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1918 Birth of General Relativity and in 1916: prediction of
Crravitational Waves

Line of Zero Orbital Decay

1974 HutsewTajtor F?u,l.sm‘ .
First indirect detection of GW

General Relativity Prediction —
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201§ pi‘rSE direC& de&et&ac}“ Ojg bihar? 1975 1980 1985 1980 1995 2000 2005
black hole merqger: event GiW150914 Year

2017 First direct multi-messenger detection of binary neutron
star merger: event GW170%17

March 2023 Run 04 of adligo-adVirqgo-Kagra



The three messengers

Grravikational £ {Electromagnetic N Particles
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Masses in the Stellar Graveyard

in Solar Masses

LIGO-Virgo Black Holes
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° LI'GO-Virgo Neutron Stars
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LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern
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Masses In the Stellar Graveyard
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Hanford, Washington (H1)

- H1 observed

0.30 0.35 0.40
Time (s)

Estimated source parameters

Quantity

Primary black hole mass
Secondary black hole mass
Final black hole mass

Final black hole spin
Luminosity distance
Source redshift, z

Energy radiated

Value

36.2 ‘

29.1

62.3

0.68

420

0.09

0.30 0.35
Time (s)

Upper/Lower error
estimate

+5.2 -3.8

+3.7 -4.4

+3.7 -3.1

+0.05 -0.06

+150 -180 Mpc

+0.03 -0.04

0.40




Current GW detectors

LIGO Livingston, LA

GEO600, Hannover, Germany ' Kagra, Kamioka, Hida, Japan




Upcoming detectors

Pulsar Timing Arrays

LISA May 20223 Mission feasabau&-j Pasggd
RO37?: Science

R024: Choice of site

Etnstein Tei.esac:-pe E 3<?. Scionce

Cosmic ‘E:x[ptca-rer 20387?; Science




SOURCES

Wave Period

Frequency (Hz)

DETECTORS

THE GRAVITATIONAL WAVE SPECTRUM

quantum fluctuations in the very early Universe

binary stars in

merging binary
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3G Deep in the dark age

Detection horizon for black-hole binaries

Years after the Big Bang
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Strain Sensitivity (

MR5.1
MR2.3a

M\ MR7.2a

' MR1.1 Galactic Binaries
' MR2.1 Light, seed black holes at high redshift
' MR2.2 Blackhole growth over cosmic history
MR2.3a Mergers of Milky-way type galaxies
MR2.4a Detection of Intermediate Mass Black Holes
MR2.4b High mass ratio Intermediate Mass Black Holes
- MR3.1 EMRIs around massive black holes
' MR4.1 LIGO-type black holes
MRJ5.1 Tests of GR with high SNR ring-down signals
MRT7.1 Astrophysical stochastic background

. MR7.2 Cosmological stochastic background

10 R v e MRIZ
| === Observatory Strain Sensitivity
10-20 = Galactic Background
|w = Total
1 1 1 I 1 1 1 1 | 1 1 I 1 1 1 1 1 1 1 l 1 1 1 1 1 1 1 1 l
10 10 10 10™

Figure 2: Mission constraints on the sky-averaged strain sensitivity of the observatory for a 2-arm con-
figuration (TDI X), /Sy (f), derived from the threshold systems of each observational requirement.
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GW and string
%haarv

o (Huge) Gap between Planck scale
and observations

o Effective field theory approach:
GQ*supPressed modi{&t&&oms

o Current and nfu&u,re observakions:
Strong field GR (Wo quantum, yet?)



Modifications of GR

» Lovelock’s theorem:

“In four spacetime dimensions the only divergence-free symmetric rank-2 tensor constructed solely from
the metric g,,, and its derivatives up to second differential order, and preserving diffeomorphism
invariance, is the Einstein tensor plus a cosmological term.”

» Relaxing one or more of the assumptions allows for a plethora of alternahive theories:

Higher dimensions | WEP violations |

Extra fields I . ~ —a Diff-invar. V|0Iat|onS|

/ g N\
/ N
& \

Y \‘\
| Dynamlcal fields | . . I P I
Nondynamical fields (SEP viol atnons) Massive gravity Lorentz-violations

Palatini f(R) dRGT theory Einstein-Aether
Eddington-Born-Infeld w Massive bimetric Horava-Lifshitz

gravity n-DBI Berti et al., CQG 32, 243001 (2015)

Scalar-tensor, Metric f(R) Einstein-Aether TeVeS
Horndeski, galileons Horava-Lifshitz Bimetric gravity
Quadratic gravity, n-DBI




Diffeomorphic invariant higher curvature
corrections start at 0(R"3)

Leading order in the curvature expansion:
the Einstein-Hilbert action

1
s A/d4£v|g| T /d4x|g|R.

Four terms ot O(R"2): (one is pari&yadd) e

But two combinations are Eopotagwat (Gauss-Bonnet and
?ou&rvag )

Xy = R,LWPGRMVPG = 4RHVRHV i R2 ) ‘24 " R,UUPURHW)J .

The other two parameters can be absorbed by a field-redefinition
of the metric:

1 6500

guz/ == glu,z/ + QNV7 g,L(L(I)/) e

\/m Sghv ’ \/EL(O) [g] - \/E(E(O)[g] —I_g[(l,(l)/)QNV) it O(Qz) .




These lecktures:
Twowbadj Probi.@.m v G

bound orbits: v2/¢2 ~ GM/rc¢2
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Oubtline of these lectures

1. Post-Newtonian/Post-Minkowksian theory
1.1. Propagation, linear GR theory

1.2, Interaction with test masses, freely falling frame, TT and detector frames,
energy of GW

1.3. Greneration of GW
1.4. Quasi-circular inspiral of compact binaries
1.5, Post-Newtonian corrections, the 1PN Einstein-Infeld-Hoffmann equations
1.6, Effective one-body resummation
2. Black hole Perturbation theory
2.1. Regge-Wheeler and Zerilli equations
2.2, Quasi-normal modes of Schwarzschild - Black Hole Spectroscopy
2.3, Newman-Peinrose formalism, Petrov’s classification, Teukolsky equation
2.4, Quasi-normal modes of Kerr

2.5, Ma&hissow-‘?aPage&row—-ﬁixam Ekeortj
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1.1, Propagation, linear GR
&heorj



Greneral f?;etaéiv&v
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Perturbakion theory

Juv = Muv + Ny b < 1

Residual gauge transformations:

s 2 = g + €h () 8,6] < 1

hMV(w) T hgy(x,) v hMV(x) & (a,ugl/ AE (%fu)

& = by L. o

invariant under
Poincaré kransformations

Sjmme&ries:




Linearized Riemanin

|
Ruvpe = 5(8,,8phw Tl 00 h s 0,0 h )

We define
h=n e

Trace-reversed par&urba&ion

r |

h,uu — h'u,/ i 577/“/}1

Note



Prove

1 ' -
Ryvpe = 5(8,/8phw a0 hy, — 0,000 0 =0, 0,5,

Remember

board




Eunskeln

167G
T T,

Linearized

hw + 1, 0%0%h 0 — @Gl — OB hy =

2

We can use the gauge freedom to g0 to
harmonic / de Donder gauge / Lorenz gauge

Ol O

Indeed, under z# — z'* = g# 4 £H(x)

BMV o E,ul/ 23 (a,ugl/ i 8V€M i 77#’/8/050)

ath/ H 8yh'uy et glu

1f originally @V}_llw = fu(x) we need to solve ¢, = f,(z)

to reach harmonic gauge. This is always possible.




In harmonic gauge

Acting with 0" we qet bj tomsisﬁehcv 0" T’LW — ()

o This equation is important both for
generation of GW and for propagation

Oubside sources,




TT gauge

~or f“harmonia f“’ — (0 Ethen fuy = aufy Az augu e mu@pf”

s harmonic.

Out of the 10 components of iLMV
c;w\i.:j 2 propaga&e as a wave,

We choose £ such that / = ()
‘PT‘OO“f‘.’ t?“(illu,/ L S h WP, Es — 10567

o .
Solve the ODE Q€ +08' =5k for €°(a%2")
Residual gauge parameter: £°(z") harmonic

Ik meues



TT gauge

~or f“harmonia f“’ — (0 Ethen fuy = aufy Az augu e mu@pf”

s harmonic.

Out of the 10 components of iLMV
c;w\i.:j 2 propaga&e as a wave,

We choose fz such that AV = 0
Proof: hoi + §0i = hoi + 00&; + 0:0

Solve the ODE 0o’ = —ho; — 0:;60  for &'(2°,27)
Residual gauge parameter: £'(27) harmonic

Ik meues

fla; =



Harmonic gauge reduces to

= 8Ohoo - 3%07; — aoh()o =0 hoo(Z)

Newbtowniain po&ev\&mt
that is irrelevant for propagation
We set it to zero

,u:i%c?jhij:()

We reached TT gauqe. Note that it cannot be reached inside of
sources because [ JHHY 7£ 0

We write a decomposition in plane waves in terms of the
polarisation tensor

—

h;l;T(.CB) = e;; (E)ez’k-x—iwt

T (87/;’)7

C



Po taruaed GN

Choose 71 along Ehe z axis

hgiz;'T(ta z) = hy —hy 0 | coslw(t— E)] 5
0 0 0 / |

This gives the Linear solution




TT Projector

Criven a Ftow\e wave h T (gj) Frmpago&ima atoug the direction n
already in harmonic gauge buk not yet in TT gauge, we reach TT
gauge as

A pitm) = 0P — Pij = 05 — nyn;



Prove the following properties of

. 1 w
Noseplm) — b0 §Pz'jpkl Pij = 0,5 — nyn;
(i) projec&or Aij,klAkl,mn P Aij,mn
(i) Erawnsverse niAij,kl =0 nkAij,kl
(iil) traceless Aii,kl = 0= Aij,kk

(iv) harmomnic hij =)= 8k}_lkl — (Aij,klhkl) Y
O (Aij i) =

0
0

board




Prove the following properties of

. 1 o
Noseplm) — b0 §Pz'jpkl Fij = 055 — nyn;
(E,) F»'\”OJQC&O!’ Aij,klAkl,mn P Aij,mn
(i) Erawnsverse niAij,kl =0 nkAij,kl
(iil) Eraceless Aii,kl = 0= Aij,kk

(iv) harmomnic hij =~ = 3k7Lkl = (Aij,klhkl) —+0)
O pihig ) = O
P9

LIn; = —2n;

Hinks: O, Oy 8; = nyOy + 0,0°0,

O Ou ity board




1.2. Inkeraction with test
masses, freely falling frame,
TT and c&e&.&&or frames,
energy of GW



Interaction of GW with
test masses

o Delectors idealized as kesk masses

o Computations done in a reference frame. Physics
thvariant under the choice

o GW are simple in TT gauge. It corresponds to a
specific reference frame/observer

o Detector is more inkuitive in ancther frame, the
detector proper frame

o We need ko swikch between the two frames

o Physical intuition comes from the qeodesic
deviation equation



Local inertial frame

o It is always Fossibi& to choose
coordinates such that the Christoffel
svmboi.s vanish at one poim&

o The resulting coordinate system
arocund bthak Fm&m& s called a local
inertial frame



Freely falling frame

o It is always possible to choose coordinates
such that ol an entire timeline geodesic, all
Christoffel symbols vanish

o For each point ¥ in this frame, the qeodesic
equation becomes

d?zH

A’

o In this frame, a test mass is freely falling.

ik qives a realization of the equivalence
principle.

0.



