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Bindi et al. Science (2009)

Experiments with photonic, phononic quasicrystals, optical elements,....

Wide range of applications (mechanical properties, optical gratings, ...)

Rich physical/mathematical properties : fractal structure, topological features, ...
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Fibonacci chain

Why the Fibonacci sequence ?
basic example of 1D quasicrystal

Fibonacci numbers are defined by :

F,=F, 1+ F, o (with Fp =1, F}, =1)

Finite length Fibonacci sequence is defined by :

S, =5,-15,,_9 (With So=DB, 5 = A)

Example :
S = ABAABABAABAABABAABABA 21 letters
Golden mean :
| F, 14+v5
hmn_>oo Fn_l = 2 =T ~ 1 618



Cut and project

Starting point : square 2D lattice
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Cut

Cut and project
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Project

Cut and project
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Cut and project

Project

For any rational slope a 1D periodic structure is created
For an irrational slope, one gets a quasi-periodic structure
Fibonacci sequence is obtained by choosing a slope of 1 /T
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Initial lattice

Diffraction pattern

Real space

Reciprocal space
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Diffraction pattern

Reciprocal space
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Reciprocal space
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Diffraction pattern

Real space

v

Initial lattice
Cut
Project




Diffraction pattern

Deduce the diffraction pattern :

Peak positions given by two integers :

q
ke(p,q) o< p+ .

Peaks amplitude given by their
distance from the cutting line
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Diffraction pattern
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T = Irlet?

t = |t|e*'|9t

Link with scattering physics
(Levy et al. arxiv 1509.04028)

Density of states shows a series of gaps
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Link with scattering physics
(Levy et al. arxiv 1509.04028)

ey [ [ 2l Density of states shows a series of gaps
_.?
T = |rlet 10
E o5t
0.0}, | 1 \ J
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Gap Labelling Theorem gelissard (1982)

IDOS(k;(gap)) =p + %

q
k:};(gap) =P+ ;
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Link with scattering physics
(Levy et al. arxiv 1509.04028)

ey [ [ 2l Density of states shows a series of gaps
_?
T = |rlet 10
E o5t
0.0}, | 1 \ J
0.0 0.2 0.4 0.6 0.8

Gap Labelling Theorem gelissard (1982)

IDOS(k;(gap)) =p + g

q
k:};(gap) =P+ ;

g is a Chern number

Gaps open at the position of the diffraction peaks .
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Phason degree of freedom
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Phason degree of freedom

We consider finite-size chains of length F,

Offset of the cut can be tuned

We associate a phase ® with this translation with ¢ & [0, 27T]

Scanning @ generates F,, new chains
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Phason degree of freedom

Scanning ¢ generates F,, new chains

One change at a time : BAABAB+<— BABAAB

The generated chains are different segments of the infinite chain

Example:  ABAABABAABAABABAABABA.....

12;—'” ABAABABA Initial Fibonacci chain  F,, = & Fon_1 =5
b =1x %—T ABAABAAB
7= AABABAAB
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Phason degree of freedom

Scanning ¢ generates F,, new chains

One change at a time : BAABAB+<— BABAAB

The generated chains are different segments of the infinite chain

Example: ABAABABAABAABABAABABA.....

#* ABAABABA Initial Fibonacci chain [, = 8 Fo_1=5
¢ =1x 2 ABAABAAB
7= AABABAAB
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Phason degree of freedom

Scanning ¢ generates F,, new chains

One change at a time : BAABAB+<— BABAAB

The generated chains are different segments of the infinite chain

Example: ABAABABAABAABABAABABA.....
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Phason degree of freedom

Scanning ¢ generates F,, new chains

One change at a time : BAABAB+<— BABAAB

The generated chains are different segments of the infinite chain

Example: ABAABABAABAABABAABABA.....

