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Exciting times…
1915 Birth of General Relativity and in 1916: prediction of 
Gravitational Waves


1974 Hulse-Taylor pulsar :                                                  
First indirect detection of GW


2015 First direct detection of binary                             
black hole merger: event GW150914 


2017 First direct multi-messenger detection of binary neutron 
star merger: event GW170817


March 2023 Run O4 of adLigo-adVirgo-Kagra 
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Current GW detectors



Upcoming detectors
Pulsar Timing Arrays 

LISA

Einstein Telescope 

Cosmic Explorer

2024: Choice of site

2035?: Science

May 2022: Mission feasibility passed

2037?: Science


2035?: Science





3G: Deep in the dark age



LISA Science objectives



GW and string 
theory

(Huge) Gap between Planck scale 
and observations


Effective field theory approach: 
GR+suppressed modifications 


Current and future observations: 
Strong field GR (no quantum, yet?)



Modifications of GR



Diffeomorphic invariant higher curvature 
corrections start at O(R^3)

Leading order in the curvature expansion:

the Einstein-Hilbert action

Four terms at O(R^2): (one is parity-odd)

But two combinations are topological (Gauss-Bonnet and 
Pontryagin):

The other two parameters can be absorbed by a field-redefinition 
of the metric:
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These lectures: 

Two-body problem in GR



[van de Meent, Pfeiffer, 2020]
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Outline of these lectures
1. Post-Newtonian/Post-Minkowksian theory


1.1. Propagation, linear GR theory


1.2. Interaction with test masses, freely falling frame, TT and detector frames, 
energy of GW


1.3. Generation of GW


1.4. Quasi-circular inspiral of compact binaries


1.5. Post-Newtonian corrections, the 1PN Einstein-Infeld-Hoffmann equations


1.6. Effective one-body resummation


2. Black hole Perturbation theory 


2.1. Regge-Wheeler and Zerilli equations


2.2. Quasi-normal modes of Schwarzschild - Black Hole Spectroscopy 


2.3. Newman-Penrose formalism, Petrov’s classification, Teukolsky equation 


2.4. Quasi-normal modes of Kerr 


2.5. Mathisson-Papapetrou-Dixon theory
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1.1. Propagation, linear GR 
theory



General Relativity
S =

c3

16⇡G

Z
d4x

p
�gR[g] + SM

Minimal coupling
⌘µ⌫ ! gµ⌫
@µ ! Dµ

Gµ⌫ =
8⇡G

c4
Tµ⌫

xµ ! x0µ(x) g0µ⌫ =
@x⇢

@x0µ
@x�

@x0⌫ g⇢�(x(x
0))

Diffeomorphism invariance

Tμν =
2c
−g

δSM

δgμν



Perturbation theory

gµ⌫ = ⌘µ⌫ + hµ⌫ |hµ⌫ | ⌧ 1

xµ 7! x0µ = xµ + ⇠µ(x) |@µ⇠⌫ | ⌧ 1

hµ⌫(x) 7! h0
µ⌫(x

0) = hµ⌫(x)� (@µ⇠⌫ + @⌫⇠µ)

Residual gauge transformations:

⇠µ = bµ

⇠µ = a[µ⌫]x
⌫

Symmetries: invariant under 

Poincaré transformations

hµ⌫



Linearized Riemann
Rµ⌫⇢� =

1

2
(@⌫@⇢hµ� + @µ@�h⌫⇢ � @µ@⇢h⌫� � @⌫@�hµ⇢)

We define

Trace-reversed perturbation

h ⌘ ⌘µ⌫hµ⌫

h̄µ⌫ = hµ⌫ � 1

2
⌘µ⌫h

h̄ ⌘ ⌘µ⌫ h̄µ⌫ = h� 2h = �h

Note

hµ⌫ = h̄µ⌫ � 1

2
⌘µ⌫ h̄

Exercise: Prove it!



Exercise

Rµ⌫⇢� =
1

2
(@⌫@⇢hµ� + @µ@�h⌫⇢ � @µ@⇢h⌫� � @⌫@�hµ⇢)

Prove

Remember

�↵
�� =

1

2
g↵�(@�g�� + @�g�� � @�g��)

R↵
��� = @��

↵
�� + �↵

✏��
✏
�� � (� $ �)

g↵� = ⌘↵� + h↵�

board



Linearized Einstein
⇤h̄µ⌫ + ⌘µ⌫@

⇢@�h̄⇢� � @⇢@⌫ h̄µ⇢ � @⇢@µh̄⌫⇢ = �16⇡G

c4
Tµ⌫

We can use the gauge freedom to go to

 harmonic / de Donder gauge / Lorenz gauge

@µh̄µ⌫ = 0

Indeed, under xµ 7! x0µ = xµ + ⇠µ(x)

h̄µ⌫ 7! h̄µ⌫ � (@µ⇠⌫ + @⌫⇠µ � ⌘µ⌫@⇢⇠
⇢)

@⌫ h̄µ⌫ 7! @⌫ h̄µ⌫ �⇤⇠µ

@⌫ h̄µ⌫ = fµ(x) ⇤⇠µ = fµ(x)If originally we need to solve

to reach harmonic gauge. This is always possible.