Laser Inkerferometer Space
Antenna (LISA)

2 millions km

3 drag-free satellites:
Spacecrafts that adjust their position with thrusters
in order to remain centred about a freely flooting mass

To be Launched in 2034



Fermi normal coordinatbes

A freely falling frame naturally define a special coordinate
system around the test mass located abt (£0,0,0).

Ik s called a Fermi normal coordinate sys&em‘

Stnce
o b
M"Y P
the mekric around bhe kesk wmass has no Linear kerm in jS

There are guadratic terms proportional to the Riemann tensor,

i iy |
ds* =~ —c*dt*[1 + Roso;2°2’] — QCda’szt(gRoﬂkxjibk)

1 k

+dzdax’ 05 ng‘kjﬂ :cl]



Greodesic equation
Cownsider a curve /' (\) v

The interval ds between 2 points separa&ed bj d)\ is

dx* de

ds* = g de de s — 0. T Tl
The velociby is u" = daj_“
/ dX
For a timelike curve the proper time 7 is defined as
cAdr? = —ds® = —gwu“u”d)\2
or after using A =71 g, ufu’ = C e

The classical Eraja&arv of a particle test mass m is obtained bj
extremizing the action

Ty
S:—m/ dT




Parallel Erawns Fmr%

Consider a geodesics with proper time T

We introduce the covariant derivative along the curve T T

DV#E: Sl dx?
= TR VY ——
B oT L W
iB) =
Property: e transforms as a vector.

The vector is parallely transported along the curve.



(reodesic deviakion

Now consider 2 geodesics, each one with proper time T

Thir) + &)

d* (" + &) d(z” +¢§") d(x” + £°)
dT? dr dr

If |£"] is negligible with respect to the variation of the
gravitational field, we can expand at firsk order in £H(7)

Bl (L h & =0

d?EX dx? deP dx” dxP
% ke - £90, 1" — )
dT? “CdT dr S L dr dr
D2¢ da da’
Prove: S = R oo

D772 e dT




Greodesic deviation

D2¢
D2

D2¢r
D27

D2¢r
D72
D2¢n

D72

)T

D (%&: § rgﬁ%)

%25; . d;: o B ci{:z;ﬂ T — terms

S r d;: Ci;_p 4 d;: O\ ¢ Oilgip R
3 CaARME oL dd:i/ CZI;[) T — terms




TT $rame

This is the coordinate frame in which the mekbric is in TT
gauge

Consider a kestk wmass initially ok rest at 7 = 0.

The geodesic equation is

d2 ; dz" das
d7? =0 = —[pr(x) dr di Ir=0
) dmo 2
e
because g
e gy



At Linear order, Juv = Nuv T h;u/ after baking Cartesian
coordinates for the background.

1
F/;p o 577“(7 (al/hpa = aphua o 6ahyp)

- |
60 e 5(28()}“)7; - (%h()()) — )
in TT gauqge. Therefore,

d?z’
dT?

InTT frame, particles which were at rest before the arrival of
the wave remain ab rest even after the arrival of the wave!
(mon-Llinear effects are highly subleading)

‘T:O =0

The coordinates skretch themselves so that the position of
the free test masses do not change



We can define the coordinates using freely falling test masses

€. 4

Aey

Cx

What about btime? In TT gauge, hooi—="ho; =0

The proper time along a timelike trajectory xt(7)is obtained
from

dx’ dx?

9339 2 1,2 e 92
codTe = codtt - i, ; %—h, dT
( :)dT dT
drt
For a test mass nitially at rest, i =) \viva
o

In TT gauge, the proper time of a free test mass initially at
rest is the coordinate time



0f course, proper distances change!
Comnsider the distance between (1, 21,0,0) and (£, 22,0,0)

The coordinate distance [ = 9 — 1 is a constant

But the proper distance after the passage of the wave is

2
o / V ga;xdx L\ g:vac($2 T $1)
1

1
— /1% h,cos(El~ L{1 -+ §h+ cos(wt))

This is the basis of interferometry

Mirror e
(kest mass) (test mass)



Earth detector frame (LIGO/Virgo)

o Distance computed using rigid rulers

o No free fall with respect to the local tnertial
frame

= —3 is the acceleration of the Labora&orv

o Local rotakion with respec& to Llocal
gyroscopes (e.q. Foucault pendulum)

—

() is the angular velocity of the Labara&orv wikh
respect to local gyroscopes.



Earth detector frame (LIGO/Virgo)

Resulk up te 0(r72) is r — \V rtr?
inertial ace.  grav. redshift Lorentz time dil.
L e -
ds? ~ —c*dt*[l + =@ -F+ —(d@-2)* — =(Q X £)? + Roi;2" 2]
e € ¢
oy i 9 E GW and varying grav.
e QCdtdﬂfz[—Eiij]CE o —R()ijk.CIZ‘JCIZ‘ ]
C Sagnac effect GW and varying grav.

a 1
+ dz dz’ g gRikﬂxkxl]

GW and varyihg grav.

This is the detector frame used by experimentalists on Earth

We denote by [ pthe typical variation scale of the metric

K|
e
e



Earth detector frame (LIGO/Virgo)

2 1 1 =
ds = —pfdi i+ 6—2&’. T+ 6—4(&’.5)2 — C_Q(Q X )% + Roso;x'x’]
il 9 ;
6 26dtdx’[—eijk99xk v gROijkxjxk]
&

ik I
Fidanda oy §Rikﬂxkxl]

We denote by [ the bypical variation scale of the metric
a 1 1

_N—

R
) UV po 2

Minkowski (in contrast to TT gauge

At order O 8
: where there is no such expamsiom!)

O( $ Newltonian corrections
| T 1 d i i i
Greodesic equation: w0l W 2(Q2 x v)" +O(x")
T Earth Coriolis
gravity force
&
O(E) W and nolise nfrom v&rvu«g gr&vi&v




In conclusion, a description in terms of Newtonian concept of
forces is possibte in the Earth detector frame.

Graviational Waves are subleading with respect to uncertainties in
Earth gravity and local rolation, Newbtonian and seismic noise.

'; Skrain

Quanbum noise

10—23 ‘:
Seismic _

noLse

Newtoniain moise

Einskein Telesaage: 2 possibte sites: Sardaigna and Euregio



In conclusion, a description in terms of Newtonian concept of
forces is possible in the Earth detector frame.

Gravitational Waves are subleading with respect to uncertainties in
Earth gravity and Local rotation, Newtonian and seismic hoise.

M Virgo
B Hanford
" Livingston

Frequency (Hz)



To isolate GW, we focus on the detector in its frequency
window. Acceleration is aomyav\sa&ed bv suspev\c&ers.

Only Riemann terms matter and the expression reduces ko in
the freely falling frame, as far as we only look at components
of /(1) in the direction unconstrained by the suspension
mechanism

If we look at the equation for geodesic deviation at the centre
P of the local inertial frame

% D2€i d2€z : - dx®
I, | 2 e L pi o Gl 2
3 Dr4. e : 0508 ( dr )
Nown relativistic wotkion _d_.il?_ < _d.il? ~ c
dT dT

a :
§'=—c RZOj()g] We can compute the
Jin . ad Kiemann in any ﬂframe.
2 /s
= L ( 9 2 hij )fj cluding TT gauge.,




Finally, in Earth detector frame in the directions unconstrained

bv suspenders:

In the Earth detector frame, the effect of GW on a point
particle of mass m is described as a Newtonian force

F; = —hTTgﬂ
without reference bto GR.

Note that here we assumed |€'| < Lp which is true for LIGO,



Motion of test masses

o We consider a ring of test masses initially ot rest in the
Earth detector frame.

o We fix the origin at the centre of the ring

o Then ¢' describes the distance w.art the origin (coordinate
distance = proper distance)

o We consider GW propagating i the z direction. The ring is
i the (x,j) plane

h_|_ hx O >
h;-z;-T(t, zy=1 hx —hy 0 | cosjw(t— E)]
0 0 0

— lhTTé‘J



g i lhTT ¢
o If the particle is ot 2=0 ot t=0 it
will remain there,

o Therefore, GW are kransverse in
their physical effect: they displace
the test masses transversally wart,
their direction of propagation



We write
§i(t) = (wo + dz(¢), yo + 0y(t), 0)
(xOv yo) tnikial pasi&ion

0T << 2y 0y < Yo

h h

(—w?) sin wtzg 0z = %xo sin w t

b h h
01 = %wQ sin wtyg 0y = 2+ Yo Sinw t

For 555 —

hs




Helicity of the graviton

It

Invariance under
rotations of angle

20

T

Proot:

B () = W (@) = A LA, () A=

0 0
cosy —siny
siny  cosyY

0 0

e GEDY -~ DN T D)

il
0
0
0

/ /
T e : 98is h/+ h/>< : <

&

0 (e 0 e 0

hi = hy cos 2t — hy sin 2y hy £ ihy > eT2¥(hy +ih,)

/ .
hx vy h+ sin 29 + hx cos 29 hetb«:i&v elgenstates



Eherqgy of GW

It is clear that GW carry energy-
momentum: they can accelerate masses ;
(Derived bj Bondi in 1961)

According to GR, any form of enerqy
induces curvature

W Ehen backreactks ab second order
bejomd Linear order and thabt curvakure
allows to define enerqgy.



Cownsis &QM&“E of
2

Per&urba&iam eoTy
Guv = Tpw + Ry + R + ... | < 1

Consistent f backreaction is smaller than the per&urba&mv\
(for from masses)

In general, close to masses that generate GW:
Guv = Guv + Py + hio) + ... i< 1

We will distinguish the notion of backqground and
perturbation by their frequency content :

b&tmgraund = low {requehaj
perturbotion = high frequency



We consider the sibuaktion i which i some reference frame
we can separate the metric into a background plus
fluctuations where separation is based on a scale in time or
space (“short-wave expansiov\")

A<alin [ >

‘3{ Ampti&ud&

Newbonian /M,
Seismic

/B
Gip = §/w o h,uy

Two small parameters: (1) h = O(hy,)

(2) i) f_B
Lp f



We now expand Einstein’s equations to quadratic order in ok

STls 1
R,UV s C4 (T'u,/ o 59MVT)

Ruvlg) = Ryw(g) + Ry (hi g + Ry h, higl + ...
low freq  high freq both modes

modes modes FE Kz 0
= 1 1
Low mode eqgs: R, = _[R/SQI)]Low I ; Wi 5gWT)zow
- 1 1 .
High mode egs: R,(}u) — R&QJ]H igh ; W 2 2 .

The low equation gives energy-momentum of GW. It can be
obtained practically as follows. We inktroduce an intermediate
tinme scale 1 ! 1

.
B &



We then average over 1, iLe. over many periods of GW:

This was understood Un the sixkies. This is a renormalisation

group flow. We integrated out high frequencies to describe
physics of low frequencies.

