
with SNR the signal-to-noise ratio (see part of the class on data

F < (2.1)

analysis). For the Einstein Telescope, the loudest events are expected
to reach a very large SNR ~ 103, which requires waveform models
with an unfaithfulness 7 ~ 107> — 107°. This is way beyond the
capabilities of any current day state-of-the-art waveform model or
numerical relativity simulation which have a current unfaithfulness
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of F ~ 1073. There is also a diversity of intrinsic parameters of the
binary system (such as the spin of the two bodies, the eccentricity,
...) which is currently not modelled very accurately. In addition, for
black hole (BH) - neutron star (NS) mergers and NS-NS mergers, a
lot of modelling is required regarding dense matter at the core of
neutron stars, magnetic fields, neutrino radiation, non-ideal fluid
dynamics and so on. The current status of each method is as follows:

e NR: simulations exist since ~ 20 years. Seminal simulations that
made history are the ones of Shibata-Uryu * in 2000 of NS-NS
mergers and the ones of Pretorius * of BH-BH mergers in 2004.
Hundreds of high accuracy simulations are publicly available.
Several dozen of codes exist.

e PN/PM: The method has been developed since the birth of general
relativity but it became systematic since the ‘8oies with the work of
Blanchet, Damour and Will. In 2022, the 4PN gravitational phase
has been computed for binaries with spinning, but non-precessing,
bodies.

e Second order self-force inspiral waveforms for binaries without
spin, eccentricity or inclination have been formulated in 2019.

e EOB: This method was invented in 1998 by Damour and Buo-
nanno. Two competing models exist (TEOB & SEOB), incorporat-
ing many independent data from NR, PN/PM and SF theories.

As the reader can notice from the dates mentioned above. The de-
velopment of waveforms is a topic under active recent development.
In the following, we will review some of these methods based mainly
on the lecture notes of Blanchet 3, Maggiore’s book on Gravitational
Waves 4 and Deruelle and Uzan’s "Relativity in Modern Physics"
book 3.

2.1 The MPN/PM formalism

The acronym MPN/PM stands for Multipolar Post-Newtonian/Post
Minkowskian formalism. We will restrict our considerations to com-
pact binary coalescences. There are two relevant length scales: the
distance d between the two bodies and the typical gravitational wave-
length Agw. For compact binaries in the non-relativistic regime, we
have d < Agw. Indeed, let w; be the typical frequency of the motion
inside the source. The typical velocity of the source is v ~ wsd. The
frequency of the radiation will also be of the order of wgw ~ 2ws, as
we saw earlier. The reduced gravitational wavelength is therefore

c c c

~ — ~ —d. (2.2)
wegw @ wWs v

Acw =

* Masaru Shibata and Koji Uryt. Simula-
tion of merging binary neutron stars in
full general relativity. Physical Review D,
61(6), February 2000

* Frans Pretorius. Numerical relativity
using a generalized harmonic decompo-
sition. Classical and Quantum Gravity, 22
(2):425—451, January 2005

3 Luc Blanchet. Post-newtonian theory
for gravitational waves, 2024

4 Michele Maggiore. Gravitational Waves.
Vol. 1: Theory and Experiments. Oxford
University Press, 2007

5 Nathalie Deruelle and Jean-Philippe
Uzan. Relativity in Modern Physics. Ox-
ford Graduate Texts. Oxford University
Press, 8 2018
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For a non-relativistic system v < ¢, which proves d ~ Agw. This
separation of scales allows to use the method of matched asymptotic
expansions. One distinguishes two zones: the source zone r < Agw
and the exterior zone r > d. These zones have an overlap in the
matching region d < r < Agy that exists precisely because of the
separation of scales, see Figure 2.1. In the source zone, relativistic
effects are small, and a post-Newtonian (PN) expansion is valid.

In the exterior zone, there is no source, and a post-Minkowskian
(PM) approximation is valid. In the overlap region, both PN and PM
expansions are valid. A multipolar decomposition in terms of spher-
ical harmonics is performed to simplify the implementation of the
matching conditions. It is useful because the lowest harmonics are
dominant. The terminology for denoting the level of approximation
of the PN approximation is as follows. We denote terms

UZn
nPN = O <62”> , (2.3)

with OPN being the Newtonian limit. It turns out that the near-zone
(source) dynamics is conservative up to 2PN order. At 2.5PN order,
there is gravitational wave emission, which is implemented in the
near-zone as a radiation-reaction effect on the source.

Near-zone : Exterior zone (vacuum Einstein egs.)

Overlap region : Wave-zone
Radiation-zone

r~d rN/XCW

A

» PM expansion (solving 0OS = T')

A

PN expansion (solving AS = T)

Exterior PM expansion (r > d)
We introduce the "gothic" metric

o = /=gg" =", (2.4)

with "V = diag(—1,1,1,1). We fix de Donder gauge: d,g"" = 0.
Einstein’s equations can then be exactly written as

167G
Dg™ = ——T", (2.5)
where O = 77/70,0, and
4
c
w_— oy _C Awv 2 6
TH =8I + 1oz A" (9,99, 979), (2.6)

Figure 2.1: The two zones of the
PN/PM formalism, with the overlap
region indicated. The radiation zone
lies behind radii corresponding to the
typical gravitational wavelength.
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with T the stress-energy tensor and where A* = O(g?) includes
all non-linearities of Einstein’s equations. We solve these equations by
means of a post-Minkowskian expansion

QZ:(/t = Z G”h%, (2.7)
n=1

where G is the Newton constant and is used to label the PM orders.
We insert g into the vacuum Einstein equation:

1 wvo_ . uvo _
G - Dh(l) =0 ; a,,hm =0, (2.8)
2 v v . vo_
G* = Dhiy =Ny (hay) 5 iy =0, (2.9)
and so on, (2.10)
such that
Mo ARV
Dh(") - A(n)( @), (2.11)
Auhiy) = 0.