In harmonic gauge
⇤h̄µ⌫ = �16⇡G

c4
Tµ⌫

Acting with    we get by consistency@⌫
@⌫Tµ⌫ = 0

This equation is important both for 
generation of GW and for propagation

Outside sources,

GW propagate at light speed

⇤h̄µ⌫ = 0 = (� 1

c2
@2
t +r2)h̄µ⌫



Residual gauge parameter:        harmonic 

TT gauge

We choose    such that⇠0 h̄ = 0

⇠0(xi)

It implies
h̄µ⌫ = hµ⌫

For    harmonic⇠µ ⇤⇠µ = 0 then

Out of the 10 components of           

     only 2 propagate as a wave.

is harmonic.

h̄µ⌫

⇠µ⌫ ⌘ @µ⇠⌫ + @⌫⇠µ � ⌘µ⌫@⇢⇠
⇢

Proof: tr(h̄µ⌫ + ⇠µ⌫) = h̄+ 2@↵⇠
↵ � 4@↵⇠

↵

@0⇠
0 + @i⇠

i =
1

2
h̄Solve the ODE for ⇠0(x0, xi)



TT gauge

We choose    such that⇠i h0i = 0

For    harmonic⇠µ ⇤⇠µ = 0 then

Out of the 10 components of           

     only 2 propagate as a wave.

is harmonic.

h̄µ⌫

⇠µ⌫ ⌘ @µ⇠⌫ + @⌫⇠µ � ⌘µ⌫@⇢⇠
⇢

Proof: h0i + ⇠0i = h0i + @0⇠i + @i⇠0

Solve the ODE for

Residual gauge parameter:        harmonic 

@0⇠
i = �h0i � @i⇠0 ⇠i(x0, xj)

⇠i(xj)

It implies
h0i = 0



Harmonic gauge reduces to

µ = i ! @jhij = 0

µ = 0 ! @0h00 + @ih0i = @0h00 = 0 h00(~x)

Newtonian potential 

that is irrelevant for propagation


We set it to zero

h0µ = 0, hii = 0, @ihij = 0

We reached TT gauge. Note that it cannot be reached inside of 
sources because ⇤h̄µ⌫ 6= 0

We write a decomposition in plane waves in terms of the 
polarisation tensor

kµ = (
!

c
,~k),

!

c
= |~k|, n̂ =

~k

|k|

hTT
ij (x) = eij(~k)e

i~k·~x�i!t



Polarized GW
Choose    along the z axis

hTT
ij (t, z) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A cos[!(t� z

c
)]

n̂

This gives the linear solution

ds2 = �c2dt2 + dz2 + (1 + h+ cos[!(t� z

c
)])dx2

+(1� h+ cos[!(t� z

c
)])dy2 + 2h⇥ cos[!(t� z

c
)]dxdy



TT Projector
Given a plane wave           propagating along the direction        
already in harmonic gauge but not yet in TT gauge, we reach TT 
gauge as

hµ⌫(x) n̂

hTT
ij = ⇤ij,klhkl

Pij ⌘ �ij � ninj⇤ij,kl(n̂) ⌘ PikPjl �
1

2
PijPkl



Exercise

Prove the following properties of

Pij ⌘ �ij � ninj⇤ij,kl(n̂) ⌘ PikPjl �
1

2
PijPkl

⇤ij,kl⇤kl,mn = ⇤ij,mn

ni⇤ij,kl = 0 = nk⇤ij,kl

⇤ii,kl = 0 = ⇤ij,kk

(i) projector

(ii) transverse

(iii) traceless

(iv) harmonic

board

⇤hij = 0 = @kh̄kl )
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⇤(⇤ij,klhkl) = 0

@j(⇤ij,klhkl) = 0

<latexit sha1_base64="YyV4orBqd5IcPjkZwlUGpveG4CA="></latexit>



Exercise

Prove the following properties of

Pij ⌘ �ij � ninj⇤ij,kl(n̂) ⌘ PikPjl �
1

2
PijPkl

⇤ij,kl⇤kl,mn = ⇤ij,mn

ni⇤ij,kl = 0 = nk⇤ij,kl

⇤ii,kl = 0 = ⇤ij,kk

(i) projector

(ii) transverse

(iii) traceless

(iv) harmonic

board

⇤hij = 0 = @kh̄kl )
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⇤(⇤ij,klhkl) = 0

@j(⇤ij,klhkl) = 0
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Pii = 2

⇤ni = �2ni

@ani@bni = �ab

@i✓
a@anj = Pij

niPij = 0
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Hints:
@i = ni@r + @i✓

a@a

<latexit sha1_base64="Fzw/V26VLmajwBATQvp2RvyTU7I=">AAACJXicdVBNSwMxEM36WetX1aOXYBEEoWzrYhUUil48KlgttLXMpqkNzWaXZFYoi3/Gi3/FiwdFBE/+FbNt1Sr6IOHx3swk8/xICoOu++ZMTE5Nz8xm5rLzC4tLy7mV1QsTxprxKgtlqGs+GC6F4lUUKHkt0hwCX/JLv3ec+pc3XBsRqnPsR7wZwLUSHcEArdTKHTQi0ChAtgQ9pMreX4Km23TMbWCXI1zBtwatXN4t7Jd3S16ZDoi34w5JyS3RYsEdIE9GOG3lnhvtkMUBV8gkGFMvuhE2k3Qek/w224gNj4D14JrXLVUQcNNMBlve0k2rtGkn1PYopAN1vCOBwJh+4NvKALBrfnup+JdXj7Gz10yEimLkig0f6sSSYkjTyGhbaM5Q9i0BpoX9K2Vd0MDQBpu1IXxuSv8nF6VC0Svsn3n5ytEojgxZJxtkixRJmVTICTklVcLIHXkgT+TZuXcenRfndVg64Yx61sgPOO8fijKlXQ==</latexit>



1.2. Interaction with test 
masses, freely falling frame, 

TT and detector frames, 
energy of GW



Interaction of GW with 
test masses

Detectors idealized as test masses


Computations done in a reference frame. Physics 
invariant under the choice


GW are simple in TT gauge. It corresponds to a 
specific reference frame/observer


Detector is more intuitive in another frame, the 
detector proper frame


We need to switch between the two frames


Physical intuition comes from the geodesic 
deviation equation



Local inertial frame

It is always possible to choose 
coordinates such that the Christoffel 
symbols vanish at one point


The resulting coordinate system 
around that point is called a local 
inertial frame



Freely falling frame
It is always possible to choose coordinates 
such that on an entire timeline geodesic, all 
Christoffel symbols vanish


For each point P in this frame, the geodesic 
equation becomes


In this frame, a test mass is freely falling. 
It gives a realization of the equivalence 
principle.

d2xµ

d⌧2
|P = 0.