We define the effective stress-tensor of GW

c &
AL+ (2} & (2) | B D (2
i b (0 qu,,R )R 0" 1)
4
& i
t === g'u“yt e I R(z) bQCO\MSQ gl“/ LS
¥ 87TG< > Low frequa&r\tv
We deduce
Smls 1
(B = Ty~ > G



We define

1 “ }ig
(Tpw — §9WT> = _QQW/T.
The effective Einstein’s equations at Low freguencies
£ 81l 4 ‘
Ry, = —(Rf@} i A (Tpw — §9WT>

become

This is the coarse-grained form of Einstein’s equations

We equated different orders in h. This is possible because

there is a second small parame&er Li g
B



Expi.i.ti,& expressmns:

1
ZGPoaelB | =
29 913

+hpo(DyDyhog + DgDyhyy — DgDyhyo — DgDyhyo)
1. _ _ _ _
+(§Dahpa — Dphao)(Dyhyug + Dyhypg — DﬁhuV)]

DuhpaDvhaﬂ + (Dphva)(Dahuﬂ - Dﬂhua)




Eunskelin equa&oms’ conskrainks
own Ehe small parame%ers

RHV o %gwé o 8:4G (T,LW s tuv)
We choose coordinates such that Gu = O(1)
Gy ~ é Bl o5, ~ é
Ol ~ % R ~ (0h)? ~ ’;—z

Einskeiin’s equa&ions give

—5 ~ == + (Matter) iy
2B A2 | ‘

1f dominant wmatter

Therefore, if background slow frequency perturbation are
neglected, the perturbation series in h breaks down,



Crravikabkional energy
-momentum btensor

The energy-momentum tensor can be computed assuming
Guv = NMuv (far from sources, ignoring Earth gravity)
4

¢ 1
o (2) e — : (2)
i JE <RW oIt R &

We do the computation in harmonic and h =0 gauge

O.h" =0, h=0



In harmonic gauge, a perturbation is a superposition of
plane waves

: - - B
R /ewew’(t c ), k= —n

C
We have .
Ol —1h,, 1
100 ooy &ihw = —ni&ghw
(%hlw — —?nihuy C

@)

Integrations by parts in H ; are possible

O; total derivatives drop because of time average

0; can be expressed as 0; because waves

(Dol ) =1 v,




1-— O = | B B B B
-3’9 g §DuhpaDvhaﬁ + (Dphva)(Dohys — Dghyo)

Criven 2) _
R = >

+hpa (D,,Duhag -+ DﬁDah“V — DBDuh,w — Dgl—)uh,,a)
1 - _ _ _ _
+(§Dahw - Dphaa)(Dvhuﬁ + Duhl/ﬂ - DBhuV)]

Assume G0 = w00 SR hi==0) has

Use <6aTo‘ > =l \V’T/‘j‘y to prove

F i
-
o
o
54
Y
Sl
|
|
N
>
e
=
Q
LD
5
N
o
Q
@®
e



1-— O = | B B B B
'2‘9p g g §DuhpaDvhaﬁ + (Dphva)(Dohys — Dghyo)

+hpa (D,,Duhag + DﬁDah“V — DBDuh,w -_ DBDuhua)
1 - _ _ _ _
+(§Dahpa — Dphaa)(Dvhuﬁ + Duhl/ﬂ - DBh;w)]

2)
R =




1 0""a
szzu) = _2_gp o D hpaD haﬁ + (D hl/a)(D huﬁ Dﬂhlw)

+h,,a(D,,D,,hag + D,gD(,h‘W - DgD,,h,w — DBDuh,,a)
1 - _ _ _ _
+(§Dahpa — Dphaa)(Dvhuﬁ + Duhl/ﬂ - DBh;w)]

8, hP 0" hog — Onhp 0P KT EBEP O, 0" he )

(R®) 518



1 0""a
szzu) = _2_gp o D hpaD haﬁ + (D hl/a)(D huﬁ Dﬂhlw)

+h,,a(D,,D,,hag + D,gD(,h‘W - DgD,,h,w — DBDuh,,a)
1 - _ _ _ _
+(§Dahpa — Dphaa)(Dvhuﬁ + Duhl/ﬂ - DBh;w)]

8, hP 0" hyg — OnhpOP h™T S BEP O,,0" he )

(R®) 518



1 1- . - _ _ -
R(Z) — 2gpdgaﬂ é‘Dy,hpaDuhaﬁ + (Dph,,a)(Dahug — Dﬂhw,)

+hpa (D,,Duhag + DﬁDah“V _— DBDuh,w -_ Dgl—)uh,,a)
D5Ms)(Duhyp + Dyuhug — Dﬁhuu)]

0, heB0" h,g —0,hps0° h™ T SR H, 0" hes) = O

(R®) 518



1
—gp"“aﬂ D hpaD haﬁ + (D hua)(D h uB — Dﬂhua)

2) _
R =

2
-I-hpa(D D uhop +D3D by -DBD Ry — DgDuh,,a)
+( D _ h_.- - "a)(Dvhuﬁ + Duhl/ﬂ DBhuV)]
@)y _ 135 paBgu oG o o
<R > 2<28h (’9ha5—5’ hﬁvah + h 88ha5> 0
il
(R (5 0uhas0y PP L0 hsd Ry 0. h,30°R°

+hB8,0,hap + H P 0.0l — N 0RO BERCL 0 3., )



1
—gp"“aﬂ D hpaD haﬁ + (D hua)(D h uB — Dﬂhua)

2) _
R =

2
-I-hpa(D D uhop +D3D by -DBD Ry — DgDuh,,a)
+( D _ h_.- - "a)(Dvhuﬁ + Duhl/ﬂ DBhuV)]
@)y _ 135 paBgu oG o o
<R > 2<28h (’9ha5—5’ hﬁvah + h 88ha5> 0
il
(R (5 0uhas0y WP L0 hanO Bg O, h,s0° R

+hB8,0,hap + K P 0@ty — W Qe RRCC O T, )



1
_2_gpa-a6 D hpaD hos + (D hua)(D hug — Dﬂhua)

+h,,a(D D,hop + DgDsh,, — DgDyhue — DgD,hyo)
+( D h_.- A"‘a)(Dvhuﬁ + Dyphup — DBhuV)]

2) _
R =

1
(R = 2@@ AP0  hog —OahipsOP ROV EMEE D, OF by o) = O
1y
(R (5 0uhas0y WP L0 hanO Bg O, h,s0° R

+hB8,0,hap + K P 0@ty — W Qe RRCC O T, )

1 87
(RE) = —7(Buhapd,h”)



Gravitational energy
-momentum tensor

Emergjﬂmomev\&um Fensor is

;L ct <R(2 _1_ R(2)> L c4 <
S ol iy =

91,00, h"")

Do residual gauqge bransformation change the skress-tensor?

Oghyuw = 0¢Nuy = 0u&y + 0véy

Sety =7






Prove 5§t,u1/ =0

C4

Using t,, = vy <(9Mha58,,ho‘5>
55h/ﬂ/ 7 5577,110 o ,ugv e al/f,u
Remember h=0—08," =0

Il =8 [167 | 0 [eRRee ()
Therefore (040 .50, &1




55h/ﬂ/ o 5577MV o ,ugv e ai/f,u

=0 =@l & — ()
O Rt =l [16" 1+ 0 050 e i)

ThQT‘Q{OTQ <8a (ahul/afg» =()

Compute ¢ty ~ (0,(0a€s + 058a)00h™P) + (1 < v)
Oetun ~ (0u0a€p0, 1) + (1 > v)
Oty ~ (0u€p0aBuh™) + (p ¢+ v) ~ 0

Rewember




Crravikabkional energy
-momenbtum tensor

Energy-momentum tensor is

VL Q(, ULV 29,LW IofidaT 3971
Question: do residual gauqe bransformation change the skress-
tensor? Answer: ho.

91,00, h"")

Therefore, we can replace Bl bj hZVT

In particular, the effective energy density is

e R R
T e

C




Blanchi idenkities Lm[ptj
DM(TW 17 t/W) =

This proves that one can associate to each Poinecaré symmekry
a conserved guantity (up to higher order perturbations)

Far from the sources

8"t,,, = 0

/ d?’x[ﬁotoo e &ﬂfio] =0 ona given volume V
o

The effective enerqgy of the volume is

EV = /dS.CIZ‘tOO

b or - '
il : —/ dga:‘@itoz - —/dAnz'tOZ
¢ il 2



Take S o spherical surface dA = r%dQ)

s = —Cfrz/dﬂtor

dt ®
5 c <6OhT-T£hT-T>
27y

sLadr

Single plane waves are not realistic as global solutions at
large distances. Instead, a GW propagating radially outwards
has the following form at large distances from the source
(proven later)

1 r L
hi = ;:fz'j(t -+ E) +0(r=7?)

This is similar to electromaghnetic waves, wp to a spin-2
Fvc:-iariz.a&iam






Prove that h; = = fi;i(t — g) ol ‘[ 1h." = O

r .
1 LW
Use i a;, ( 9lg 8,,}1))
varl
ds'= ¢ dt” | dr” V 1gLg C

ds® = —c*du® — 2cdudr \/? &
o = (u,r) o L ) P

fijf/SU)):( ;21fij’_(%)a“fij i 7“12)fij)

VHE = g"a,(

| | 1 i



An observer sitting ab large distances sees a plane wave front,

Since By decreases, GW CATTY away an enerqy flux

This is Etnstein’s formula for the flux-balance law of energy, with
o foctor of 2 corrected bj Eddington,



Poincaré flux-balance Laws

For each Killing vector of Minkowski, we have a
conserved current :

Ju:t’uyg,/ 5’MJ“:O

We can define the flux of momentum

A c3 :
= 5 / dQ(hi;" 0°hi;")

dt 321G

Also, the flux of anqular momentum and centre of mass

Those are the flux-balance laws for Poincaré charqes



Asymptotic view on flux-balance Laws

Approach of Bondi, van den Burg, Metzher, Sachs (BMS), 1962



Eunskein’s solution

Radiative qauge [Newman-Unti gauqge]

Grr = —1, 9ru — 9r6 — Grp = 0
The asymptotic solution takes the form

ds® = —c*du® — 2cdudr + r°(df? + sin” 8d¢p?)

2
+ —mdu2 LeChodr de” 1. ..
i

N
— —Aduda:A—l—...
/”3

g
+ B9 drlir®
/"?,I/
1t ciepemds on
) :
CAB, m7NA7E1(4)B7 Z:1,2,...

Unconstrained  They obey flux-balance Laws



BMS flux-balance Laws

Supermamem&um QT(U) E/Sdzﬂm(u,@,qﬁ)T(H,qﬁ)

Super-Lorentz charge On(ul— / d*QA N4 (u, 0, ¢)RA(‘9> ?)
S

Higher spin charges g) (U) = / d*( EX)B (uv 0, ¢)SAB (97 Qb)
)

0, Q7 (u) = flux on J"dictated by Einstein’s equations

0,Qr(u) = flux on J"dictated by Einstein’s equations

5’qu) (u) = flux on J"dictated by Einstein’s equations



1.3, Greneration of GW



Binaries as sources of GW

We consider a slowly moving source, which is weakly self-

gravitating

/ / Schwarzschild radius of the source
iji.{:&i. o) RS / RS . 2011 < Tokol mwoss
velocity i << ]_ e << ]_ 2

c 4 e

Size of the source

Typical example: a binarj system in the early inspiral phase




Bunaries admik omi.j ohne small parama%ar
as a result of gravitational binding

R
e |
C d
mim
Reduced 1= 17702 Total . _ W i
Mass mi1 + Mo Mass

Grravitational binding gives

l,wU2 i 1 Gum
7 2
712 RS
c? d

As a resull, for binary compact objects, corrections in v/c induce
corrections in G,



GW wavelength in terms of the
source size
o If wy is the typical ‘frequ@;mav of motion inside the

source and 4 is the source size, the typical velocities

are
Vo~ Wed

o The frequency of radiation will also be of the order of

(Proot: Laker on !)