123—'” ABAABABA Initial Fibonacci chain  F,, = & Fon_1 =5
b =1x %—T ABAABAAB
# AABABAAB
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Phason degree of freedom

Scanning ¢ generates F,, new chains

One change at a time : BAABAB+<— BABAAB

The generated chains are different segments of the infinite chain

Example: ABAABABAABAABABAABABA.....
Spatial shift is :

AX ={(-1)"F,_1 + MF,} x 2=

= ABAABABA
¢ =1x 2= ABAABAAB
# AABABAAB Mc7
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Phason degree of freedom

Scanning  generates F,, new chains which can be found on the
Infinite chain by a shift :

AX = {(-1)"F,_1 + MF,} x &=

A spatial shift in real space corresponds to a phase shift in reciprocal
space. Effect of the phason will appear in the phase of the diffracted
field.

30



Phason degree of freedom

Scanning ® generates F,, new chains which can be found on the
Infinite chain by a shift :

AX = {(-1)"F,_1 + MF,} x &=

A spatial shift in real space corresponds to a phase shift in reciprocal
space. Effect of the phason will appear in the phase of the diffracted

field.
Fn 1

T

For a diffraction peak at k. (p,q) X p + g

We can show that k., (p,q) AX = —q® |27

Chern numbers are encoded in the phase of diffracted field.
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Link with 2D Harper model

We can find a characteristic function to define the Fibonacci sequence :

Sn = [xX1X2.--XF,] with x,, = sign (COS(Q’FTTTL’T_l + @) — COS(?TT_l))
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Link with 2D Harper model

We can find a characteristic function to define the Fibonacci sequence :
Sn = [xX1X2.--XF,] with x,, = sign (COS(Q?TmT_l + ¢) — cos(mr 1))

Aubry-André model and Fibonacci sequence for 1D tight-biding hamiltonians with
modulated hopping terms can be described as two limits of a generalized
characteristic function :

tanh|S(cos(2mbn + ¢) — cos b))

tanh Kraus et al. (2012)

Fibonacci : b = 71 et B — oC

33



Link with 2D Harper model

We can find a characteristic function to define the Fibonacci sequence :
Sn = [xX1X2.--XF,] with x,, = sign (COS(Q’FTTTZT_] + ¢) — cos(mr 1))

Aubry-André model and Fibonacci sequence for 1D tight-biding hamiltonians with
modulated hopping terms can be described as two limits of a generalized
characteristic function :

tanh|S(cos(2mbn + ¢) — cos b))

tanh Kraus et al. (2012)

Fibonacci : b = 71 et B — oC
Both models can be obtained from a 2D ancestor Harper Hamiltonian :

Withaflux o = 7'_1 and ]fy =
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Photonics experiment

Phason is scanned by changing longitudinally
the coupling between guides.

Kraus et al. PRL 109 106402 (2012)
Kraus et al. PRL 109 116404 (2012)
Verbin et al. PRB 91 064201 (2015)

Position
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0 k. P,

Edge states propagation
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Experimental results

Outline
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Laser @ 532 nm DMD

CCD camera

Optical setup

|

Y

Digital Micromirror Device (DMD)

— mirror (“pixel”) size a ~ 14 um
— 1024 « 768 pixels

Fibonacci encoding: A |}

|
DMD front view
outside outside
(OFF) Fibonacci chain (OFF)
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Diffraction by a single Fibonacci chain
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q=-3 Q=2 g=-1 g=4g=-4 g=1

L O @@ 00 @
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K, (2m/a)

Diffraction peaks at /fx (p, q) =p -+ g
.
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Scanning the phason (1)

DMD Pattern

v/a

+—>
89 letters




DMD Pattern

v/a

+—>
89 letters

Scanning the phason (1)

Diffraction pattern

2.0
1.5 F
~ 1.0}
0.5 F
0.0

0.1

0.2

0.3

04 05 06 07 08 09

k.(2m/a)

No effect from the scan of the phason |
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Scanning the phason (2)

DMD Pattern

89 letters




Scanning the phason (2)

DMD Pattern Diffraction pattern
. 0 1
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I
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o ‘l ]
0.5 | m
OO | & ] ] | L

0.1 0.2 0.3 04 0.5 0.6

q=2 g=-1g=4 ¢=1
k.(2m/a)

89 letters

Peaks are crossed by holes

Slope of the crossing gives the Chern number ¢



Scanning the phason (2)

DMD Pattern Diffraction pattern
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Discussion

A(ky, @) = Ag(ky)e—i9®
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Discussion
A(ky, @) = Ag(ky)e 1?®