Laser Interferometer Space 
Antenna (LISA)

2 millions km

3 drag-free satellites: 

Spacecrafts that adjust their position with thrusters 


in order to remain centred about a freely floating mass

To be launched in 2034



Fermi normal coordinates
A freely falling frame naturally define a special coordinate 
system around the test mass located at (t,0,0,0). 

It is called a Fermi normal coordinate system.

Since 
�↵
�� |� = 0

the metric around the test mass has no linear term in  xi

There are quadratic terms proportional to the Riemann tensor, 

ds2 ⇡ �c2dt2[1 +R0i0jx
ixj ]� 2cdxidt(

2

3
R0jikx

jxk)

+dxidxj [�ij �
1

3
Rikjlx

kxl]



Geodesic equation
Consider a curve xµ(�)

The interval ds between 2 points separated by     isd�

The velocity is uµ =
dxµ

d�
For a timelike curve the proper time     is defined as     ⌧

c2d⌧2 = �ds2 = �gµ⌫u
µu⌫d�2

or after using � = ⌧ gµ⌫u
µu⌫ = �c2

The classical trajectory of a particle test mass m is obtained by 
extremizing the action

S = �m

Z ⌧f

⌧i

d⌧ d2xµ

d⌧2
+ �µ

⌫⇢(x)u
⌫u⇢ = 0

ds2 = gµ⌫dx
µdx⌫ = gµ⌫

dxµ

d�

dx⌫

d�
d�2



Parallel transport
Consider a geodesics with proper time ⌧

xµ(⌧)

We introduce the covariant derivative along the curve xµ(⌧)

DV µ

D⌧
⌘ @V µ

@⌧
+ �µ

⌫⇢V
⌫ dx

⇢

d⌧

Property:            transforms as a vector.
DV µ

D⌧

The vector is parallely transported along the curve.

V µ(x(⌧))
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If       is negligible with respect to the variation of the 
gravitational field, we can expand at first order in ⇠µ(⌧)
|⇠µ|

d2(xµ + ⇠µ)

d⌧2
+ �µ

⌫⇢(x+ ⇠)
d(x⌫ + ⇠⌫)

d⌧

d(x⇢ + ⇠⇢)

d⌧
= 0

d2⇠µ

d⌧2
+ 2�µ

⌫⇢
dx⌫

d⌧

d⇠⇢

d⌧
+ ⇠�@��

µ
⌫⇢

dx⌫

d⌧

dx⇢

d⌧
= 0

Geodesic deviation
Now consider 2 geodesics, each one with proper time ⌧

xµ(⌧)
xµ(⌧) + ⇠µ(⌧)

⇠µ(⌧)

D2⇠µ

D⌧2
= �⇠�Rµ

⌫�⇢
dx⌫

d⌧

dx⇢

d⌧
Exercise Prove:



Geodesic deviation
D2⇠µ

D⌧2
=

D

D⌧

✓
@⇠µ

@⌧
+ �µ

⌫⇢⇠
⌫ dx

⇢

d⌧

◆

D2⇠µ

D⌧2
=

@2⇠µ

@⌧2
+

dx�

d⌧
@��

µ
⌫⇢⇠

⌫ dx
⇢

d⌧
+ �� terms

D2⇠µ

D⌧2
= ⇠�

�
@⌫�

µ
�⇢ � @��

µ
⌫⇢

� dx⌫

d⌧

dx⇢

d⌧
+ �� terms

D2⇠µ

D⌧2
= �⇠�@��

µ
⌫⇢

dx⌫

d⌧

dx⇢

d⌧
+

dx�

d⌧
@��

µ
⌫⇢⇠

⌫ dx
⇢

d⌧
+ �� terms

D2⇠µ

D⌧2
= �⇠�Rµ

⌫�⇢
dx⌫

d⌧

dx⇢

d⌧

d2⇠µ

d⌧2
+ 2�µ

⌫⇢
dx⌫

d⌧

d⇠⇢

d⌧
+ ⇠�@��

µ
⌫⇢

dx⌫

d⌧

dx⇢

d⌧
= 0Use



TT frame
This is the coordinate frame in which the metric is in TT 
gauge


Consider a test mass initially at rest at         .


The geodesic equation is

⌧ = 0

d2xi

d⌧2
|⌧=0 = �[�i

⌫⇢(x)
dx⌫

d⌧

dx⇢

d⌧
]⌧=0

= �[�i
00(

dx0

d⌧
)2]

because 
dxi

d⌧
|⌧=0 = 0



At linear order, gµ⌫ = ⌘µ⌫ + hµ⌫ after taking Cartesian

coordinates for the background. 

�µ
⌫⇢ =

1

2
⌘µ�(@⌫h⇢� + @⇢h⌫� � @�h⌫⇢)

�i
00 =

1

2
(2@0h0i � @ih00) = 0

in TT gauge. Therefore, 

d2xi

d⌧2
|⌧=0 = 0

In TT frame, particles which were at rest before the arrival of 
the wave remain at rest even after the arrival of the wave! 


(non-linear effects are highly subleading)

The coordinates stretch themselves so that the position of 
the free test masses do not change



We can define the coordinates using freely falling test masses

ex

ey
ez

What about time? In TT gauge, h00 = h0i = 0

The proper time along a timelike trajectory        is obtained 
from

xµ(⌧)

c2d⌧2 = c2dt2 � (�ij + hTT
ij )

dxi

d⌧

dxj

d⌧
d⌧2

For a test mass initially at rest, 
dxi

d⌧
= 0 8⌧

In TT gauge, the proper time of a free test mass initially at 
rest is the coordinate time

⌧ = t



Of course, proper distances change!