- C C C
The reduced wavelength: = — ~ — ~ —(

For a hoh-relativistic system, v < c




The 3 zones of the Post-Newtonian/
Post-Minkowskian formalism

0 d \ r
- PN/PM expansion g
4 : : '
o & i
/- - Near Zowhe :
- [ rria )\ =
PN expansion +Imultipolar radiation reaction
gy Multipolar] PM expansion :
= Vacuum/Exterior Zone
= d<nr<oo
- = Mu,&i,pomr radiative expansion
m - 4 2
[Blanchet/Damour, 19%3] : :
[Will,Wiseman/Paki] : :



| — . ‘ ”'
| = | )
o I \
L 5 \\ '
gms L =
/ \ N X
| \ \\ \ \\ \\ \ ANAEY

/




In the following, we will derive the motion at the Lowest

order:
—~ U the Near-Zowe: Newtownian (0PN) + 2.8PN radiaktion-

reaction
- i the exterior zowne: Minkowski + Linear &GW (1PM)



Weal¢ sources wikh arb&&rmy
vei.o»ci&j T

O hyy =0, 0T, =0

We camn solve ik in bterms of the retarded Green function:

Glz—3)— 4 (08

i 167G
hip = CZ /d4:1:’G(513 Tyl (@)
Exptiﬂiﬂv,
—1
INel e 0 /0
G(ZE = ) g 47_‘_‘3—3»_ f" 5(xret e xret)
=/

' = ct’ x?et — L. i =1 |$ : |

C



Recall that outside the source, we can use TT gauge and we have

- |
it

Therefore, oultside the source we have

Note thak hTT depends upon the integrals o{ the spatial
ﬁomg'omemﬁs c::»f Pr; |

(temporal components are related by tonserva&uov\)



Detector

Therefore, for larqe r,




Weale sources with Low vaioci,&'j

Fourier transform:

—>/ 3 < d4k ~ — 3 r :E'/ocfj e Ry
Tt — = + ——,7) = / i T, eniule=t+ Setyvik
C C

Tl < C

O G

and Ti; # 0 only inside the source |7'| < d
—/ %
T a0
W e

C C



We can therefore expand

W

: r | & -& : r Levan S
2 Tl
This is equivalent in position space to expav\ciivxg

s

C

—/ A —>/

YowiTE e Ve Tl “
Tt by P Ty 50 ) J g 0rTra + O(9; Tia)

We define the multipoles of the stress-tensor
S (1) = / B T (8, 7)
S (e /d?’xTij(t,a_:')a:k

SR /d?’azTij(t,:E')azkxl

We get

evaluated abk b-r/c il s O(



Therefore, weak sources with low velocity emit
gravitational radiation that is essentially
determined by the lowest multipole moments

We do not need to kiow all the structure of the source

We anj need ko hnow ks Llowest mut&ipote monenks

In terms of GW power:
R.EPN 387N
[will be justified Later]



Two sebs of multipoles have a physical interpretation:

1
Mass mui&iycﬂes: M = =2 / @zl Yt 1)
M’i ko ]‘ d3 TOO + 7
i T (T, 1%

Momentum mulkipoles:  p’ = 1 / d ' ()
C

o | .
Pl —an /dgaj T(t, )2’

&

The multipoles of TY are related to time derivatives of
these multipoles bj the conservation of the sktress-tensor



Obtain the time derivative of the Lowest mass and momenbum
multipoles

1 . 1 .
ML - —2/d3a}TOO£EL Pz,L o —/dSQETOZCIZL
C G
& M=0

(Y M= P

() MY = phi 4 pit

(V) R0

(O o

(Vi) puik = guk | gtk
using .0, T = —H{lE




(E«) CM = /dga;@OTOO e _/deaiTOz’ — _/dSZTOZ =)
for a volume Llarger thawn the source.

In Linear theory, back reaction of GW are absent, and the mass
of matter is conserved.

(L) ch= /dgx D0l — —/d?’x o

= /deasz‘ I /d3xTOi =



. 1 | 0
Mij = — /dgx(‘?OTOOa:'Z:L‘J

&

1 2
= ——/dgxﬁkTkazxj

C

) Fag
—/deTOk(‘?kx(zx” V

G
— PO P

(iv) Pi=0 This is the conservation of momentum

) - [ij] => comservation of angular momentum

(Vi)



We can combine these identities ko express G ; QU LA
terms of the mass and momentum mulkipole moments !

The leading term of
L1ae

1 :
h,g;-T(t,QZ‘) = ——Aij,kl(i)[Skl - Eé\?mskl’m |

1
22

e . oklm
r C CCmCEpS P _I_ o o o ]ret

The acceleration of mass quadxrupoi.e sources gravitational waves,

. li
e = — §Pijpkl P;; = 0;5 — nyn,;

becomwes



Radiaked emm‘gj

dF cIr?

e = g hg ) D = S A @ - )
G
o o Azg kl( )<MZ]Mkl>T6t
G

1
—— 87‘(‘65 1,] k:l( )<QZ] le>’f‘€t Qij 7 M’ij = gdﬂijk

Anqular integral can be done

g
/dQAz’j,kl T — (110;x0j; — 400kt + 0410k )

That is the Einstein quadrupole formula



By conservation of enerqy,

dESOUTCG dE

dit dt
For a binary source, /
g P R G ffective osf\e.-‘bc:'dv reduction
EopN = smivi + smavs — mim
; ‘ & Reduced mass (= ——
My + My
Eg%%ce - lmvg.m. 2 _ILLR2 S Gmy Tokal wass m = my + mo
2 2 R
e Gmu A> Kepler Law
Eopn = §m’03.m. i iop P
dEze GmuR dE G <Q o )Q Ll r)>
dt : 2R dt =~ 5cd &Y 1 C

The gravitational wave emission brings as first contribution a
R.S5PN correction to the motion. It is called bhe radiation reaction.



The 3 zones of the Post-Newtonian/
Post-Minkowskian formalism

0 d \ r
- PN/PM expansion g
4 : : '
o & i
/- - Near Zowhe :
- [ rria )\ =
PN expansion +Imultipolar radiation reaction
gy Multipolar] PM expansion :
= Vacuum/Exterior Zone
= d<nr<oo
- = Mu,&i,pomr radiative expansion
m - 4 2
[Blanchet/Damour, 19%3] : :
[Will,Wiseman/Paki] : :



1PN Lorentz-Droste-Einstein-Infeld-Hoffmann term
“

5G%mimy  4G*m2

3
12 "'12

radiation reaction radiation reaction conservative & radiation tail

[Jaranowski & Schafer 1999; Damour, Jaranowski & Schafer 2001ab] ADM Hamiltonian
[Blanchet-Faye-de Andrade 2000, 2001; Blanchet & lyer 2002] Harmonic EOM
Itoh & Futamase 2003; Itoh 2004] Surface integral method

[Foffa & Sturani 2011] Effective field theory

[Jaranowski & Schafer 2013; Damour, Jaranowski & Schafer 2014] ADM Hamiltonian
[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017abc] Fokker Lagrangian

[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019] Effective field theory

[review of Blanchet]



Prove

27
/dQAij,kl - 1_5(1157;k5jl — 40,50k + 0410k )

where
|
Ay = R §Pz'ijz Pij = 05 — nyn;
n; = (sin 6 cos ¢, sin 6 sin ¢, cos )
_iER sin |k
(L) Prove / dQe™"* "% = 47 J l
s k|
28 i 0 sin |k|
LL ?T‘OVQ /dQ ip "Ny, = b | k : : —
( ) . n 4z, W|E1|I_I>102 Okit . .. kis ( |k| )
(iii) P /dgnn O o :
LLL yove . 11 7 et (1112 Y374 io_11¢) for even

2T

(EV) Prove [quAz’j,kl = 1_5(115ik5jl b e



(;,) rove /dﬂe_i];ﬂ == A5 SIT_,I’M n; : (sinO cos ¢, sin 6 sin ¢, cos 0)
k
S

—

By SO(3) symmelry, we can assume that k points in
the z direction

s
/ dOd sin e ~tk= 089 — _277/ d cos e k= cos o
S 1

47 sin k.,

k>

o 27T
"k,

(6—|—ikz Ea —ikz) s

&

Since the right-hand side is SOG(3) nvariant (scalar),
it is of function of the norm of L.



(L) Prove / s

S

(i) Prove / dQn;, -
o)




(;J rove /dﬂe_i];'ﬁ 1 SITIQIM M= (Sin.Q cos ¢, sin 6 sin ¢, cos 0)
S
9 sin |k|
LL ?Y‘OVQ ddn;. ---n;, = 47 lim foin : — SV
( ) /S 1 ¢ i T < % ) &T’LVLO\L
47
(E-»E«L> Prove /SdQ Hahoa 7 "1y, == g_l_—l(s(iliz Oishn il 5ie—1’ie)

Use T avtar series




o in |k ol
(;J rove /dﬂe_zk'n = 47TSH|QEI’ | n; = (sin @ cos ¢, sin # sin ¢, cos 6)
S

. 9 sin | k|

LL ?T‘OVQ / dSin, i - -n; = him it - N/t
( ) - 1 ¢ Floo Okt .- fe 7 Erivial

47
(E-»E«E«> Prove /SdQ fd i il g_l_—l(s(iliz Oigia it 573e—1’ie)

Use T oaji.c:»r series

21
(iv) Prove /S dQij e = 77 (1106051 — 40550k + 0udjn) i

A7 47



1.4. Quasi-circular mspirat
of compact binaries



o Neglect conservative PN corrections
(Keplerian motion + radiation reackion)

@ Assume qu&shairauimi&v

Tokal m = 1m. i Mo
2 Gm Mass
KQFL@T’ Law CUS — ﬁ I
Reduced e 142
=
Mass m]. —|— m2

Law of motion given by the flux-balance law of energy:

dESO’U/I"C@ dE

dt dt
dEE e G dE Gio=. P i
- I e 5?<Qz’j(t = E)Qz’j(t - g)>



Obtain the quadrupole radiation from a mass i a circular
orbit

() Starting from the relativistic expression

dx; dx*,
THY . an s Ak
A;Q/ TATRA” (z Zmaind))

prove Ehabt ok Newbowniawn order:

(i) Deduce the quadrupole formula

Q" (t) L% / deTOO(t,:E’)xZa:J} = (xg(t)x{)(t) — grg(t)é"”)



] v % ikl
© filagts Z /dTAmAde dxA5(4)(x—xA(7'A))

ar dr
A=12 i
2 7.2 2 o N " dt
c did = dede e e (i c—Q)dt it SR i =




MY =i o) + moria

>
<
o
N
|
s o
QL\D| fad
\

dagl f):c’xj}

J

it ()
— Wi,

j P
m.xc.m. o MmOxO

mlfl . mgfg

fc.m. = =0
mi + Ma

ST F

1 2 )

37805



Expu&& expresswm

Assume orbital motion is exactly circular (ot elliptic)

rol(t) = Reolw. i e
yo(t) = Rsin(wst + %)
Zo(t) =

M™ = R* cos" (@it + -g—)
h i J
7 — ,uxo(t)xo(t) M2 — ,uRQ Sin(wst a0 g) COS(Wst i g)

M — R il v g)



Mekbric pe'r&urba&mm

For a qeneric direction 7 = (sin@sin @, sin 6 cos ¢, cos 6)

we find

hi(t,0,0) = %g[Mll(COSQ ¢ — sin® ¢ cos® 0)] Bt 00 = %g[(Mll — My5) sin 2¢) cos 6]
ai e (sin? ¢ — cos® ¢ cos? 0) + 2M5 cos 26 cos 6
— Ms3sin® @ — 2M5 cos dpsin
~ M sin 20(1 + cos” 0) L ONE i ¢ sin 0]
iV sin ¢ sin 26

+ M3 cos ¢ sin 26]



Quadrupole radiation is at twice the frequéhcv of the source.