It is interesting to combine this formalism with a multipolar expan-
sion. This is the MPM formalism. The general monopolar solution

* R(t-L)+A(t+1)

h™OnO (X, t) = € , (2.12)

r

which solves . )
(—Cza% + 02 + ra,) prmone — ), (2.13)

It contains an advanced A and a retarded R solution. Since we are
interested in waves produced by a localized system, we will only
consider the retarded solutions. The monopolar linear solution is
therefore

nv Ryv(t - K)

— c

)= ——=. (2.14)

Dipolar solutions are obtained by acting with d;. We have

0= aimht‘f) = Daiht‘{'). (2.15)

Therefore Bih?lv ) is a solution to the wave equation. Moreover,

_ wvo Hv
0= aiayh(l) = ayaih(l). (2.16)
The solution aihf‘f) therefore obeys the harmonic gauge. Acting

with one derivative increases the spherical harmonic contain by one.
Hence, we found the dipolar solution

ipolar pv R;”/ t—1=
h((ilf))ol w_ 9; <(rC)> . (2.17)
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where we defined one function R; for each index i. The general
multipolar solution is obtained by applying an arbitrary amount
¢ € N of spatial derivatives :

e Z ar ( W(”)> (2.18)

where u =t —r/c. Here L = i1 i/ is a multi-index with £ spatial
. . _ A, R I

indices and d; = 9;,..;, = pw lz/ Without loss of generality
we can assume that Ry is symmetrlc since any antisymmetric term

would give an identically vanishing contribution.

We can now use the theory of representations of the SO(3) group.
There exists two invariant tensors under a SO(3) rotation: dij and €j.
We can use these invariant tensors to perform a decomposition of R}"
as a direct sum of irreducible representations under SO(3) using the
tensorial methods. For example, we decompose

Rij = Rl] + 6111,2 (2.19)

where R = 1Ry and Rij is traceless R;; = 0.

There are 10 independent functions RPLW(u) for each multi-index
L. We now impose the harmonic condition 9,4 ;/ = 0, which gives
four differential relations between the R;’s. We end up with six
independent functions, labelled as six types of multipole moments.
The most general solution of Dh?lv) =0= ayh% is

h’(lV) = kﬁ/) + 9" + avc,ﬂ(‘ 1 17”"8pq)(1) (2.20)

where k’(llv depends on two sets of STF (Symmetric Trace-Free) multi-
pole moments: I (u) the mass-moment of order £ and ] (u) the current-
moment of order . The other terms correspond to a linearized gauge
transformation. Moreover, q)}(ll depends on four sets of moments
(y =0,1,2,3): Wr(u), Xp(u), YL (1), Zr(u). The analogue for elec-
tromagnetism is Ej (u), B, (1), the electric and magnetic multipolar
moments of a source. Here, the explicit formulae are

o 1\,
Kty = _fzg_zo( 2) 9L <1IL(”)>’ (221
4 & (-1 1, ¢ 1
Ky = gg ( E!) [3L1 (rIiL—l(u)> 71 Ciab%aL—1 (rh;Ll(u)ﬂ ,
(2.22)

i 4 & (-1)! 1. 2/ 1
k(jl) =-3 ) 7 {aL—Z (rlijL—2<u)) + maaL—Z <r£ah(i]j)L—2>} ,

(2.23)

where I} (u) and J; (u), denoted as the source moments, are arbi-
trary functions of retarded time u except for the lowest / cases as a
consequence of Poincaré conservation laws:

Tensorial methods for SO(3) are sim-
ilar to tensorial methods for SU(3)
developed in the course PHYS-F485
Representations of groups and applica-
tion to physics.

¢Kip S. Thorne. Multipole expansions of
gravitational radiation. Rev. Mod. Phys.,
52:299-339, Apr 1980

We have used the multi-index notation
I =1

Loig

Dots mean derivative with respect to
u=t—1=I.
c
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M =1 = constant  Total mass Noether charge of 9;

X = % = constant Center-of-mass position Noether charge of boosts
P; = [; = constant  Linear momentum Noether charge of 9;

S; = J; = constant  Angular momentum Noether charge of rotations

Such conservation laws are here technically enforced due to the
harmonicity condition. In linear theory, these conservation laws
are exact. In the non-linear theory such conservation laws become
flux-balance laws which depend upon the emission of gravitational
waves.

Near-zone PN expansion of a 2-body system

We consider two bodies with position Z;(t), velocity ¥;(t) and spin
Si(t), where i = A, B. There could be higher multipolar moments. In
that case, one would need the Mathisson-Papapetrou-Dixon theory,
which goes beyond this class. This is the skeletonization of compact
bodies: we approximate their structure in an effective manner from
their lower order multipolar moments.

In Newtonian theory, gravity arises from a potential U(t, ¥) that
obeys Gauss’s law:

AU(t, X) = 4nGp(t, X), (2.24)

where p is the energy density. For two point particles, it is given by

p= ZmA5(3)(f—zA(t)). (2.25)
AB

Using A (1/|x]) = —4716©)(X), we have

U, x)=— Z _,G&. (2.26)

This field is singular at the locations of the particles. Two regulariza-
tion schemes exist: Hadamard and dimensional regularization. The
latter regularization is more powerful since it removes most of the
possible ambiguities. We are not going to explain these regularization
schemes here. Let us set G = 1 from now on in this section. After
regularization, one obtains

mp

U(t, ¥ =Za(t)) = A —Zs (2.27)

The action is then given by

8:/dt {;gmzqﬁi+w}, (2.28)

|Za — Z3|

49
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the first term being the kinetic part and the second the potential. The
2-body Newtonian Lagrangian is S = [ dt Ly. The Euler-Lagrange
equations are

i B|R»|3 ; it A|ﬁ‘3/ -29

where R = Z4 — Zp. In the center of mass frame, mZ4 + mpZg = 0.
We can reach it using translation. The remaining equation is

d2R R
ﬁ:_M@ ;. M =my+mp. (2.30)

We go to polar coordinates (R, ¢) where R = Ré. We have ég = ¢eg
and éy, = —¢eg, such that

—7 = (R—R¢?) & + (R +2R$) &. (2.31)

Comparing with the former equation, we have

M

R$ +2R¢$p = 0. (2.32)
The second equation gives R?¢ = L constant, which is the angular
momentum. Inserting in the first one and integrating yields

dR\? 2M 12
(dt) =2E+ R TR (2.33)

where the energy E is a second constant of motion. Using the chain

rule, we have d—R _ dRdg

dt — dg dt’

@2 (1 1 M (2:32)
i \R) "R~ ¥ 34

By playing with equations, one gets

The solution to this equation is given by the Kepler ellipses of semi-
latus rectum p and eccentricity e given by