Consider the distance between              and(t, x1, 0, 0) (t, x2, 0, 0)

The coordinate distance                  is a constantL = x2 � x1

But the proper distance after the passage of the wave is

s =

Z 2

1

p
gxxdx =

p
gxx(x2 � x1)

=
p
1 + h+ cos(!t)L ⇡ L(1 +

1

2
h+ cos(!t))

This is the basis of interferometry

Mirror

(test mass)

Mirror

(test mass)

Light beam



Earth detector frame (LIGO/Virgo)

Distance computed using rigid rulers


No free fall with respect to the local inertial 
frame


Local rotation with respect to local 
gyroscopes (e.g. Foucault pendulum)

~a = �~g is the acceleration of the laboratory

~⌦ is the angular velocity of the laboratory with 
respect to local gyroscopes.



Earth detector frame (LIGO/Virgo)
Result up to O(r^2) is r =

p
xixi

ds2 ⇡ �c2dt2[1 +
2

c2
~a · ~x+

1

c4
(~a · ~x)2 � 1

c2
(~⌦⇥ ~x)2 +R0i0jx

ixj ]

+ 2cdtdxi[
1

c
✏ijk⌦

jxk � 2

3
R0ijkx

jxk]

+ dxidxj [�ij �
1

3
Rikjlx

kxl]

inertial acc. grav. redshift Lorentz time dil.

GW and varying grav.

Sagnac effect GW and varying grav.

GW and varying grav.

This is the detector frame used by experimentalists on Earth

We denote by     the typical variation scale of the metricLB

~a

c2
⇠ 1

LB
, Rµ⌫⇢� ⇠ 1

L2
B



ds2 ⇡ �c2dt2[1 +
2

c2
~a · ~x+

1

c4
(~a · ~x)2 � 1

c2
(~⌦⇥ ~x)2 +R0i0jx

ixj ]

+ 2cdtdxi[
1

c
✏ijk⌦

jxk � 2

3
R0ijkx

jxk]

+ dxidxj [�ij �
1

3
Rikjlx

kxl]

We denote by     the typical variation scale of the metricLB
~a

c2
⇠ 1

LB
, Rµ⌫⇢� ⇠ 1

L2
B

At order O(
r

LB
)0

O(
r

LB
)1

O(
r

LB
)2

Minkowski (in contrast to TT gauge 

where there is no such expansion!)
Newtonian corrections

GW and noise from varying gravity

Earth detector frame (LIGO/Virgo)

d
2
x
i

d⌧2
= �a

i � 2(⌦⇥ v)i +O(xi)Geodesic equation:
Earth

gravity

Coriolis 

force



In conclusion, a description in terms of Newtonian concept of 
forces is possible in the Earth detector frame.


Graviational Waves are subleading with respect to uncertainties in 
Earth gravity and local rotation, Newtonian and seismic noise.

Einstein Telescope: 2 possible sites: Sardaigna and Euregio

1
Frequency 


(Hz)

10�21

10�22

10�23

Newtonian noise

Seismic 

noise

Quantum noise

GOOD
10 10000

Strain

(      )1/

p
Hz



In conclusion, a description in terms of Newtonian concept of 
forces is possible in the Earth detector frame.


Gravitational Waves are subleading with respect to uncertainties in 
Earth gravity and local rotation, Newtonian and seismic noise.



To isolate GW, we focus on the detector in its frequency 
window. Acceleration is compensated by suspenders.


Only Riemann terms matter and the expression reduces to in 
the freely falling frame, as far as we only look at components 
of        in the direction unconstrained by the suspension 
mechanism

xµ(⌧)

If we look at the equation for geodesic deviation at the centre 
P of the local inertial frame

�↵
µ⌫ |P = 0 D2⇠i

D⌧2
=

d2⇠i

d⌧2
= �Ri

0j0⇠
j(
dx0

d⌧
)2

Non relativistic motion dxi

d⌧
⌧ dx0

d⌧
⇡ c

⇠̈i = �c2Ri
0j0⇠

j

= �c2(� 1

2c2
ḧTT
ij )⇠j

We can compute the 
Riemann in any frame 
including TT gauge.



Finally, in Earth detector frame in the directions unconstrained 
by suspenders: 

In the Earth detector frame, the effect of GW on a point 
particle of mass m is described as a Newtonian force

Fi =
m

2
ḧTT
ij ⇠j

without reference to GR.

Note that here we assumed              which is true for LIGO. |⇠i| ⌧ LB

⇠̈i =
1

2
ḧTT
ij ⇠j



Motion of test masses
We consider a ring of test masses initially at rest in the 
Earth detector frame.


We fix the origin at the centre of the ring


Then   describes the distance w.r.t the origin (coordinate 
distance = proper distance)


We consider GW propagating in the z direction. The ring is 
in the (x,y) plane

hTT
ij (t, z) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A cos[!(t� z

c
)]

⇠i

⇠̈i =
1

2
ḧTT
ij ⇠j



hTT
ij (t, z) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A cos[!(t� z

c
)]

If the particle is at z=0 at t=0 it 
will remain there. 


Therefore, GW are transverse in 
their physical effect: they displace 
the test masses transversally w.r.t. 
their direction of propagation

sin

⇠̈i =
1

2
ḧTT
ij ⇠j



We write 
⇠i(t) = (x0 + �x(t), y0 + �y(t), 0)

(x0, y0)

�x ⌧ x0, �y ⌧ y0

initial position

�̈x =
h+

2
(�!2) sin!tx0

�̈y =
h+

2
!2 sin!ty0

h+ h⇥

0

⇡/2
⇡

3⇡/2

!t

h+

For �x =
h+

2
x0 sin! t

�y = �h+

2
y0 sin! t

<latexit sha1_base64="8LOJ7X7XS6Lj4SgJAyqRxZhwhUE="></latexit>



Helicity of the graviton
h+ h⇥

0

⇡/2
⇡

3⇡/2

!t Invariance under 
rotations of angle


 


Graviton has 

helicity 2

2⇡

2

hµ⌫(x) 7! h0
µ⌫(x

0) = ⇤ ⇢
µ ⇤ �

⌫ h⇢�(x) ⇤ =

0

BB@

1 0 0 0
0 cos � sin 0
0 sin cos 0
0 0 0 1

1

CCA

hTT
ij (t, z) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A cos[!(t� z

c
)] hTT

ij (t, z) =

0

@
h0
+ h0

⇥ 0
h0
⇥ h0

+ 0
0 0 0

1

A cos[!(t� z

c
)]

h0
+ = h+ cos 2 � h⇥ sin 2 

h0
⇥ = h+ sin 2 + h⇥ cos 2 

7!