B . cvounced corticr

Performing a rotation is equivalent to shifting time

Helicoidal skruckure ‘

The angle 0 is the angle between the normal to the orbit and
the Line-of-siqht

The distance r is a conskant









Compute the angular distribution of radiated power in the
quadrupole approximation

% e
difﬂ 2 1T67:G<hi i
using
e (1,0,8) = 2SR L0, it + 20)
hy (@ 0 @) i 4GM£Z§R2 cos 0 sin(2wster + 20)
Use

(Cos2(2w3tret + ¢)) = (Sin2(2w5tmt + @) = %



" #2Gu°R ]
dtdQ w2

g(0)

Face~on




lmsp&ro& motion to coalescence as a
consequence of energy flux-balance

Emission of GW costs enerqgy, taken from the svsﬁem’s tobkal
enerqgy

dESO’U/T‘CG o Gm,LLR dESO’U,?”CG i dE
di’ 2R dtt W df
R decreases with btime
2 R Gm 3 .&k &.
' ws — RS LNETCASeS wiL e

power radiated U W Lnereases

Runaway process leading to coalescence

The motion is quasi-circular as long as R < v

Prove that it is equivalent to ‘&Tw < 1

quw



1/3
Fi— (G_m) - Kepter’s Law

||
|
|
£
=
\

R<<U<:>—<<1<=> - K 1ls <l

fgw
2 2
W wg,w gw



Rewrite

1 4Guw?R? 1+ cos* 6

ha (teBicr) — : . { . ) cos(2wstret + 20)
B 0 e
hy(tid. ) = ,UCZS cos 0 sin(2wst,er + 20)
T &
using .
. 1/3 1 1
I = (F) . B Sl T 527ngw = T fgu
and the chirp mwass
P (m1m2)3/5

M, o S
s (m1 +m2)1/5

Keep M., m and i gw . What do you notice?



4 GM. T 1 +cos?@

e (1) (R Roclaar )
4 GM, e :

i (£) = ()3 (L2213 cos B sim(2m ftyes + 26)

ALl dependence in the mass is through the chirp mass at this
lowest PN order!

Power radiated:
AP e G M w gy
dQ T G( 2¢3
32 ¢ GM w gy
5 G( 2¢3

)19/34(9)

joL o )10/3



(L) Prove "
D D
B Gum o (G M, wgw)

2R 39
using
o =Ban R= (G0 =i
(it) Derive the evolution of the GW frequency  f e U;L;U

using the energy flux-balance law with GW power

25
PZSC(

G M wgu )10/3
5 G

2c3




It ntegrates to

b

time of coalescence

Validity of the guasi-circularity hypothests:

i 96\ G
T Lle | —
i 5 c?

Il



To qet the waveform, we need the orbital
notion with 2.6PN radiation-reaction
(Matching between Near Zone and Exterior zowne)

Tolt)= It cos(wst + 5
yolU) = it w,t 4=
Z()(t) =~ 1)

where

t t
d(t) = / A ) =2 / dt’ w,(t")
to to

—5/8
(I)(t) e (I)() — 2 (5GMC) (tcoal 43 t)5/8

c3

-5 Qu,adrupote moment/Waveform qels corrections.



Qu&drupat@. moment wikth radiakion-rection

MY = px(t)a) ()

AplE o ,URQ COSQ(wSt N g) !’2@[0 ace
M12 R2 . ( t—|—ﬂ-) ( t—|—7T) R%R(t)
= pR” sin(wst + =) cos(wst + —
2 2 @it - g s B(1)/2

M7 = pResin .t + g)

However, R is negligible as long as the orbit is quasi-
circular, Therefore, we can ignore these terms,

1 2C 2
Therefore, the waveform h;;' (t,7) = —— 1 Air(@)M Bl g)

%
is simply obtained by making the replacement wst+ 5 — ®(t)/2



Final OPN+2.8PN rad-react/1PM GW waveform

5/3 /3.0 i |
haalh) — : (GMC> (Wf gu (tret) > (1 15 cos® 9) cos P(trct)

r c? C 2
4 (GNP e e
hy(t) = ;( > > (ng 3 t)> (cos ) sin ®(2,;)
573
(I)(t) == (I)O i <5Gcéwc> (tcoal i t)5/8
where

e Ll e o\ T
TR ane \ D501 ,00 —dulk e

The retardation is a fixed time shift. Instead we express
the waveform as a function of time before coalescence.,




Compare OPN+2.5PN rad-react/1PM GW waveform

Plot[(-t) A (-1/4) Cos[-(-t)A(5/8)], {t, -1000, 0}]

Hanford, Washington (H1)

- H1 observed

0.30 0.35 0.40 . 0.30 0.35 0.40
Time (s) Time (s)

What do you observe?



1.0
0.5
0.0
-0.5
— -1.0

1.0
0.5

0.0 ~

-0.5
-1.0

0.5
0.0
-0.5

256
128
64

Frequency (Hz)

Actual GW &amyta&a used

Hanford, Washington (H1)

Livingston, Louisiana (L1)

— H1 observed

I

— L1 observed

H1 observed (shifted, inverted)

I

I

— Numerical relativity
Reconstructed (wavelet)
B Reconstructed (template)

I

— Numerical relativity
Reconstructed (wavelet)

I Reconstructed (template)

| — ReS|duaI[

| — Re5|dual|

0.35
Time (s)

0.

Time (s)

35

o N B O

Normalized amplitude



Estimated source parameters 2G M o

5 3 km
Quantity Value Up|_3er/Lower error C
estimate
Primary black hole mass 36.2 +5.2 -3.8 X
1 pc = 3.3 light-years
Secondary black hole mass 29.1 +3.7 -4.4
Final black hole mass 62.3 +3.7 -3.1 . 15
Llighi-year — 9.6 X 10 "m
Final black hole spin 0.68 +0.05 -0.06
Luminosity distance 420 +150 -180 Mpc 3/5
B3 o/5 (m1ma) /
, BT e
Source redshift, z 0.09 +0.03 -0.04

(ml 2% m2>1/5

(L) Obtain the GW amplitude 0.2 sec before merger

’ GMC 5/4 5 1/4
A(tcoal o t) i ; ( 2 ) (C(tcoal B t)>

(i) Obtain the GW ﬂf'requenav 0.2 sec before merqger
3/8 —5/8
fgw(tcoal _t) s l ( : ; > (GMC>

7 250 tcoal — 1 03




t Erbobe (m m )3/5 | i
(‘«) M= M m2/° — 17742 .‘ ) b MC: 28MO

(ml + m2)1/5

2G M, | | gy,

7z :3km | —p : _42km
c g
420 Mpc = 1.3 x 10?2 km (42)5/451 /4
78 x 10742

1.3 (3 x 10sdidi(ifa) /4

=34

(i) 7L £ 80N 42O RS
T \ 206 0.23/8




Model versus LIGO sev\siﬁvi&v

W Virgo
B Hanford

Livingston

Frequency (Hz)



Limit of the PN/PM formalism

The PN/PM formalism leads ko a per&urba&iov\ series around a
Keplerian orbit. After baking into account the backreaction of the
central black hole, relativistic effects come in,

Schwarzschild admiks an innermost stable circular orbik (ISCO)

6Gm

02
The quasi-circularity brealkes dowin because there are no more
stable circular orbiks bajomd that radius. This regime is called

the trawnsition to merger. The maximal ﬂfrequev\«tv where the PN/
PM formalism is valid can be approxima&ed to

= 5 l\/G—m Lol d Ry O
g s Ty R 61/6m Gm m

Note that it occurs before the end of the quasi-circularity hypothesis computed earlier:

—-3/5 2]
96 c 28 M
MAX,QC __ 8/3 o
g = (—5 w®/ ) e e

L ISE0) .




1.8, Post=Newtownian
corrections



Post-Newbownian corrections to the motion

1PN Lorentz-Droste-Einstein-Infeld-Hoffmann term
“

5G%myimy  4G?*m3
3 _|_ 3 _|_ n12+...
12 T12
1

radiation reaction radiation reaction conservative & radiation tail

2PN : [Onta et al.,1975],[Deruelle, Damour, 1981]
[Jaranowski & Schafer 1999; Damour, Jaranowski & Schafer 2001ab] ADM Hamiltonian
3PN [Blanchet-Faye-de Andrade 2000, 2001; Blanchet & lyer 2002] Harmonic EOM

Itoh & Futamase 2003; Itoh 2004] Surface integral method
[Foffa & Sturani 2011] Effective field theory

[Jaranowski & Schafer 2013; Damour, Jaranowski & Schafer 2014] ADM Hamiltonian
[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017abc] Fokker Lagrangian
[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019] Effective field theory

[review of Blanchet]



Newkbonial sources

e e / ' Gz — )T, (2')

2

Gz —z') = o 6(x) )

ol 47_‘_‘3—;3_5/‘ ret  Hpelb

For Newkonian sources: oo > ‘T0i|a ITij |

]_100 — —4¢(X) iLOi = O, hij =,
=3 /
Ol )= —G/ e )dgx’

by

Juv = Nuv iz h,uu — 1l i (h,uy i "Q'nuyh)

gup — (== go; =0, gi; = (1 — 2¢)0;;



Goni— . ¢ go; =1k

gi; = (1 — 2¢)0;;

o(x) = —G/ < T o

X B

In the momapoiar approxima&im«,

GM m

¢: 5 e S P SRR

Gl &
) y

ds? = —(1 — Z2)dt? 4+ (14 22)(da?
T T

+ dy® + dz*)



The “effacement” principle
or “skeletonizaktion”

[Brillouin, Levi-Civita, Damour]

“As far as gravitational effects are concerned, the
internal structure of slowly moving bodies leads to very
small corrections with respect to the point particle
approximation.”

Assume two nearly spherically symmetric bodies of Linear
dimension L, of mass M, separated by a distance R.

GM

Self-gravitational force on one body: i

d (GM GM
Tidal gravitational force on one bocbj caused bj the other: L o < ) = —5 L

tidal L_3
Belr RS

Tidal distortion ettig&éd&:j ’ £



Tidally induced gquadrupole moment o 9 — & M L2

GV ¥ GeMeL

Force induced bj the qu&dru[aote : J2 P 3

R’ A

GeM?L? 2 5
Force due to tidal forces R4 el L
§ 5 TSRS g N S
Newktonian force Q é\g R2 R
: GM
For a compact object, L ~ 5
¢
b* G M
Slow motion/Weak field: — ~
el TR

Newbtonian force =

2\ O
Force due to tidal forces (U ) SPN @FF@@E
C



Relativistic tidal c&@.{rwmabit&j

Tidal deformability

2 r 2r3

1_gtt_ m 3Qz’j( 1

n'n! — §5ij) +0(r )

- %é}jwixj + O(r%),

Love number Dimensionless kidal deformabii.if:j

2
A= ZkoR°
32 ?

It is © for black holes [due to hidden sjmmeﬁrias], non-zero for neutrown stars.

W cie.pev\ci at leading §PN order only on the combinakion:

(m1 + ma)?

[Flanagan, Hinderer, 2007
[Favata, 2013]

0f interest ko extract information on the composition of Neubrown Stars.