_ 14
RO = T g =0 (233)

p = LZ/MI
e=+/1+2EL2/M?2.

where

Metric at 1PN order

We will aim to solve for the dynamics at 1PN order, which will allow
to introduce already many techniques. Let us first formulate an
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ansatz for the metric:

g =4+ 0 ((0/6)6) ,
g =48+ 0 ((v/c)°), (2.36)
gij = 6e 2 + O ((v/¢)*),

Here the Newtonian potential U is of order 2 in the v/c expansion
and g; is of order 3. The Newtonian order is such that the geodesic
motion of a body in the field of other body produces the Newtonian
equations of motion. Let us derive Einstein’s equations. We first
compute the inverse metric in the perturbative expansion, which is
straightforward. Second,we compute the Christoffel symbols. For
example,

1
I} = ng (0tgts + 0t8ot — 00 Qit)

1 1
= Egttatgtt + Eg” (20181 — 9igtt)

—_

5 (=e ) (=222MU) + 0(v°) (2.37)
=U+0), (2.38)

N

The computation of the other Christoffel symbols follows similarly.
We can then compute the Ricci tensor, and we obtain the two relevant

components:
R = AU +9; (3U + 40;8') + O(v°), (2.30)
. . o ‘ 2.39
R =2Ag" —20" (U +0;¢) + O(v°).
We now fix the gauge. Two popular gauges can be used:
e Harmonic gauge:
ODXF=0 < 9,(y/—g8"0.X") =0. (2.40)
In our case, this implies
U+9;g' =0. (2.41)
e Coulomb gauge:
AXF =0, (2.42)
which implies
3U + 49;¢' = 0. (2.43)

Let us focus on Coulomb gauge. Then, the Ricci tensor compo-
nents become
R“‘CoulA =AU+ O(US)/

. , (2.44)
Rl cou, = 2481 + O(5), "

Note that the harmonic gauge condition
is sometimes called de Donder gauge
condition, which is different from the
one seen in Eq. (1.29).
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where & = ¢/ — %af X, and Ax = U. We focus on the right-hand side of
the Einstein’s field equations, which corresponds to the stress-energy
tensor

2 4S8
TH = ——", (2.45)
V=808
with
Sm = — Z mA/dTA
AB
=-) mA/d4x W (xh —2h)\ /- Suv| 4 dzydzYy. (2.46)
AB
We obtain
v Z /d 5(4)( A /\) uiu]z/‘l ( )
= ma TA X" —Zy , 2.47
NN
here u, = At do, = 1, 4z h th
where 1) = ;7 vy and o} = (v}, v},) = g ) suc that
oh oY,
=Y mad® (X - Za(t) ——2A—. (2.48)
AF V8805747

Moreover, the denominator reads as
gga/svavﬁ =8 (gtt +2g40' + gijvivj>
=1-2U—2* 4+ O(v*). (2.49)

This yields

2
TH (t, X) ZmA(S (¥ — Z())vAvA(1+U+2>+O(v4),

(2.50)
where Ufg = (1, v%). Finally, Einstein’s equations can be recast as

Ryy =8m (TIW — %Tg;w> and we find

{R” =47 (T + T') + O(o*), (2.51)

RY = 8xT" + O(v®).

The final equations, up to lower PN corrections, are

AU + 04 (3U—|—481g) _4anA5 (X —Za(t)) <1+u+ 3031),

Ag - (U+8]g])f4n2m,q(5(3 (X —Z4(1))0)y.
AB

Solution in the Coulomb gauge (CG)
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In the Coulomb gauge, because the condition (2.43), the first equation
becomes

3

AlUcg =4m Y mpd®) (¥ —Z4(t)) <1 + Ucc + 20A> (2.53)
AB

We solve it iteratively, by injecting the OPN solution on the source

term, solving at 1PN the equation and so forth. At 0PN, we have

ma

©) (4 =
U t,x - - NI
A 10

(2.54)

After a regularization, using Hadamard or dimensional one, we
neglect the divergent terms and obtain

©0) /s = My
U t,Z t = TS N =S 2.
CG( A( )) |ZB(t)—ZA(t)| ( 55)
We deduce
@ _ 3) (v _ = 3 2 mg
AUCG = 471'1;377’1145( )(x —ZA(t)) (1 + EUA — |Z_,A(t)ZB(t)|> .
' (2.56)
We then obtain
_ 3.2 _ g
Uea = Ucg +Uc = = L =z, (1 T2 R —zB<t>|> |
(2:57)
The second equation is
‘ 1._.. ,
Ageg — 70'Ucg =47 ) mad®) (X — Z4(1))0),. (2.58)
A,B
Now, remember that § = 5 + %@X, where Ax = U. Then,
AE=4m )" 60/ (% —24(t))5a. (2.59)
A solution of this equation is given by
= mAﬁA
¢ =— — . (2.60)
a3 X —Za(t)|
We want to solve
Axcg =U= Z |x O (2.61)

at OPN because we will take a time derivative of x, which will in-
crease the PN order by one. We find, using A|F| = 2/|7|, that

XcG = —5 2 ma|X —Za(t)]. (2.62)
2%

53
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Then, this implies that

. 1 ma q S
Vicc=—35 L m—= Ta— (fia-Ta)iia), (2.63)
2 L e zyqp) 7 O T
where iy = ¥ — If:/iAl' Finally, the solution at 1PN is
- - 1 ma ~ S \m 5
cc(b,X) = —3 ) =77 (704 + (fia-Ta)iia) + O(07). (2.64)
g PPESADI )

Now that we have the field, we can find the 1PN two-body La-
grangian. At low PN orders, we can use the Fichtenholz trick. We
can find the Lagrangian of the body A in the field of the bodies A
and B. Then, we symmetrize:

Lag = (LA[gHV|A/B] + LB[gW]A/B}) : (2.65)

The Lagrangian of body A in the field of bodies A/B is

dz!, dz,
— A%2A
Ly= mA\/g;¢v|A/B TR (2.66)
such that its action is given by
SA:—mA/MA:/ﬁMA (2.67)
To develop this Lagrangian, we use the two-body metric that we
found
ds?> = —Udi? + 4g;dtdx’ 4 e 2Udx?, (2.68)
and we have
. 1/2
Ly=—mape¥ (1 —v5e U — 8g,»014e_2u)