Proof:

helicity eigenstates

h⇥ ± ih+ 7! e⌥2i (h⇥ ± ih+)

<latexit sha1_base64="6WIWB1FuWxmZhcqvjO1loBjCHDk="></latexit>



Energy of GW

It is clear that GW carry energy-
momentum: they can accelerate masses ! 
(Derived by Bondi in 1961)


According to GR, any form of energy 
induces curvature


GW then backreacts at second order 
beyond linear order and that curvature 
allows to define energy.



Consistency of 
perturbation theory

gµ⌫ = ⌘µ⌫ + hµ⌫ + h(2)
µ⌫ + . . .

gµ⌫ = ḡµ⌫ + hµ⌫ + h(2)
µ⌫ + . . .

|hµ⌫ | ⌧ 1

Consistent if backreaction is smaller than the perturbation 
(far from masses)

In general, close to masses that generate GW:

|hµ⌫ | ⌧ 1

We will distinguish the notion of background and 
perturbation by their frequency content :               

background = low frequency       

perturbation = high frequency



We consider the situation in which in some reference frame 
we can separate the metric into a background plus 
fluctuations where separation is based on a scale in time or 
space (“short-wave expansion”)

�̄ ⌧ LB f � fB

Amplitude

ffB

GWNewtonian/

Seismic

gµ⌫ = ḡµ⌫ + hµ⌫

Two small parameters: (1)

(2)

h ⌘ O(hµ⌫)

�̄

LB
,

fB
f



We now expand Einstein’s equations to quadratic order in hµ⌫

Rµ⌫ =
8⇡G

c4
(Tµ⌫ � 1

2
gµ⌫T )

Rµ⌫ [g] = R̄µ⌫ [ḡ] +R(1)
µ⌫ [h; ḡ] +R(2)

µ⌫ [h, h; ḡ] + . . .

low freq

modes

high freq

modes

both modes
e
~k·~xe�

~k·~x ⇠ e0

Low mode eqs:

High mode eqs:

R̄µ⌫ = �[R(2)
µ⌫ ]

Low +
8⇡G

c4
(Tµ⌫ � 1

2
gµ⌫T )

low

R(1)
µ⌫

= �[R(2)
µ⌫

]High +
8⇡G

c4
(Tµ⌫ � 1

2
gµ⌫T )

high

The low equation gives energy-momentum of GW. It can be 
obtained practically as follows. We introduce an intermediate 
time scale t̄

1

fB
� t̄ � 1

f



We then average over   , i.e. over many periods of GW:t̄

R̄µ⌫ = �hR(2)
µ⌫ i+

8⇡G

c4
hTµ⌫ � 1

2
gµ⌫T i

This was understood in the sixties. This is a renormalisation 
group flow. We integrated out high frequencies to describe 
physics of low frequencies.

We define the effective stress-tensor of GW

tµ⌫ ⌘ � c4

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i R(2) ⌘ ḡµ⌫R(2)
µ⌫

t = ḡµ⌫tµ⌫ = +
c4

8⇡G
hR(2)i because       is 


low frequency
ḡµ⌫

We deduce

�hR(2)
µ⌫ i =

8⇡G

c4
(tµ⌫ � 1

2
ḡµ⌫t)



R̄µ⌫ = �hR(2)
µ⌫ i+

8⇡G

c4
hTµ⌫ � 1

2
gµ⌫T i

We define

hTµ⌫ � 1

2
gµ⌫T i ⌘ T̄µ⌫ � 1

2
ḡµ⌫ T̄

The effective Einstein’s equations at low frequencies

become

R̄µ⌫ � 1

2
ḡµ⌫R̄ =

8⇡G

c4
(T̄µ⌫ + tµ⌫)

This is the coarse-grained form of Einstein’s equations

We equated different orders in h. This is possible because 
there is a second small parameter          .�̄

LB
⌧ 1



Explicit expressions:



Einstein equations’ constraints 
on the small parameters

R̄µ⌫ � 1

2
ḡµ⌫R̄ =

8⇡G

c4
(T̄µ⌫ + tµ⌫)

ḡµ⌫ = O(1)

@ḡµ⌫ ⇠ 1

LB

@hµ⌫ ⇠ h

�̄

R̄µ⌫ ⇠ @2ḡµ⌫ ⇠ 1

L2
B

R(2)
µ⌫ ⇠ (@h)2 ⇠ h2

�̄2

We choose coordinates such that

Einstein’s equations give

h ⇠ �̄

LB

1

L2
B

⇠ h2

�̄2
+ (matter) if no matter

h ⌧ �̄

LB

If dominant matter 1

L2
B

� h2

�̄2

Therefore, if background slow frequency perturbation are 
neglected, the perturbation series in h breaks down. 



Gravitational energy 
-momentum tensor

The energy-momentum tensor can be computed assuming
ḡµ⌫ = ⌘µ⌫ (far from sources, ignoring Earth gravity)

We do the computation in harmonic and          gaugeh = 0

@µh
µ⌫ = 0, h = 0

tµ⌫ ⌘ � c4

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i



R(2)
↵�Integrations by parts in       are possible

@t

@i

total derivatives drop because of time average

can be expressed as       because waves@t

hµ⌫ =

Z
✏µ⌫e

i!(t� n̂·~x
c ), ~k =

!

c
n̂

In harmonic gauge, a perturbation is a superposition of 
plane waves

We have 
@thµ⌫ = i!hµ⌫

@ihµ⌫ = � i!

c
nihµ⌫

@ihµ⌫ = �1

c
ni@thµ⌫

h@↵T↵
µ⌫i = 0, 8T↵

µ⌫



Exercise

hR(2)i = 0

@µh
µ⌫ = 0, h = 0

Use

gµ⌫ = ⌘µ⌫

h@↵T↵
µ⌫i = 0, 8T↵

µ⌫

Given

Assume

to prove

(i)