Multiple of 2m

I =|Ag(ky)|? |e "® + e_”":qq’e_Q

=4[ Ao (k)|
No dependance on ®
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Discussion

A(ky, @) = Ag(ky)e "®

Multiple of 2m

I =|Ag(ky)|? e 1% + e_”":qq’e_Q

= 4[Ag(k2)[3

No dependance on ®

] = |A0(k$)€—iq®€—z’kmL +AO(_k$)€+iq®€ikmL|2

I = 4| Ao (k)| cos® (q® + ¢o)

Sinusoidal variation with @ at a period ©t/qg
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2D Diffraction experiment

DMD Pattern

89 chains

89 letters

y axis is associated with ©




2D Diffraction experiment

DMD Pattern Diffraction pattern
8 | | | [ | | I
6 -
S N ' B I
& \:\ 0L
E g =
) i
—4 |- '
_6 e e e e L L O e
89 letters . —8 : : : : : ' :
il 0.2 0.3 0.4 0.5 0.6 0.7 0.8

y axis is associated with @ | | | ' ke (27/a)




2D Diffraction experiment

DMD Pattern Diffraction pattern
8 ! | 1 ! ! 1 ! 1
P i N G/, A N i S i
z 5 2 A q=4.‘ ffffffffffffffffffffffff y
N i i - " i
% I d ‘, """"""""" ge T T
;;; = [ e _,1 """""""""""""" ' """""" N
P . S S S " VI N DO S ]
- S RN T SRR SR T N R -
89 letters g —8 | i | | | | | AN
o _ _ 01 02 03 04 05 06 07 08 09
y axis is associated with ® k, (27 /a)

Diffraction peaks appear for the same k.. as the 1D grating
But for different £, values

The k, value is directly proportionnal to the Chern number

49



2D Diffraction experiment

DMD Pattern Diffraction pattern
50 —
| U | | | Q | |
g=49 © =48
40 | q=46 . .
IS L§30 = 4
=20 | |
10 |-~ . ’ & -
. i = T = z [
0 b 3| T s el | |
y axis is associated with @ 0.1 0.2 0.3 04 05 06 0.7 08 0.9
k. (27/a)

Diffraction peaks appear for the same k.. as the 1D grating
But for different k,, values

The £, value is directly proportionnal to the Chern number




Discussion

= | Ao (kz)|*

E , eikya,

D

Peaks for same values of k.. as before

27T
a F’I'L

and for ky — g X

Fp @

27

€

—1q®d




Robustness against noise

Adding noise :

- choose randomly a fraction 1) of the lines

- choose randomly their state (A or B)

- average over many realization of the noise




Robustness against noise

Adding noise :

- choose randomly a fraction 1) of the lines

- choose randomly their state (A or B)

- average over many realization of the noise

(I)ZO 0 1
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0.6 F J
Ui

0.4 F i

0.2 F i

0.0 —
0.20 0.25 0.30 0.35 0.40 0.45 0.50
by (27/a)




Robustness against noise

Adding noise :

- choose randomly a fraction 1) of the lines

- choose randomly their state (A or B)

- average over many realization of the noise

(I)ZO 0 1

10 | II:_|:|.-
0.8 F i
0.6 F i
{r] - .
0.4 F ] 0.0 F o P :
0.20 0.25 0.30 0.35 0.40 0.45 0.50
_ 0 1
0.2 F A 1.0 '_ 0 . [ e — ]
0.0 : . . . . I— \‘ér 05 "'
0.20 0.25 0.30 0.35 0.40 0.45 0.50 0_0 Gty T
ky (27/a) 020 025 030 0.35 040 045 0.50

k. (27/a)
Slope of the crossing is constant and robust as the peak is still visible



Conclusion and perspectives
We measure structural properties of the Fibonacci sequence in its diffraction pattern

We can tune the phason degree of freedom
and measure Chern numbers in the diffraction pattern

! 1 1 ! I

T3 T y‘l T 1“ T T
L \ ! .
L
| - -
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Can be extended to other 1D quasiperiodic systems

Possibility to realize 2D tilings and investigate their topological properties
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