Fileld equ&&ia&ms i Ehe PN
approxima&aw the 1PN Einstein-
Infeld-Hoffmann equ&%mv\s

board




1.6, Effective ov\@.*badv
resummation

board




Challenges within the PN/PM formalism

[Blanchelt/Damour, 19% % ]

0 d ) i

PN/TM expansion

Near Zowne
0 )

tipolar radiation reaa&%om

Mu.i.&époim: PM expansion
13 ™ ¥

Vacuum/Exkerior Zone

d<T§<OO

)
)
b
p,

C M ?
' -
-

"
‘\
!

There is a “hereditary” PM2/PN4 term in

the equation of motion of the source.

1t is non-local i time,

The mathematics of such evolution equations
is ot yet ﬂfu,i.i.v understood,

e a¥aVa ~ ™
RO




C:v k A P Y 2— " B iv AL M !"\ & L




Ringtones of black holes

Power-Law
Eail

Ringdown

We would Like ko khnow

- Freguencies (quasi-hormal modes)
- Amplitudes (as a function of the binary source parameters)

Unigueness theorems: Kerr(M,J) is the universal final stage of collapse

. ﬁrequ@maes (M,:)) : all s knowin (1972 Teukolsky; 19%§ Leaver)
- Amyt&udes . estimatbes for c&e%ea&abit&%v (1997 Flanagan-Hughes)



Plawn

2. Black hole Perturbation theory
2.1. Regge-Wheeler and Zerilli equations
2.2. Quasi-normal modes of Schwarzschild - Black Hole Spectroscopy
2.3, Newman-Penrose formalism, Petrov’s classification, Teukolsky equation
2.4. Quasi-normal modes of Kerr

2.5, Ma%kissom“?aFape&roummxon %keorj



2.1, Regqge-Wheeler and
equ&% LOWNS




2.2. Quasi-normal modes
of Schwarzschild

Black hole spec&ros&opv




Schwarzschild spa&rus&opv

' )
b
i

\,
» ‘-... .
‘l—n;l e

:—0.5- - 00 -0:5: ‘ —05 0.0 05
2MwR 2MwR

(a) Quasi-normal modes frequencies for gravitational perturbations (b) Comparison of quasi-normal modes fundamental spectral = |s|
(s = 2). for scalar, vector, and gravitational perturbations (s = 0,1, 2).

Most meo\kt:j dampad - \ o = 0.3737 — 0.0890;.

Ad&p&ed {rgm E. Berti, V. Cardoso, and A. O. Starinets, “Quasinormal modes of black holes and black
branes”, Class. Quant. Grav. 26 (2009) 163001, arXiv:0905.2975 [gr-qc].

“E. Berti’s homepage, Ringdown.” https://pages. jh.edu/"eberti2/ringdown/.



2.3. Newman-Penrose formalism,
Pebrov's ttassiﬂfi&aﬁmm
T@.uwoiswv equ,a&cw\



Newman-Penrose formalism

- FEeTrTLOnS

- Cartall W i

The Newman-Penrose formalism is a tetrad formalism with complex tetrads where the tangent space

Tebrad : Suv = ﬂabezes M—SQ“FM{. “fﬂ)f'

Minkowski metric 7,4 is chosen at each point to be

0
0
1
0

The tetrad frame is chosen to be a set of 4 null vectors | My, My, Ty, with

gyv — ’lrlv — rlylv + m}‘mv + ﬁlymv .

Null directions suikable to s&u,civ GW propagation



Reformulation of the connection

4 v,u
= —mtI"Vyly ; o =-mtm"Vyl ;
= —ntm"Vyimy ; v=—ntn"Vymy ;
= —mtm"Vyly ; u=—ntm"Vymy ;
= —mfn"Vyly ; @ = —ntl"Vymy ;

1
H z < — — y v }‘l v 71 .
2=k Fy,o 2(n [Vl + mMIVN iy, ;

1,
— _i(n"n"vvl,, +mtn"Vymy) ;

1
_ —E(nf‘ﬁz”Vvl}, +mtm'Vymy) ;

1,
= —E(n"m"vvl}, +mFm"Vymy).




Reformulation of the curvature

1
Hapuv 1), Wiwpo = Ryuvpe = &uipRo + vjpRetu + S RGu[p80v-

RO 10

Yo = Waﬁrﬂslamﬁl'ymé,

Y1 = Wagqol“nPl17m’,
10 Wa Buv . ¥y = Wagsl®m B Tn®

Y3 = Wapyol“nPimn’,

- WﬁvtmN@.wmam-‘Penrose scalars



Reformulation of gauge invariance

¥, = Wam‘;l“nﬁﬂm‘s,

Y, = Waﬁfﬂsl"‘mﬁm"n‘s,

They are diffeomorphism tnvariant but dependent upon the choice of
tebrad.

Y, = Wamél“nﬁm%ﬁ, One can F?erffcwm H&ps and local Lorenkz transformation ak

¥, — Wam‘;n"‘mﬁ;ﬂﬁz‘s, each spacetime point (&6 real functions = 3 complex functions).

* Rotations of type [ which leave I¥ unchanged (a2 € C);

[* s * nt s n* 4+ a*m" + am* + aa™I1¥, mt — m# + al¥ mt v mt + a* ¥,

e Rotations of type II which leave n# unchanged (b € C);

nt v nt I* s IF + b*mt + bmt + bb*n¥, mt — mt + bn¥, mt — mt* + b*nt.

e Rotations of type III which leave the directions of /¥ and n¥ unchanged and rotate m¥ by an

angle in the m¥, m¥ plane (4,0 € R);

* s AT1H nt — An* m#




Yy = Waﬂwl"‘mﬁl"m‘s,
¥, = W,xmgl"‘nﬁl'rm‘s,

Y, = Wamgl“mﬁﬁﬂn‘s,

Y3 = Waﬁ,,51“115171711‘5,

Y, = Wam(;n“mﬁ;ﬂm‘s.

Prove thabk under Yo — Yo,

Rotations of type I which leave /¥ unchanged (a € C); T1 - T +a™¥,
(L) ¥, > Wy + 204, + (a*)2F,,
[* s I# nt s nt + a*m* + am” + aa*1¥, mt — mt + al¥ mt v mt + a*I¥. ¥s > 3 + 30* ¥, + 3(a*)2¥; + (a%)3F,,

Yy > Yy +4a*¥Y3 + 6(a*)?¥, + 4(a*)3¥q + (a*)*¥;

Yo+ Yo + 4bY1 + 6b*Y5 + 4b3Y;5 + b* ¥y,

2 3
Rotations of type II which leave n# unchanged (b € C); Y1 ¥+ 3072 +30°F3 + 07y,
(. 3 ) Yy > ¥y + 2b¥3 + b?Yy,

K K H K *mh la FyuH H K H H K Fnl
n* s nt, [P 1P + b"m” + bm" + bb™n”, mP v m? + bn¥, mb v mF + b*n”. Ya > Y3 4 by,

Yy Yy,

Rotations of type III which leave the directions of /¥ and n* unchanged and rotate m" by an
angle in the m¥, m¥ plane (4, 0 € R);

" A71F nt — Ant, mht 0 mlt s e Omk,



Remwember

Yy = Waﬁ,y(gl“mﬁl'ym‘s,
¥, = Wamgl"‘nﬁﬂm‘s,

Y, = Wamgl“mﬁm'yn‘s,

Y3 = Wam(sl“nﬁﬁﬂn‘s,

Y, = Waﬁfy5i1aﬁlﬁ717ﬁ1§.

We define the 3 anti-symmetric bivectors

Xy = =2np,My) Yuw = Zl[ym,,] ; Luy = 2mpy iy — Zl[yn,,].

Prove that the Weyl tensor is a Linear combination of these 3 bivectors

Waﬁ'yé =Y XaﬁX,ﬂ; + Y1 (X,xﬁZ,,(; + ZaﬁX,Y(;) + Y5 (YaﬁX,ﬂ; + XaﬁYrﬂ; + ZaﬁZ,ﬂ;)

+ ‘P3 (Yaﬁzr),g + Zaﬁyfy(s) + ‘Y4 YaﬁY'yé + C.C.




Remwember

Yy = Waﬁ,y(gl“mﬁl'ym‘s,
¥, = Wamgl"‘nﬁﬂm‘s,

Y, = Wamgl“mﬁm'yn‘s,

Y3 = Wam(sl“nﬁﬁﬂn‘s,

Y, = Waﬁfy5i1aﬁlﬁ717ﬁ1§.

We define the 3 anti-symmetric bivectors
Hink:
Xyv = 2nptiy) 5 Yy =2lpmyy 5 Zyy = 2mpytity) — 2l ny,. COMP“&Q
X,ycsl,ymé
Prove that the Weyl tensor is a Linear combination of these 3 bivectors S sl
Z,ycslfyfrn(S
Wagns =0 XapXys + W1 (XupZos + ZagXos) + ¥2 (YasXos + XagYos + ZasZors) 25
+ Y3 (YapZos + ZagYos) + Ya YagYos + CoC. Y75m7n5
ny(g”ﬁ’ﬂn(s




Use

Waﬁ'yé =Y XaﬁX,ﬂ; + Y, (Xa'ngy(g + Zaﬁx75) + Y5 (YaﬁX,ﬁ; + XaﬁY'yé + Za'BZ,),(;)
+ ‘{;3 (‘YaﬁZ,ﬂ; + ZaﬁY'ycS) + ‘P4 YaﬁYt},‘S + C.C.

ko prove Ehak

"
¢]
A
)

f I[aWﬁ],ﬂg[pIU]I"I‘S = ‘f’ol[“ﬁzml[pma] <+ ‘I’{)“I[amﬁ]l[pma].




[ Pebrov, 1984 J[Géhéniau, 1987

Higher dimensions: 2004

Petrov classified the Weyl tensor by the number of degenerate local eigenvalues and (antisymmetric)

eigenbivectors of the Weyl tensor. The eigenvalue equation reads as

X = A XM

Hv
Wa

P

Distinction: G,ul/ 3 T,ul/7 W,ul/oaﬁ

Classification of the Weyl tensor categorizes both vacuum and non-vacuum solutions ko Einskein’s equations

Wivap s conformally tnvariant Wivap  identical for A4S and Minkowski



Three equivalent classifications

Petrov classified the Weyl tensor by the number of degenerate local eigenvalues and (antisymmetric)

(1 ) eigenbivectors of the Weyl tensor. The eigenvalue equation reads as

WH (X*P = A XH.

P

A non-trivial result due to Penrose in 1960 shows that solving this eigenvalue problem is equivalent

to classify spacetimes according to the degeneracy of principal null directions of the Weyl tensor. Such
(Z) directions are spanned by null vectors k¥ obeying

)
kjaWgjqsrokonk7k® = 0.

Yet another equivalent formulation of the classification is the following. We have just seen that with
respect to a chosen tetrad, the Weyl tensor is completely determined by the five Weyl-Newman-

Penrose scalars. The third formulation of the classification consists in determining how many of

these scalars can be made to vanish for a given spacetime by choosing a suitable orientation of the

tetrad frame.

For the Prooﬂf (1) <> (2) : see fSEephami, Kramer, MacCallum, Hoenselaers, Herlt, 2004 ]



Petrov classification using formulation (3)

Griven a NP tebrad we t:ampu&e the scalars {\Iji}izl,

1FO > 11,0/
Y- Y +a*¥,

| it Weyl vanishes, we are done. Let us assume it is not vanishing.
Tﬁ["ﬁ X ¥y > Yo + 2a*Y + (a*)*¥,

Y3 - Y3 + 3a*Y, + 3(a*)?¥; + (a*)>¥,,
Y, > ¥y + 405 + 6(a*)2¥, + 4(a* )3 + (a*)4¥;

We assume Yy # 0. Otherwise do a T ype 1 rotation,

We consider a Type II rotation with complex parameter b.