3
2

2
v 1
= —my (1—2“‘+U—8vj§+

u? ,
3 U + - — 40" | + O(v°).
(2.69)

We now need to evaluate that Lagrangian precisely at the location
where ¥ = Z,4(t), where all fields admit divergences. After regulariza-
tion and in the Coulomb gauge, we find

mampg 1

1
CcG _ 1 2 1 4
Ly~ = m1+2mAvA+ R +8mAvA
mam . L
+ T2 [3(0% + 0B) =794 - T — (N - 54) (N - 5p)
mAm%

RZ + O(v°), (2.70)
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where 7, — Zg = RN and N - N = 1. Finally, we symmetrize to obtain
the Fichtenholz Lagrangian at 1PN, in the Coulomb gauge. We obtain

1 1 mam
L%g;:—(mA+mB)+fmAvi+meU%+ ATB
2 2 R
1 4 1 4
+§mAvA+gvaB
mam . - -, -,
+ ;RB [3(0344-2}%;)—7UA-ZJB—(N~UA)(N~UB)}
mamp(ma + mg) 6
— oR2 + O(v°),

where the first four terms correspond to the OPN order and the
following ones to the 1PN order. The resulting equations of motion
are the so-called Einstein-Infeld-Hoffimann or EIH equations derived in
1938. The derivation of these equations is left for the exercise sessions.
More generally, one can derive the 4PN Lagrangian that describes
the conservative part of the dynamics using the so-called Fokker
Lagrangian.

Let us construct the Fokker Lagrangian. We start with the action of
gravity plus the matter fields:

S[guv, Y] = Senlguv] + Sm(guv, ] +boundary terms + gauge fixing terms.

(2.72)
The 1p dependence encodes the two bodies, Sgy is the Einstein-
Hilbert action, the boundary terms do not change the dynamics and
the gauge fixing terms are included to remove part of diffeomor-
phism covariance. We will gauge fix to harmonic coordinates. It is
convenient to work with the first order Lagrangian such that

Senlg] +bnd. terms + g.f. terms
1 1
~ 167G / V=8 {gw (Fﬁprﬁ)\ - waFQA) - zgwl"yl"”} , (273)

where I't = ¢g"P l"ffp. The matter action is the Dixon action for each
body but taking only into account the mass of the body (the lowest
multipole: the monopole), we have

dx" dx
Sulgortl =~ Doma [ a1\ - sl BB
A,B .
The Fokker action is now defined as
SPl9] = Ser [, 9] + S (841 9] (2.75)

_ . . . sy : oS
where g, [¢] is a solution of Einstein’s equations FL"V‘ = 0 to the
desired PN order. In the case of point particles,

Selyl = [ dtLelza(t)28(8),04(1), 08(t),aa(t)an(t)),  @76)

Qualitatively, new features arise

at 2.5PN order. The conservative
Hamiltonian/Lagrangian equations of
motion need to be complemented with
the dissipative part of the dynamics:
the radiation-reaction of the bodies
due to the emission of gravitational
waves. The first description of the
dissipative effects is due to Infeld and
Plebonski in 1960. We will not consider
this formalism here.

Since Einstein’s equations are second
order in derivatives, a first order
Lagrangian has to exist. It is just not
generally covariant.
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where a; is the acceleration. We note that the transformation

Le = Le + Bz (), 28(8), 0a (5, 05 (1), a4 (1), an(t)]

T (2.77)

does not change the equations of motion. Moreover, we can change
coordinates as

)y =0z +z
Az AT (2.78)
zp = 0zp + zp,

which will modify the Lagrangian. As proven in 7 we can use these
two ambiguities to find a Fokker Lagrangian that does not depend
upon accelerations at least up to 4PN order. The equations of motion
are

0L dLp dJdLp _

react

dt avi‘ !

— = — , 2.
oz, o, (2.79)

with Fireact the radiation reaction force. At 2.5PN order, in harmonic
coordinates, it constitutes the dominant term:

G o 1340® 40l (4io®) _ o® 7
F | arm = i [5x]sz +24 (v]Qij ) — Qi dijrx | + O/,
(2.80)
where p is the density: p = Y4 pmad® (¥ — Z4(t)),
Qij=m Axi‘x{q + mein% is the quadrupole moment 8 and
AU = —4nGp,
TP (2.81)
Ax = 2U.

2.2 Effective One-Body methods

We know that the two-body problem in Newtonian theory can be
effectively described as a one-body problem. It turns out that the
same is true in General Relativity. The resulting dynamical descrip-
tion is called the effective one-body (EOB) method. However, because
of non-linearities, the dynamics is not known exactly but it can be
deduced perturbatively in different approximation schemes (PN/PM,
self-force, numerical relativity). We will now look at the effective
one-body method, in the PN validity regime 9. At low PN orders,

it is sufficient to find a Hamiltonian since all dynamics is conserva-
tive. We will derive the Hamiltonian at 1PN order. We will proceed
through the following steps:

(i) Write the Hamiltonian of the relative motion of the two-body
problem in polar coordinates. It will have the form

Hipn = H[Q, P, (2.82)

7 Laura Bernard, Luc Blanchet, Alejan-
dro Bohé, Guillaume Faye, and Sylvain
Marsat. Fokker action of nonspinning
compact binaries at the fourth post-
newtonian approximation. Physical
Review D, 93(8), April 2016

8S. Chandrasekhar and F. Paul Esposito.
The 2Y2-post-newtonian equations of
hydrodynamics and radiation reaction
in general relativity. 160:153, 1970

9 A. Buonanno and T. Damour. Ef-
fective one-body approach to general
relativistic two-body dynamics. Phys-
ical Review D, 59(8), March 1999; and
Nathalie Deruelle and Jean-Philippe
Uzan. Relativity in Modern Physics. Ox-
ford Graduate Texts. Oxford University
Press, 8 2018
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with Q = (R, @) are the relative positions and P = (Pg, Pgp) are
the conjugate relative momenta. The relative position will be
parametrized in the plane of motion ¥; — ¥; = (Rcos ®, Rsin ®).
The radial and polar momenta are related to the Cartesian
components of the momenta as

PR = (ﬁz _ﬁl) I_j ; Pq:. = Rl(ﬁz _ﬁl) X ﬁ|, (283)
%

with #; = R-

(ii) Write the Hamiltonian of a test particle of mass equal to the
reduced mass p = mimy /M, where M = my + my is the total
mass, in a Schwarzschild-like geometry of mass M:

Helq, pl, (2.84)

where g = (r,¢) and p = (pr, py) are the dynamic variables
of the planar motion in the Schwarzschild-like geometry: the
positions of the test particle and their conjugate momenta.