(ii) hR(2)
µ⌫ i = �1

4
h@µh↵�@⌫h

↵�i

⇤h↵� = 0



Solution



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0

hR(2)
µ⌫ i =

1

2
h1
2
@µh↵�@⌫h

↵� + @↵hµ�@
↵h�

⌫ � @↵hµ�@
�h↵

⌫

+h↵�@µ@⌫h↵� + h↵�@↵@�hµ⌫ � h↵�@↵@µh⌫� � h↵�@↵@⌫hµ�i



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0

hR(2)
µ⌫ i =

1

2
h1
2
@µh↵�@⌫h

↵� + @↵hµ�@
↵h�

⌫ � @↵hµ�@
�h↵

⌫

+h↵�@µ@⌫h↵� + h↵�@↵@�hµ⌫ � h↵�@↵@µh⌫� � h↵�@↵@⌫hµ�i



Solution

hR(2)i = 1

2
h3
2
@µh

↵�@µh↵� � @↵h��@
�h↵� + h↵�@µ@

µh↵�i = 0

hR(2)
µ⌫ i =

1

2
h1
2
@µh↵�@⌫h

↵� + @↵hµ�@
↵h�

⌫ � @↵hµ�@
�h↵

⌫

+h↵�@µ@⌫h↵� + h↵�@↵@�hµ⌫ � h↵�@↵@µh⌫� � h↵�@↵@⌫hµ�i

hR(2)
µ⌫ i = �1

4
h@µh↵�@⌫h

↵�i



Gravitational energy 
-momentum tensor

Energy-momentum tensor is

tµ⌫ =
c4

32⇡G
h@µh↵�@⌫h

↵�i

Do residual gauge transformation change the stress-tensor?

tµ⌫ ⌘ � c4

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i

�⇠hµ⌫ = �⇠⌘µ⌫ = @µ⇠⌫ + @⌫⇠µ

�⇠tµ⌫ =?



Exercise

�⇠tµ⌫ = 0Prove

tµ⌫ =
c4

32⇡G
h@µh↵�@⌫h

↵�i

�⇠hµ⌫ = �⇠⌘µ⌫ = @µ⇠⌫ + @⌫⇠µ

Using



Solution

�⇠tµ⌫ = 0Prove

tµ⌫ =
c4

32⇡G
h@µh↵�@⌫h

↵�i

�⇠hµ⌫ = �⇠⌘µ⌫ = @µ⇠⌫ + @⌫⇠µ

Using

h = 0 ! @↵⇠
↵ = 0

@↵h
↵µ = 0 ! ⇤⇠µ + @µ@↵⇠

↵ = 0
Remember

h@↵(@...hµ⌫@...⇠
�)i = 0Therefore



Solution

�⇠tµ⌫ = 0Prove

tµ⌫ =
c4

32⇡G
h@µh↵�@⌫h

↵�i

�⇠hµ⌫ = �⇠⌘µ⌫ = @µ⇠⌫ + @⌫⇠µ

Using

h = 0 ! @↵⇠
↵ = 0

@↵h
↵µ = 0 ! ⇤⇠µ + @µ@↵⇠

↵ = 0
Remember

h@↵(@...hµ⌫@...⇠
�)i = 0Therefore

Compute �⇠tµ⌫ ⇠ h@µ(@↵⇠� + @�⇠↵)@⌫h
↵�i+ (µ $ ⌫)

�⇠tµ⌫ ⇠ h@µ@↵⇠�@⌫h↵�i+ (µ $ ⌫)

�⇠tµ⌫ ⇠ h@µ⇠�@↵@⌫h↵�i+ (µ $ ⌫) ⇠ 0



Gravitational energy 
-momentum tensor

Energy-momentum tensor is

tµ⌫ =
c4

32⇡G
h@µh↵�@⌫h

↵�i

Question: do residual gauge transformation change the stress-
tensor? Answer: no.

Therefore, we can replace hµ⌫ hTT
µ⌫by

In particular, the effective energy density is

t00 =
c2

32⇡G
hḣTT

ij ḣTT
ij i = c2

16⇡G
hḣ2

+ + ḣ2
⇥i

tµ⌫ ⌘ � c4

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i

ḟ = @tf = c@0f

hTT
ij =

✓
h+ h⇥
h⇥ �h+

◆
cos[!(t� z

c
)]



Bianchi identities imply

D̄µ(T̄µ⌫ + tµ⌫) = 0

Far from the sources
@µtµ⌫ = 0

Z

V
d3x[@0t

00 + @it
i0] = 0 on a given volume V

EV ⌘
Z

d3xt00

The effective energy of the volume is

1

c

dEV

dt
= �

Z

V
d3x@it

0i = �
Z

dAnit
0i

This proves that one can associate to each Poincaré symmetry 
a conserved quantity (up to higher order perturbations) 



Take S a spherical surface dA = r2d⌦

dEV

dt
= �c r2

Z
d⌦ t0r

=
c4

32⇡G
h@0hTT

ij
@

@r
hTT
ij i

hTT
ij =

1

r
fij(t�

r

c
)

This is similar to electromagnetic waves, up to a spin-2 
polarization

Single plane waves are not realistic as global solutions at 
large distances. Instead, a GW propagating radially outwards 
has the following form at large distances from the source 
(proven later)

+O(r�2)



Exercise

Prove that hTT
ij =

1

r
fij(t�

r

c
) obeys ⇤h

TT
ij = O(r�2)



Solution

Prove that hTT
ij =

1

r
fij(t�

r

c
) obeys

⇤� =
1p
|g|

@µ
⇣p

|g|gµ⌫@µ�
⌘

Use

ds2 = �c2dt2 + dr2
p

|g| = c

ds2 = �c2du2 � 2cdudr
p

|g| = c

V µ = gµ⌫@⌫(
fij(u)

r
) = (��1

r2
fij ,�(

1

r
)@ufij + (� 1

r2
)fij)

gµ⌫ =

✓
�1 �1
�1 0

◆�1

=

✓
0 �1
�1 1

◆
xµ = (u, r)

Drop c

@µV
µ =

1

r2
@ufij +

1

r2
@ufij +

1

r3
fij = O(r�2)

⇤h
TT
ij = O(r�2)



@

@r
hTT
ij = � 1

r2
fij(t�

r

c
) +

1

r
(�1

c
)
@

@t
fij = �@0h

TT
ij = @0hTT

ij

t0r = t00

An observer sitting at large distances sees a plane wave front.