Yo > Yo + 4bYq + 6b2Y, + 4b3Y¥5 + b4y, Wy can be made to vanish if b is a solution ko

¥, — Y1 + 3b¥Y, + 30%Y3 + bPYy,

Yo + 4bY¥ + 6b°Y, + 4b°¥3 + b*¥, = 0.

Tupe II ¥y > ¥y + 2b¥3 + b?Y¥y,
JP R There are exactly 4 roots. The corresponding Type 11 rotations lead to
3> 13 4,
Tao ¥y I silt + b*m# ﬁz +bb*nt;  mt s mt +bnt,  mt s mt + b nt.
They define the 4 principal null directions of the Weyl tensor
U
Type 111 et

BN This proves (3) -» ()

The degeneracy structure of the roots of a quartic polynomial lead
to the classification.



Pebrov’s classification

Table and diagram adapted from
[Stephani, Kramer, MacCallum, Hoenselaers, Herlt, 2004

Petrov type  Multiplicity of p.n.d.  Vanishing Weyl components  Criterion on Weypep

I (1,1,1,1) ¥o=0 Kry WagpoiskskPk? = 0
(2,1,1) Yo=Y =0 Kpy WagposkPk? = 0
(2,2) Yo =¥;=0 Kpy WagpopkPk? = 0
(3,1) Yo=Y =¥2=0 Kry Wi pogk? = 0
(4) Yo=Y =¥2=¥3=0 Wapopk® = 0

(a) Characterisation of Petrov types. k¥ is always the most degenerate principal null direction (p.n.d.).

: : e Gab ; : £ : (b) The Penrose graph summarizing the degeneracy growth
Kerr is T:j?ﬁ D: itk adwmiks 2 disktinck PT’LMCLPO\L null directions,. in Petrov’s classification. Each arrow indicates one
additional degeneracy.

A Newman-Penrose kebrad ad&p&ed to these null directions and such bhat V3, Vs vanish is called a
Kinmersi.ev tebrad. Omtv Uy s hoh-vanishing in a Kimnersi.ev tebrad.

The Goldman-Sachs theorem implies that for a Type D s;m:e&&me, the principal null directions are

shear-free geodesic congruences. The Newman-Penrose formalism is therefore well-adapted for
the sEu,dv of GW in Kerr!



Quasi-normal modes: definition

We consider Linear perturbations of matter and the metric around the Kerr geometry,
ALl Linear per%urba&iams are collectively denoted as

Thanks to the 2 Killing vectors of Kerr, there is no explicit time or angular dependence
in the field equations. Therefore, the Linear solution can be decomposed in isolated
Fourier modes:

The linear equations are partial differential equations in T 0, which dependence upoh (M,a=9/M) and M, W
The boumc&ar:} conditions are

-"In" ; Ingoing at the horizon e WHIMPE(y,9) L1, gmiwotimP. | (g)

where r, is the tortoise coordinate, v, = t + r, the advanced time and ¢, the angular coordinate which
define the regular ingoing Eddington-Finkelstein coordinates v,,7., 8, ¢« (or in other words, which

resolves the geometry near the horizon).

r—o0,u fixed

- "Up” : Qubtgoing at Enfimiﬁj e~ WHHIMPE (r,0) > e~ "WIHIMPF(0)

where u = t —r is the asymptotically flat retarded time.



Quasi~normal modes: quatiéaﬁve solubion

\\ l+

Linear ¥DEs

Penrose diagram of the domain

of outer communication of Kerr Radial interval at fixed Boyer-Linquist time

This is a baumdarv value probi.em‘ It admits an infinite seb of solutions Labelled b'ﬁ

— Spheroidal harmonic numbers [, m
— Overtone N =0,1,2,...

The frequ@.v\t&es are WimN — Re(wlmN ) e iIm(wlmN ) Linear s&abiti&v is equivalent to Im(wlm N) < 0



wko i. S M‘v q MO& Lo

Teukolsky found during his PhD thesis with Kip Thorine tn 1972 how to separate the radial and polar
equations for the Weyl components.

He started to write down the Llinear Per&urbaﬁwn equations in terms of the & Weyl-Newman-Penrose
com[pi@.x scalars for a Kimnevstev tebrad. In Kerr (in Bover*LEqus& coordinates), ombj

(r —iacos0)3

s hon-vanishing. It turis out that the Linear permrba&mns {6W;}; can be expressed in terms of either 00
or 0V, up to the change of Ma (in U5 ),

Insight: the equations for (r —iacos 0)* 00, and 0¥ are separable. We call it ¥ for s=-2 or +2. It obeys
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Radial and po Lar Teuleols M‘j equa% LONS

o0

o+
W(t,r,0,¢) = % f dwe N7 N e@MIR] (1) ST (cOS 6).

|=|s| m=—I

The equation for S], (cos0) is called the spin weighted spheroidal harmonic equation

d m? + 2msx + s2

d
[a(l — xz)a] ?mw(X) -+ [azwzxz — 2awsx + glsmw — W] Slsmw(X) =0

where x = cosf and &?

i 18 the separation constant. When a = 0, the dependence in w drops out and

the functions S;, (cos 0) reduce to spin-weighted spherical harmonics Y} (6, ¢) = S; _(cos 0)e'™? after
inclusion of the Fourier ¢ factor. In this case, the angular separation constants &;

i = €1y are known
analytically tobe & = I(I +1).

The radial equation is the radial Teukolsky equation:

ﬁ

A—Si(AS'*‘l

or or

Rimo) V(1) Rimeo () = Timeol")

with source Tj,,,,(r) and potential

2 eife
V(r) _w — Asicor + Apy,

Kinw (r2 - az)w — ma,

2

Mmew 2= Eimw — 2amw + a*w? —s(s + 1).

When a = 0, the m dependence drops out. This is a consequence of SO(3) symmetry.
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Radial and PO Lar Teul¢ols N’j solutions

Leaver method: continued fractions [19%5]

Any method that solves a boumdwmj value ODE !

Implementations in "Black Hole Perturbation Toolkit”
http:// bhp&oatwiﬁorg/

Mabthemakica 12.1. now EMFL@.MQMS HeunG which solves bhe ‘SF@E;M.
weighted spheroidal harmonic equation.



Schwarzschild spa&rus&opv
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(a) Quasi-normal modes frequencies for gravitational perturbations (b) Comparison of quasi-normal modes fundamental spectral = |s|
(s = 2). for scalar, vector, and gravitational perturbations (s = 0,1, 2).

Most meo\kt:j dampad - \ o = 0.3737 — 0.0890;.

Ad&p&ed {rgm E. Berti, V. Cardoso, and A. O. Starinets, “Quasinormal modes of black holes and black
branes”, Class. Quant. Grav. 26 (2009) 163001, arXiv:0905.2975 [gr-qc].

“E. Berti’s homepage, Ringdown.” https://pages. jh.edu/"eberti2/ringdown/.



Kerr s ckrosco Y

- Most weakly damped s=2 mode Mwgo ~ 0.4437 —0.0739(1 — a/M)?-330

- Zeeman splitting (dependence upon mj

- Highly spinning behavior (Split bebween non-damped and zero-damped modes with half- :
integer real ffr@.qu.enaj). This is due to the near-horizon Kerr region with angular vetoci,&j O

Video on

kEEPs://www.vou&ubeﬂﬂom/wa&ch?szqu@Mlee“)Q

[Cook, Zalutskiy, 1410.769% ]



2.4, Mathisson-Papapetrou-
Dixon theory

Or how to model finite objects without their gravitational
backreaction?



We consider the small rakio Limit of the Ewowbodj F:»rc:-btem

mi1 << Mo

if boc&v 1 is a point particle without any internal structure not gravitational backreaction, iks motion is
determined by geodesic motion in the metric generated by the body 2. [Einstein-Grommer, 1927]

This is not a postulate but a consequence of Einstein’s equations. For a modern F'rcm{, see [Wald-Grralla,
200% ]

This is very useful if the boc&v 2 is a black hole because the mebric is the Kerr mekbric cié;pemdicw\g) only on M
and 2, It is also useful for a stationary metric like a neutron star, which is determined bj two infinite sets
of multipole moments.



mi << Mo

If body 1 is not a point particle but an extended object, a more general theory of motion is required
In addition, the body 1 gravitational backreacts and “gravitational self-force” corrections are also required,

In this lecture, we ignore the gravitational self-force. We assume that the background wmetric is the Kerr
metric determined by the black hole (body 2).

We consider the space-time diagram :
Worldline inside the object

Sy (&jpiaattj the center-of-mass)




Stress-tensor for timelike qeodesics
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Show that the conservation of

0 Ay
TRt m/ d7'(S o
— 00 izl

Gk,

Nl ) =)

LS equivatem& to the geodesic equaﬁmm

|4 1 8 | 4 077
Hink: use Nl = \/jg o1V ( Ve il ) i FguT
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Extended objects contain additional mulkipoles:
o Spm
o Qu&cirupoie

o 2°N Fwt@.

Their equation of motion follows from

vCbcrbaobdy =0

Pt[g] = L Tlsbobdy<aj/)§a(x/)dsb

!

??




Killing vector = Symmetry of spacetime

Spapgw/ 552 (9prng i aufpgpu =0

By covariance: Vo + Vi€ =0

In Minkowski, using Cartesian coordinates, (ct, T)

Oy =0 Eh = gt 4 Y €0y S0)] = C((ci;(b)gébc)

Eranslations Lorentz Poincaré algebra under the Lie braciet

In AdS;/dS; (other two maximattj svmmeﬁric‘ sya«ce&imes) -» 10 as well

AdS4Z SO(Q,S) dS4Z 30(1,4)

Schwarzschild: R « SO(3)

Kerr: R x SO(2) x 7,



Prove that a Killing vector obeys

using the Misner-Thorne-Wheeler/Wald convention [V, V3| = R° L e



Prove that a Killing vector obevs

using the Mismer-Thorne-Wheeler/Wald convention [V, V€€ = R, &%

va(vbfc T vcgb) =0

¥ VoVl + VeVabs + [V, Vel& =0

e o N a¥pte + VeVabh + Rodact” IR
bEb < ViWals + ViV, + RogchEo= 013
e < ViV, + VoVeé. + Reagpa€” =0 (3)

(1}“(2)"‘(3) - 2vavb€c Gr (Rbdac = Radcb SF Rcdba)gd — U
2vavb€c 3 (Racbd B0 Rcbad . Rbacd)fd =]

Rcbad < Rbacd s Racbd —

INL Vit 2R D




Tool 1: Killing %ramspor& along a curve

[Greroch, 1969]

Eal

Criven we can build

N
A

EalT)

B at a POEME 7

~
Q
R
AN

AN
TR

2 _

by integrating along the curve the following ordinary differential equations,

Ua(ﬂf/)vafb (QL‘/) = fUa’(;E/)Lab(z) Tangent vector along the curve
A dr'®
Ua(x/)vaLbC(x/) == _Rbcad(x/)fd(z)va(x/) vi(z) = oy

The equation is trivially obeyed ot 2. By construction, Lop(x") = Ligp(®) & Lggp)(z0) = 0 at any o

Ea(2)

This defines Boil%) along the curve. There is also a relationship among these quantities along the curve,
ab

which are compatible with the Killing equation.