(iii) Introduce a generating function F(gq, Q) such that
dF = PrdR + Pod® — (prdr + pepde) . (2.85)
It defines a canonical transformation from (g, P) to (Q, p).

(iv) Fix F(g, Q) in order to find a functional relation between
Hipn[Q, P] and Hgoglg, p], when rewritten with the same vari-
ables (Q, p).

We shall now follow this program step by step.

(i) Hamiltonian of the relative motion

The 1PN Lagrangian is (we are setting ¢ = 1)

1 0 1 0 mm 1 N2 1 /o2
Lipny = — (mq +mp) + Emlvlz + Emzvzz + R + gml (012) + §m2 (022)
MMy [0 ov o o (o o\ (xo\] L Mama(my + mp)
TR {3( i +03) =70 D2 (N vl) (N 2)} 2R2 '
(2.86)

where ¥, — ¥} = RN and N = (cos ®,sin ®). We could go to the
center-of-mass frame where m;7; + my%, = 0, but it is not necessary
yet. We just switch to the Hamiltonian formulation

oL ) o

P = al_,PN = m01 + %ml(vlz)vl +...

. aLf;N o (2.87)
b, = =m102+§ﬂ12( 2)02+...

90y
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At 1PN order, we can invert the relation such that

R ﬁﬁ +0(v°/c°) (2.88)
Yo 2md ! ‘ ‘

The 1PN Hamiltonian is thus

Hipny = Y_P;-3; — Lipn, (2.89)

1,2

where all 7; are replaced by P;. We get

P2 P?  mm, P} P}
H =mi+m +71+72_7_71_72
1PN =1 27 om T 2my R 8m3  8m3
_Imnp 3 1;12 &Z _7131'132_(N'131)(N‘ﬁ2)
2R m3  m3 mymy My
myma(my + my)
- 2RZ (2.90)
Introducing again M = my +my, p = 712 v = 7, going to the

=

center-of-mass frame, where P —1_52 = P, and introducing the

=

, R = & the Hamiltonian becomes

dimensionless quantities P= g i
Hpn—M P2 1 1-3vg,, P2 v ooz 1
H 2 R 8 ( )ZR 2R ( ) 2R?
(2.91)
We switch to polar coordinates and we have
R= (Rcos®, Rsin®) ; p= (Nﬁ,|ﬁx1§|) (2.92)

Then, we find the conjugated momenta corresponding to R and :

ZSR:N]-I§ ; Py = |Nx1§\ﬁ, (2.93)
such that

A2 N 15% — = N

P=B+g (N : P) — Py (2.94)

Therefore, by injecting those results in the expression of Hipy, we
finally obtain

Hipn[Q P)-M P2 1 1-3v, P2 v, 1
SN TP L P~ (B4v)— — —Pr+ —,
p 2 R 8 B+vig ~ 2R T 2
(2.95)

in the set of coordinates [Q, P] = [R, ®, P, Po].

(ii) Hamiltonian of a test particle

We now consider a test particle in a static and spherically symmetric
metric. The most general such metric can be written as

In more generality we could consider
for the higher PN order a stationary
and axisymmetric metric instead of a
static and spherically symmetric metric.
In that case, any Ricci-flat metric can
be written in coordinates such that it
contains only one non-diagonal term,
thus, four arbitrary functions after
fixing the radius such that ggp = r?:

Stt, 800, §rr and G-
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ds® = —A(r)dt* + B(r)dr* + r*d¢?, (2.96)

on the § = /2 plane. The action for a test particle of mass y at
coordinates (7, ¢) is

S= [atLe, (297)
where the Lagrangian is
L, = —y\/A(r) — B(r)i? — r2¢2. (2.98)
The conjugate momenta are
pr= % PPy = %I:lf, (2:99)

and the Hamiltonian is given by
H, = pi# + ppdp — Le. (2.100)

We introduce the dimensionless quantities

5 r . .
=y 0 Pr= % and pyp = ;%CI (2.101)
)
We have that p? = p2 + %. After performing some algebra, we find
the Hamiltonian
H 52 Py
;_\JA<1+pBr+};(ZP>' (2.102)
At 1PN order, we consider v?/c? ~ 1/# corrections to the PN poten-

tial and

A =1+2+2,
by r (2.103)

We callg = (r,¢) and p = (pr, pp). Finally, after some algebra, we

obtain
He[p,q) . _(P* a\ p*, P> P} e2—aj/4 6, 6
T Gty g tmgp thig T O,
(2.104)

The EOB Hamiltonian will be a functional of H,, as we will see
below.

(iii) Generating function

We are now ready to map the 1PN Hamiltonian to the Hamiltonian
describing the motion of a test particle in a stationary spherically
symmetric metric. We define the canonical transformation F(g; Q)
such that

dF = PRAR + Ppd® — (prdr + pede) . (2.105)
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Here g corresponds to the effective one-body coordinates and Q to
the two-body coordinates. Instead of F(g; Q), in order to obtain the
simple equation (2.109) below, we can define G(Q; p) as

G(Q;p) = F(g; Q) + (prr + popp) — (prR + pp®) , (2.106)
such that

dG = (PR — pr)dRJr (Pq> *]ﬂq;) dd + (T’*R) dpy+ (4)*@) dp¢

(2.107)
Given that G(Q; p) = G(R, ®; pr, py), we obviously have
oG oG oG oG
Comparing Egs. (2.107) and (2.108), we obtain
oG oG JG oG
T’fR‘Faﬁpr ’ (P*(I)‘f'% , PR*Pr‘f‘ﬁ , P@*P(pﬁ-ﬁ-
(2.109)

We need to investigate whether such a canonical transformation
G(Q; p) exists, which is built from dimensionless quantities up to an
overall scaling ~ uM that are at most 1PN. We consider the following
ansatz:

52
G(Qp)  4a o, P .
(VQM”) = Rp, (al (pf + R‘Z) +Pap; + E) : (2.110)

where p, = %,ﬁq; = %,7’ =

following relations:

4 and R = R The ansatz gives the

52
5 R . o P
Pr = p, (1 + (201 + B1) P2 — (p% + I{i)) , (2.111)
Py = Py, (2.112)
¢ =D+ 20 Pr}{%pl (2.113)
ﬁZ
?=R (l +aq <ﬁ% + I{g) + (21 +3B1) P2 + rg) . (2.114)

In order to compare both Hamiltonian that we have derived, we need
to rewrite them in terms of the same variables. Recall that we have
obtained

_ 2 TV
HH’N[QF;P]M _ <1; _ hﬁ’) + 1y PA 4 1 P2P2 + P

p? P2
+h4§ —|—h5TR + 6

2 TR (2.115)
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where the coefficients h; are given by

hn=1 ; h1=—1_83v ; hh=0=h3 ;
3+v v 1
hy = — > ; hs = 5 he = 5 (2.116)

In different theories of gravity, these coefficients will take a different
value. Thus, one can design tests of General Relativity by observa-
tionally measuring these coefficients, e.g. in solar system tests. We
will keep them arbitrary to show that the EOB formalism works for
more general theories.

We will convert Hipn[Q, P] to Hipn[Q, pl, using P[Q, p]. This is an
exercise of substitution, and neglecting terms beyond 1PN, we obtain

J— A2 D
Hien[Qp] =M _ <7’ hg) + P+ (hy — ) pEP?

U 2
P2
+ (3 + 201 + B) i+ ha +h5’”r + 2L,
(2.117)
2
with P = A—‘b Regarding the one-body Hamiltonian, we found
+ 72+ Reg g y
Helq,p] _ prom\ pt P2 pr ap—al/4
]/l =1 + 2 + 2% 8 +ﬂ1 4?2 % + 2?2 . (2.118)

We will convert He[q, p] to He[Q, p] using q[Q, p]. This is again an
exercise of substituting and neglecting terms beyond 1PN. We obtain

HlQpl ., _(P? 1T\ 54 52752
T 1= 2 +2R 061+§ P (061+3ﬁ1)P/P

~

a1 611) 752
R

+(2“1+51)ﬁ%+(—71—T+Z
a b\ p?
+ (71—21(2061 +3l31)—21> %

2
a a a 1
+ (—m + 2 1) - (2.119)

(iv) Functional relation between Hipn and Hgop

We are now ready to map the Hamiltonians. There is a subtlety

in mapping Hamiltonians: the time can be redefined, but it has to
preserve the canonical form dt A dH such that dt AdH = dt' NdH'.
This relationship is the analogous of the canonical symplectic form

dgANdp =dq' Ndp'. Here, we perform an energy-dependent canonical In quantum mechanics, both canonical
rescaling of time: forms dt A dH and dq A dp lead after
dH quantization to Heisenberg uncertainty
dtipn = dte ¢ (2.120) relations.

dHipn'
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This amounts to impose a functional relation

He = frop(Hipn) < Hipn = frop(He). (2.121)

The functional turns out to be given by
He —-1= Hin =M [1—|—V <H1PN_M>} (2.122)
U 2
at all PN orders. The Fichtenholz Hamiltonian Hipy is the real
energy of the system, while H, is the effective energy. We can invert
the relationship to

E
E2 | = m? 4+ m3 4+ 2mymy ;ff. (2.123)

real —

This relation is quite fantastic and mysterious. It is independently
realized in several systems such as in QED and in scattering, and has
therefore some universality. Here, following the notations introduced
above, we can also write this relationship as

Hgop = M\/l +2v (;Ie — 1). (2.124)

We can then expand the EOB Hamiltonian as
Hgop = Hipn + subleading

which is resummed thanks to the exact expression (2.124). At 1PN
order, we can directly compare Hjpy to the 1PN expansion of the
right-hand side of (2.124). At Newtonian order, no constraints arise.
At 1PN order, the existence of an EOB Hamiltonian requires the
condition

2hy +3h3 =0, (2.125)

which is obeyed by Einstein gravity. There is exactly one constraint at
1PN order because there are exactly 7 coefficients hy, k1, ..., hg for the
two-body Hamiltonian H;pn which are needed to be mapped using
3 parameters a1, B1 and 1 in the canonical transformation G(Q, P)
to the one-body Hamiltonian that depends upon 3 coefficients a1, a,
and b; hidden in the functions A(r) and B(r). We therefore expect

7 —3 — 3 = 1 constraints on the 1PN dynamics. At higher orders,
new conditions and new coefficients arise. At 2PN, the counting is
17 — 5 — 9 = 3 constraints on the 17 h coefficients. Such constraints
are obeyed by General Relativity, but also by scalar-tensor theories,
which are modifications of General Relativity. As an exercise, we
could use (2.122) to map the coefficients of the two systems. We find
for each term:
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1/R: a;=-2 pr: h3=0;

P oy =—v/2; P2/R: v =1+v/2;
PP =0, RIR: b=2
1/R*: a,=0.

The effective one-body metric is therefore
ds® = — A(r)dt? + B(r)dr* 4 r*d¢?, (2.126)

where the functions are given by

bl” r oM r (2.127)

This is exactly the 1PN expansion of a Schwarzschild metric of

total mass M. At 2PN order, the effective metric already starts to
differ from the Schwarzschild metric. The motion is described by a
geodesic in that effective metric. At 2.5PN order, radiation-reaction
sets in, and the motion is no longer geodesic. At 4PN, the equations
of motion are no longer instantaneous in time. Since gravity is non-
linear, the gravitational waves sent at 2.5PN order start to backreact
at 1.5PN further order back to the system. This can be illustrated by
the Feynman diagram Fig. 2.2.

Figure 2.2: Feynmann diagram

dynamics at ¢ 15PN

depends upon 25PN
the entire past

source

2.3 Gravitational self-force

Gravitational self-force (GSF) is applicable to binaries with small
mass ratios: ¢ = my/my < 1. The binary’s spacetime metric is
expanded in powers of the mass ratio as

Sup = Sop +enl + e+ (2.128)
where gi%) describes the spacetime of the primary object, typically a

Kerr black hole, but it could also be the exterior metric of a neutron

63
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star (with different multipole moments than the black hole). The
corrections hl(;;), n = 1,2,... are perturbations created by the pres-
ence of the secondary object, which could be again a black hole or
another compact object. These perturbations cause a self-force on the
secondary, which accelerates it away from geodesic motion. We have

u*Vaut = f"[h(l),h(z),...;gi%),u I, (2.129)

where f# is the self-force and is dependent on the background metric.