Since      decreases, GW carry away an energy fluxEV

dE

dAdt
= +c t00 =

c3

32⇡G
hḣTT

ij ḣTT
ij i

=
c3

16⇡G
hḣ2

+ + ḣ2
⇥i

This is Einstein’s formula for the flux-balance law of energy, with 
a factor of 2 corrected by Eddington.



Poincaré flux-balance laws

We can define the flux of momentum

dP k

dt
= � c3

32⇡G
r2

Z
d⌦hḣTT

ij @khTT
ij i

Also, the flux of angular momentum and centre of mass

Jµ = tµ⌫ ⇠̄⌫ @µJ
µ = 0

For each Killing vector of Minkowski, we have a 
conserved current :

Those are the flux-balance laws for Poincaré charges



Asymptotic view on flux-balance laws

Approach of Bondi, van den Burg, Metzner, Sachs (BMS), 1962



Einstein’s solution
Radiative gauge [Newman-Unti gauge]

grr = �1, gru = gr✓ = gr� = 0

ds2 = �c2du2 � 2cdudr + r2(d✓2 + sin2 ✓d�2)

+
2m

r
du2 + rCABdx

AdxB + . . .

+
NA

r
dudxA + . . .

+
1

ri
E(i)

ABdx
AdxB + . . .

The asymptotic solution takes the form

It depends on

CAB , m,NA, E
(i)
AB , i = 1, 2, . . .

Unconstrained They obey flux-balance laws



BMS flux-balance laws
QT (u) ⌘

Z

S
d2⌦m(u, ✓,�)T (✓,�)

QR(u) ⌘
Z

S
d2⌦NA(u, ✓,�)R

A(✓,�)

Q(i)
S (u) ⌘

Z

S
d2⌦E(i)

AB(u, ✓,�)S
AB(✓,�)

@uQ
(i)
S (u) = flux on I+dictated by Einstein’s equations

@uQT (u) = flux on I+dictated by Einstein’s equations

@uQR(u) = flux on I+dictated by Einstein’s equations

Supermomentum

Super-Lorentz charge

Higher spin charges



1.3. Generation of GW



Binaries as sources of GW
We consider a slowly moving source, which is weakly self-
gravitating

d

RS

v

c
⌧ 1

RS

d
⌧ 1 RS =

2Gm

c2

m = m1 +m2
Total

Mass

Typical 

velocity

Schwarzschild radius of the source

Size of the source

Total mass

Typical example: a binary system in the early inspiral phase



Binaries admit only one small parameter 
as a result of gravitational binding

µ =
m1m2

m1 +m2
m = m1 +m2

As a result, for binary compact objects, corrections in v/c induce 
corrections in G.

Reduced 

Mass

Total

Mass

v

c
⌧ 1

RS

d
⌧ 1

Gravitational binding gives

1

2
µv2 ⇠ 1

2

Gµm

d

v2

c2
⇠ RS

d



GW wavelength in terms of the 
source size

If     is the typical frequency of motion inside the 
source and d is the source size, the typical velocities 
are


The frequency of radiation will also be of the order of 

!s

v ⇠ !sd

The reduced wavelength:

For a non-relativistic system, v ⌧ c

(Proof: later on !)

d ⌧ �̄

!gw ⇠ 2!s

�̄ =
c

!
⇠ c

!s
⇠ c

v
d

gw



d

RS

Near Zone

The 3 zones of the Post-Newtonian/
Post-Minkowskian formalism

rd0 �̄

0  r ⌧ �̄

Vacuum/Exterior Zone

d < r < 1

Radiation Zone 

�̄ ⌧ r < 1

PN/PM expansion

Multipolar PM expansion

Multipolar radiative expansion

PN expansion + multipolar radiation reaction

[Blanchet/Damour, 1983]

[Will,Wiseman/Pati]



Multipolar PM expansion

PN expansion + multipolar radiation reaction



In the following, we will derive the motion at the lowest 
order: 

- in the Near-Zone: Newtonian (0PN) + 2.5PN radiation-

reaction

- in the exterior zone: Minkowski + linear GW (1PM)



Weak sources with arbitrary 
velocity

⇤h̄µ⌫ = �16⇡G

c4
Tµ⌫ @µh̄µ⌫ = 0, @⌫Tµ⌫ = 0

⇤G(x� x0) = �4(x� x0)

h̄µ⌫ = �16⇡G

c4

Z
d4x0G(x� x0)Tµ⌫(x

0)

G(x� x0) =
�1

4⇡|~x� ~x0|�(x
0
ret � x00

ret)

x00 = ct0 x0
ret = ctret tret = t� |~x� ~x0|

c

Explicitly,

We can solve it in terms of the retarded Green function:



Recall that outside the source, we can use TT gauge and we have

hTT
ij = ⇤ij,klhkl

Therefore, outside the source we have

hTT
ij (t, ~x) =

4G

c4
⇤ij,kl(~x)

Z
d3x0 1

|x� x0|Tkl(t�
|x� x0|

c
, x0)

Note that       depends upon the integrals of the spatial 
components of

hTT
ij

Tkl

(temporal components are related by conservation)



r � d

~x�
~x
0

~x0

~x
0 · x̂

Detector

Source

d

|~x� ~x
0| = r � ~x

0 · x̂+O(d2/r), x̂ ⌘ ~x

r

Therefore, for large r, 

hTT
ij =

1

r

4G

c4
⇤ij,kl(x̂)

Z
d3x0Tkl(t�

r

c
+

~x0 · x̂
c

, ~x0)



For a non-relativistic system, 

v ⌧ c �̄ � d

Weak sources with low velocity
Fourier transform:

Tkl(t�
r

c
+

~x0 · x̂
c

, ~x0) =

Z
d4k

(2⇡)4
T̃kl(!,~k)e

�i!(t� r
c+

~x0·x̂
c )+i~k·~x0

T̃kl(!,~k)

!s !