Tool 2: Ritensors

[Poisson, Pound, Vega, 1102.0529]
Note: They use 0(z,z) nstead of o(z,2) .

Although there is no vector which preserves geodesic distances between all pairs of points in a general
spacetime, there are vectors which preserve geodesic distances from a given worldline.

ol Synge function = 1/2 square of geodesic distance between 2 and x’

1 Al dy* dy” 1
G g ¢ ANz 1 ). )°

Z ¢

Cownskank: €

Definition invariant under reparametrizations A= ad+0b

Ik s a biktensor: scalar wikh respect to bobth z and x.

We can define vectors/tensors with respect to each point:

Ok — Vo — Ouals 7l O — VeNGiolin

Oor =S\ 00 w0l Y, Ohal — N Gl o)



In the coincident Limik, 21— 2/

o] = limyis gz, 2 58 CGreodesic distance bebween a poim& and itself is ©
:O-a] = limzwm’ga(za ZC/) =0 b@.@&uﬁ@. no odd tensor exisks,

Oar] =0

:O-a’a,b] =1

:O-a,b] —=Gab

:O'a/b/] = Ga’'b’ We M@.@.ci &O FT’OVQ L&

:O-a/b] =5 Galb




Use

to prove Ehak

()

(i)
(Lit)

(iv)

dyt dy” 5 el
A )Ginel 0%



(i)

alz + 0z,

ol s —

1

=

" dy” |

A/ |
Aor el : dh el )= X,)°

Ac’\jusE Fmrame%er such hat AA =)y — A, = A — Aise

50 (2, 5) = A / (gw<y>

Solz )

o(z, 2" + 6x')

Ol )

ab
G - OuObs=

=2 AN gW

') —o(z,2")
—o(z,x")

d,UJ

_5y

dA

o _()\x’ o )\z)gabzb

AX25%gp5° = AX%e = 20

dy* doy” 1 dy* dy”
8. Sy ) d
dh di RN ax ) >
Sz A7 )
% d=y* dy* dy>
—_Af : T g,
: /,\ v~z + Bavdarie 5
— _(Ax’ =n Az)guyé“5zy
SO —A,)gun i 6

[Poisson, Pound, Vega, 11020529, pg 35-37]

)doy” dA



(LiL)

(iv)

)

O U=

2900 con =00

s (Uac e gac) = ()

O-aa-ac’ — O¢/

Ua(O-ac s gac) = (

[Jab] — Jab



ﬁ&)f

[Harte, 2o0% ]

Greneralized Kill g ve

We define a foliation {Bs}scr around the curve 7

€a(2)

Criven a F»QE;\"
Lab (Z)

along the curve 7 we define ¢ in the vicinity of v as

Lz, 2 =0 Nz 4 B Va, € B,

This vector exists, Proof:  Leo(zs,2,) =0 Lot ) —0

£ (2 )V 00 + £2(25)Vp0® — Vpt®*(2,)0? = 0

£9 (2 ) V0% = —£8(2,)V50% + Vpt*(25)0°

S

Defime the inverse  HY,(r},z)  suck bhat  H',(z),2) Vw0 (2. 7)) = —0 -

This inverse exists and is unique locally around 7 . Due to caustics, it is not unique glob ally, i

gb, (ajfs) 5 Hb/a(x;a Zs) (Sb(zs)vbaa ¥ vbga(zs)ab)

= (g ) = Hal;(a:’, 2oz 1)

Ea,,ab(x/’z) ok —Ha/b(aj/,z)aa(z,x’)



We can wrike

equivaten&ifj bj

Indeed, in the coincidenk Limik, 2 +— &'

Vi (2) = V2 (2, 2)6,(2) + VB (2, 2) Lop (2)

:(;a] = —P  Vuéy (') = Loy (@)
[vb,Ealaab] 5 _[Ha/b] [Uab/] i 6a/b51?’

Finally, using the property of Killing transport Lap(2) = Ligp)(2) after choosing V(&) (20) = 0 for any zp € v

[Harte, private communication, 2020]]
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Miuﬁ /

Expt&c&ﬂv ;

ga(z) :Aa+B[ab]2b

ga/ (il?/) = e B[a/b/]ll?/b/ L e B[a/b/]zb’ L (QC/b

Therefore,



PlE = [ Tty (@) (@)dSy

Using the d@.tomposﬁ:wv\

we obbain

where
p%(24,1) = / Tba’g’ ( w’)': a( S 2:)dS} ts the momentum vector with respet:& to the
9 ody eyt g 9 A
B

: reference worldline at foliakion time

S (2, 1) = / Tgbo’g?;( )29 (2'. 2,)dSy s the Lorentz «cka\rge. tensor w'i,&k. resp-@.c& to
B the reference worldline ok foliakion time E



1 MX"‘“b alance # Law

The current J° = body( )fb( ) obejs N g Jeie= Tbody( )Vafb(f) = —Tabﬁggab

Skokkes’ Eheorem E,mpu;@.s

These are Ehe Mabhisson-
?’o\pap@.&rmum‘bixom equ&&ic:)ms




Ma&h&ssav\*?apaF@.&raummxom equa&&oms

d : o 1
apt &) = /B Pry =TT Ligess By (L] P g] = p® (2, t)€a(2t) + §Sab(2’tat)v[afb] (2t)
Using the de&ampasi&mw
Dp*® , 1 DS Y : s 1
1;; €alze) + P2 VoEal2e) 5 Vabbla) + §Sabzt VeValo(2t) = F78a(2t) + 5 Nab Viale (%)

use

chafb o _Rbacdfd
True iv\ciependenﬂj for al2t); Via&y(2t)

We obkain
Final variables :

a gl s®»a. i abed
s =0, JY L

The MPD equations arise because a generalized Killing vector which is purely translational at a point
becomes a combination of translations and Lorentz transformations at a later time under Killing
transport. This leads to a mixing of momenta and Lorentz charqges.



if £ is a background exact Killing vector, %Pt E = / d3$\/—gTab/Z§gab = Fi|&]
By

a foae
Then  Fild] = p"(26, )€a(22) + 53 b(Zt,t)V[afb](Zt) is exactly conserved. In Kerr, there are 2 conserved
quantities, as for geodesics, Analogue of Carter’s constant??

In order to close the system of equations

Dpa’ 1 C el ° a
Dt — §Sb Rbcd Z? _|_F
DSeb iy .

Pt o 2p Zt] i

we heed equations of state to define the stresses and torques, as well as the
= ” that fix the center-of-mass:

Tutczz.jjem: S“bpb — (Other op&iow Mathissown: Sabvb — i

?roposiﬁmw If b is proper tie, we can solve for Z.’,? in terms of pa, S a’b, F a, N [Steinhoff, Puetzfeld, PRD &, 044033 (2012)]
1 b gcd 2
We can then define the intrinsic angular momentum: OS¢ = "iﬁeabcdp o =0,

1
As well as the spin length: 5% = 5S@bSC’f’ — 598



Show that the Mathisson-Papapetrou equations reduced with the Tui;ézjjeééahdiﬁcm where t s proper time

Dp“ 1
C — SRl
Dt 2 ab '
ab S Db
DS e .
= 20
Dt
lead bo
where
1)
gl {1 | Racsabscd
4M2 bed
1 .
o bede ga f hi :
N | 4A2,u4saprSd€R S pgS ngh’b

1

e geabl o ab qef
Hint: prove RapcaS™ 5™ = 2Rabcds S First derived by [Ehlers, Rudolph, GRG ¥, 197 (1977)]



= —SbcR v * -

1 2 D | ® |
: e Sab —() b Ammnerill a4 Pb a Sab cd

Lusis | = 2pl%® D k i BT
Dt e = N a _I_Ba, Uf B¢, — 1 SabScdR
= MP i i W cdf b
(p + B%p ) i Bafo v9 We will solve for N later.
Sab i abcdpcs paSa ) EabcesabSCd 58! (pcSe b peSc)SCd =)
Havga =9

1
Rabcd S Sbf = 5 Rabcd SabSef

N X (Bb )n N Ba pf
i S pa, Tegyele f b A=l /
vy, = —1 Deduce N
Note: instead of proper time, one could fix V'Pa = —[i which results i another N [Dixon, 1970]

see e.q. [Susulki, Maeda, PRD §5(%), 4¥4¥% (1997)][Santos, Batista, PRD 101, 104049 (2020)]



Usitng the Mathisson-Papapetrou equations reduced with the T utcz.jjeQ condition

Dp“ T %
Dt — §Sb Rbcd Ud . 'pa 1 bpc d 4
3 = — o N | Sa _R C eS .
DSab 2 S Db 0 U y QIUZA 10 bcd
by : _

I
prove that =it asigellias 5 = §SabSab are cownserved.



Usitng the Mathisson-Papapetrou equations reduced with the T utczjjeQ condition

Dp%. o |
P 2 _SbcR avd - s :
Dt 2 e Sab 0 R NS P | 1 Sabp D Sde
< = e l — dlpede
1,5 _ oplagh £ e\ _
Dt
I
prove that =it asigellias 5 = §SabSab are cownserved.
ab
We have Sab D;Z — ) because Rabcdpcpd =0
D a
Pa—— =0 Becaiin X,5% X, =0 X, = R0 S



nerq v M, SOT

“Sieelebizabion”: reduce the skress-tensor ko iks Lawes&. muﬁ:upote.

nmoments on the MOTLdLLMQ’ [ Mabhisson, 1937 ][schwartz, Théorie des dus&nbu&wns, 1950] [TulﬁajJew, 1959 ]
[Dixown, 1973] b

o _ 4z5(7)

Prove thatk V,7° =0 is equwaieh& Ec:;» Eke Makbhisson-
‘Papape&rau, equa&mhs

Dp® i
D §Sb Ry
DSab

— 9plag,d]
5l e

Trick: use aln &rb&rarv best veckor @q

g / d*z\/—gV o (T ¢p) = / d*2/—gV o T ¢y + / d*x\/—gT*°V (o by



Trick: use an arb&%rarv test vector Qq
0 = /d4x\/—gva(T“b¢b) s /d4x\/—gVaTa’bgbb+/d4a:\/—gT“bV(aqbb)
Therefore, conservation of the stress-tensor is equivalent to

0= [ d'av=gTV ity = [ dr (5s"Vagy + SV Tt )

1 D
Use p%% = plo? +o%p®. 8§99V .V, b = §ScaRca£l<bd DENL Y = = and integrate by parts to get
| e D@ aik] DS ;
4 ab i bc .d a a_ b
/d LA/ —gT V(a¢b) — _§/d7- _2( pe QS (V) Rbcd)¢a ( D~ 2p[ (Y ])V[a¢b]_
The two tesk o,. Vie®p are Lmd@.pea«d@\& on the worldine:
Fermi hormal coordinates
Ga—Gg T M X, Via®s) = Vi@ X — Ut 0, (1)x
P 1
oh ditt 2 ’ s _SbcRb davd
This is therefore equivalent to B ¢
ab
DS % 2p[%b]

[Special thanks to Harte, private communication]



SPLy;
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o Quadrupate and higher mu&éymt&s are ok
constrained by stress-tensor conservation, but by the
EM&QT‘MQL CivM.QMEﬁS [ Dixown,19%0]

o Dynamics of a spinning particle in Schwarzschild or
KQT“‘ E«S @h&@&&& [Susuki,Maeda, 1997 [ Hartl,2003]