Given that the velocity is normalized, u*u, = —1, the self-force is
orthogonal to the velocity: u" f, = 0*. In self-force theory, one splits
the metric perturbation

hap = Z s”hgg (2.130)
n=1
into a regular piece and a so-called puncture piece:
hop = hfﬁ + hfﬁ, (2.131)
where hllfﬁ is regular at r = 0 and hgﬁ ~ B4 %ﬁ(etp) is the
puncture piece, Yy ,,(60, ¢) a spherical harmonic and ¢ the multipole

moment expansion. The self-force acting on the secondary, per unit
mass of the secondary, is given by *°

1
fr = =3P ((55 _pRe ) (2V§°)h§p - Vﬁo)hfﬁ) uuf + 0(%), (2.132)

where P¥ = ¢MV +utu" is the orthogonal projector to u#: P*u, = 0.
The self-force at third order is unknown. Fortunately, it is not re-
quired at this time for third generation detectors. The emitted wave-
form is contained in the perturbations hi’;), n=1,2,... Calculations
involving the n'" perturbation are referred to as nSF.

The metric obeys Einstein’s equations expanded in perturbation
theory. The left-hand side of Einstein’s equations is

1
Gu (85 + hap| = =5 Evlhag) + 0% G I, ] + 8 Gpu [ b, ] + O(eY),

(2.133)

where Eyy[hyp| = V‘E‘O)V,&O)EW + ZR(O)’X}ﬁVEx/S is the linearized Einstein

tensor and E,xﬁ = hyp — % g’(ov)hw gioﬁ) is the trace-reversed metric
perturbation that obeys 9%, g = 0 (called the harmonic/de Donder
gauge). The explicit expressions for 6°G,,, and 6°G,, are given in the
xAct package xPert'.

The right-hand side is given by the point-particle stress-energy
tensor

8 (x — (1))

y/—Det g

+0(e), (2.134)

Ty = mz/d‘[ Uy iy

* This is simply proven from
UV (utuy) = 0and utV, (uhuy,) =
uy utVout = uy fr.

* Adam Pound. Second-order gravita-
tional self-force. Phys. Rev. Lett., 109:
051101, 2012

"http://www.xact.es/xPert/
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where z#(7) is the position of the secondary body. The second-order

)

worldline ™. Waveforms have been so far generated for inspirals

terms O(e?) are linear in hﬁ,ﬁl multiplying delta functions over the
at 25F order for a subset of the relevant parameter space. Bound
geodesics around a Kerr black hole are triperiodic, undergoing
radial, polar and azimuthal motion with frequencies (), (3 and

Qp, where the values can be found in the BlackHolePerturbation
Toolkit'3. Over the long inspiral, the frequencies slowly evolve due to
dissipation (emission of gravitational waves), while the orbital phases
Ya = (Pr, Py, 1Pp) evolve quickly. Therefore, the perturbation can be
solved using a multiscale expansion

n nkA A an i
Gy = X mgAane v, (2.135)
kAcz3

Here, k” are Fourier labels, | A the set of phase space variables: the
three frequencies (), 4 4, as well as the change of mass and spin of the
central black hole over the mass ratio 6M, §], such that

M=MY +esM ; ] = ](0) +€d], (2.136)

and x” = (r,6,¢). All time dependence is contained in J4 and 4.
The fast orbital phases evolve on the timescale

Ya ~m, (2.137)
while the slow phase space variables evolve on the timescale
]A ~ My ~ ~ (2.138)

The evolution of the system takes the form

dy A (TA A (1A

7(s,t):Q(O)(] ) +eQf, (% ¢8) + .. 1300
T ) ) .
%(ert):eFI%O)(]Ale)+82P1(41)(]A11PB)+""

where each first term corresponds to the adiabatic or 0PA order, and
each second term to the post-adiabatic or 1PA order. The frequencies
QE%) (J4) are the fundamental geodesic frequencies. The explicit 5

dependency of Fﬁ{l) and an ) can be removed with an appropriate
field redefinition of the variables y* and ] ; called a near-identity
transformation (NIT). Note that ¢ contains the variable ¢, but ¢
cannot appear on the right-hand side of the equations of motion
because the metric is ¢-independent, due to the axisymmetry of Kerr.
Physically, %‘fjg; represents the precession of the periaxis, while

dipy/dt . . .
% is the precession of the orbital angular momentum.

> Samuel D. Upton and Adam Pound.
Second-order gravitational self-force in
a highly regular gauge. Physical Review
D, 103(12), June 2021

B https://bhptoolkit.org/
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The system (2.139) needs to be solved simultaneously with Ein-
stein’s equations. The forcing terms of the motion depend upon
the metric perturbation, and Einstein’s tensor is sourced by the
stress-energy tensor of the secondary. Because the time dependence
is entirely encoded in (¥4, ] 4, Sx), one can substitute in Einstein’s
equations

dpt 9 dJ; o
Otfixed r = %81;7 d? 1% (2.140)

The trace-reversed metric perturbation ng;;) are typically expanded
in a basis of tensorial harmonics Y;%m(r, 0,¢) wherei = 1,...,10
labels the basis, and ¢m labels the spherical harmonic decomposi-
tion. Current numerical codes include modes up to ¢ = 30, which
achieves nearly machine precision. Therefore, the trace-reversed
metric perturbation is decomposed as

hu(et,x) =Y € Y RE,, (Ja(et),r) eikAl/’A(s't)Yfﬁ,m(r, 0,0).

n>1 ilm
khez?
(2.141)
Einstein’s equations amount to solve for the functions RY, (J4,7).

The multiscale structure of the equations allows to solve them in
two steps, the so-called offline and online steps, which is numerically
efficient for waveform generation.

In the offline step, Rl}, (] 4,7) are computed for a grid of phase
space parameters | ;. This allows to compute the right-hand side of
the equations of motion Q{‘n ) (]A) and Fﬁin) (J A). All the generated
data is stored.

In the online step, the equations of motion are solved (2.139) and
the metric perturbation is evaluated as a time evolution, which
produces the waveform. This step only amount to solve ordinary
differential equations and is therefore fast to evaluate. This algorithm
has been implemented in the Fast EMRI Waveforms package (FEW
package) at OPA (adiabatic) order, and privately at 1PA order.

The phases obey the equation

% = (]A(et)> .., (2.142)
or equivalently
j(lf’:) - %QE%) (FAen) +... (2.143)
with solution
YA = <y (et) + pihy () + OG), (2144)

with O(e) < 1 for ¢ < 1. In the case of extreme mass ratio inspirals
(EMRISs) to be detected by LISA, the waveform needs to be accurate
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over ~ 1 radian over the entire inspiral. Therefore, 1PA order, i.e.
solving for l/JE%) (et) and l/Jé) (et) provide accurate enough waveforms
for future data analysis with LISA.

Caveat 1

The integer power e ansatz used to derive this multiscale expan-
sion is only valid as long as kA4 # 0. In the latter case, there is
a resonance and the consistent evolution is in half-integer powers of
¢. In that case, one needs the oPA, 0.5PA and 1PA contributions. Es-
sentially all LISA-type EMRIs pass through at least one dynamically
significant resonance.

Caveat 2

The inspiral timescale expansion breaks down as the secondary
object approaches in phase space the separatrix between bound
and plunging orbits. In the case of a quasi-circular orbit around
Schwarzschild, the separatrix is the innermost stable circular orbit
(ISCO), at radius rigco = 6M beyond which no stable circular or-
bit exists. In the approach to the separatrix, one starts a different
transition-to-plunge regime with typical evolution timescale ¢'/5¢, as
found by Ori-Thorne 4 and Buonanno-Damour *>. This regime is
also a specialty of Brussels. The waveforms are then generated using
an asymptotically matched expansion scheme. The waveforms for a
quasi-circular inspiral, transition-to-plunge and merger look like Fig.
2.3.

Caveat 3

Right after the leading effects due to masses of the bodies, the
spin effects are important. The primary spin effects are included by
considering a Kerr black hole background. The secondary spin effects
are included by considering the stress-energy tensor of spinning
particle. The theory of a relativistic spinning particle is called the
Mathisson-Papapetrou theory. Including higher multipole moments
is possible, which is described by Dixon’s theory formulated in the
1970’s. In the Mathisson-Papapetrou-Dixon (MPD) theory, the particle
motion is described by the position z#(t), the velocity v = dz#/dT,
the momentum p#(7) which is not necessarily aligned with the
velocity and the spin tensor S* (7). It is necessary to fix the origin
inside the body which leads to an algebraic condition. The most
common choice is the so-called Tulczyjew condition S*'p, = 0. This
allows to define the spin vector

1
Sp = ﬂgﬁyvasyvpa/ (2.145)
where y = |/—pyup#. The spin length or magnitude is
52 = 1s,,5m = 5t 6
= 5ow = e (2.146)

* Amos Ori and Kip S. Thorne. The
Transition from inspiral to plunge for a
compact body in a circular equatorial
orbit around a massive, spinning black
hole. Phys. Rev. D, 62:124022, 2000

5 Alessandra Buonanno and Thibault
Damour. Transition from inspiral to
plunge in binary black hole coales-
cences. Phys. Rev. D, 62:064015, 2000

q=10

Figure 2.3: Waveforms of quasi-circular
inspiral and coalescence for a mass
ratio g = 10. Self-force models (solid
lines) are compared to a SXS numerical
simulation (dashed lines). From L.
Kiichler, G. Compere, L. Durkan and A.
Pound. SciPost Selections Physics, 2024.
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Then, the MPD equations, which are the equations of motion, are

given by
Depl = 3SR 0+ B (2.147)
e S = 290" + Nigrquer

where Fg) e and Nt;g;que depend upon the higher multipole moments

or the self-force effects. The condition $#p, = 0 leads to

2 (sp) = 0.

Dt (2.148)

Using the equations of motion, this leads to an algeabraic constraint
that allows to solve for v* in terms of p*:

#_pl 1 SHYpOR . G4B 4 (g3
vt = t 53 P Rypap +O(S”). (2.149)
B2
In the absence of sources, Ff}é e = Oand Nfg;que = 0, the spin

magnitude S and the mass u are conserved along the motion.
Let us now discuss how to solve the motion of a secondary body
around a primary body. Given the coupling between the two bodies,
it also involves solving Einstein’s equations. At adiabatic order,
the inspiral evolution is driven by the fluxes of energy, angular
momentum and Carter’s constant, which are equivalent to the fluxes
of the fundamental frequencies (), Oy and ()p. The Kerr black hole
admits a non-trivial Killing tensor K, and its associated conserved
quantity K = Ky, v"0" along the geodesic motion. We can check that
D DKyy Dot

K= ——v"" 4+ 2K, —0" =0,

Dt Dt Dt (2.151)

. . DK
because D.ﬁ”: = 0 by the geodesic equation and v* 5 = v#0v*V, Ky, =

v'o*V (K, = 0 after symmetrization over ay and by definition of

a Killing tensor. The existence of the four conserved quantities: 5,
E = —(0:)"guv", ] = (9¢)Fguwv" and K makes the geodesic motion
integrable: the Poisson bracket between the conserved quantities is
zero. At adiabatic order, we can therefore only limit ourselves to com-
pute the fluxes of E, ] and Q to drive the inspiral. In particular, we
do not need all metric perturbations. It turns out that one can built
from the metric perturbation around Kerr a complex scalar called d1p,
which encodes all the information on gravitational wave propagation
and which moreover allows to separate the polar and radial motions.
It was found by Saul Teukolsky in 1973 while he was accomplishing
his PhD under the supervision of Kip Thorne.

A Killing tensor K, is a symmetric
tensor which obeys V(,K,), = 0. The
Carter constant K is a fourth conserved
geodesic quantity which makes the
geodesic motion around Kerr integrable
in the sense of Liouville. It is built as

K = K;,,v'v", (2.150)

where Ky, is a Killing tensor and v/
the velocity. A trivial Killing tensor can
be written as a sum of terms that are
the direct product of 2 Killing vectors:
Ky = CE;) gfj). A non-trivial Killing
tensor cannot be written in that form.
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