!sd ⌧ c

and            only inside the sourceTkl 6= 0

!
~x0 · x̂
c

 !sd

c
⌧ 1

|~x0|  d



We can therefore expand

e
�i!(t� r

c+
~x0·x̂
c ) = e

�i!(t� r
c )[1� i

!

c
~x
0 · x̂+O(

!

c
)2]

This is equivalent in position space to expanding

Tkl(t�
r

c
+

~x
0 · x̂
c

, ~x
0) ⇡ Tkl(t�

r

c
, ~x

0) +
~x
0 · x̂
c

@tTkl +O(@2
t Tkl)

We define the multipoles of the stress-tensor

Sij,k(t) =

Z
d3xT ij(t, ~x)xk

Sij,kl(t) =

Z
d3xT ij(t, ~x)xkxl

Sij(t) =

Z
d3xT ij(t, ~x)

We get

hTT
ij (t, x) =

1

r

4G

c
⇤ij,kl(x̂)[S

kl +
1

c
x̂mṠkl,m +

1

2c2
x̂mx̂pS̈

kl,mp + . . . ]ret

evaluated at t-r/c
!sd

c
⇠ v

c
O(

v

c
)2



Therefore, weak sources with low velocity emit 
gravitational radiation that is essentially 

determined by the lowest multipole moments

We do not need to know all the structure of the source


We only need to know its lowest multipole moments

hTT
ij (t, x) =

1

r

4G

c
⇤ij,kl(x̂)[S

kl +
1

c
x̂mṠkl,m +

1

2c2
x̂mx̂pS̈

kl,mp + . . . ]ret

!sd

c
⇠ v

c
O(

v

c
)2

2.5PN 3.5PN
[will be justified later]

In terms of GW power:



Two sets of multipoles have a physical interpretation:

Mass multipoles:

Momentum multipoles:

M =
1

c2

Z
d3xT 00(t, x)

M i =
1

c2

Z
d3xT 00(t, x)xi

…

P i =
1

c

Z
d3xT 0i(t, x)

P i,j =
1

c

Z
d3xT 0i(t, x)xj

…

The multipoles of      are related to time derivatives of 
these multipoles by the conservation of the stress-tensor

T ij



Exercise

Obtain the time derivative of the lowest mass and momentum 
multipoles

Ṁ = 0

Ṁ i = P i

Ṁ ij = P i,j + P j,i

Ṗ i = 0

Ṗ i,j = Sij

Ṗ i,jk = Sij,k + Sik,j

(i)

(ii)

(iii)

(iv)

(v)

(vi)

ML =
1

c2

Z
d3xT 00xL P i,L =

1

c

Z
d3xT 0ixL

using @µT
µ⌫ = 0 .



Solution

(i) cṀ =

Z
d3x@0T

00 = �
Z

d3x@iT
0i = �

Z
dSiT

0i = 0

for a volume larger than the source.

In linear theory, back reaction of GW are absent, and the mass 
of matter is conserved. 

(ii) cṀ i =

Z
d3xxi@0T

00 = �
Z

d3xxi@jT
0j

=

Z
d3x@jx

i T 0j =

Z
d3xT 0i = c P i



Solution

(iii)

(iv) Ṗ i = 0 This is the conservation of momentum

Ṁ ij = P i,j + P j,i

(v)

(vi)

Ṗ i,j = Sij [ij] -> conservation of angular momentum

Ṗ i,jk = Sij,k + Sik,j

Ṁij =
1

c

Z
d3x@0T

00xixj

= �1

c

Z
d3x@kT

0kxixj

=
2

c

Z
d3xT 0k@kx

(ixj)

= P i,j + P j,i



We can combine these identities to express              in 
terms of the mass and momentum multipole moments !

Sij , Sij,k

Ṁ ij = P i,j + P j,i

Ṗ i,j = Sij
Sij =

1

2
M̈ ij

hTT
ij (t, x) =

1

r

4G

c
⇤ij,kl(x̂)[S

kl +
1

c
x̂mṠkl,m +

1

2c2
x̂mx̂pS̈

kl,mp + . . . ]ret

The leading term of

becomes

hTT
ij (t, ~x) =

1

r

2G

c4
⇤ij,kl(~x)M̈

kl(t� r

c
)

The acceleration of mass quadrupole sources gravitational waves.

Pij ⌘ �ij � ninj⇤ij,kl(n̂) ⌘ PikPjl �
1

2
PijPkl



Radiated energy
dE

dtd⌦
=

c3r2

32⇡G
hḣTT

ij ḣTT
ij i

=
G

8⇡c5
⇤ij,kl(n̂)hM̈ijM̈kliret

=
G

8⇡c5
⇤ij,kl(n̂)hQ̈ijQ̈kliret Qij = Mij �

1

3
�ijMkk

Angular integral can be done
Z

d⌦⇤ij,kl =
2⇡

15
(11�ik�jl � 4�ij�kl + �il�jk)

dE

dt
=

G

5c5
hQ̈ij(t�

r

c
)Q̈ij(t�

r

c
)i

That is the Einstein quadrupole formula

hTT
ij (t, ~x) =

1

r

2G

c4
⇤ij,kl(~x)M̈

kl(t� r

c
)

Exercise

later on

.

. .

.

. .



dE

dt
=

G

5c5
hQ̈ij(t�

r

c
)Q̈ij(t�

r

c
)i

dEsource

dt
= �dE

dt

By conservation of energy,

For a binary source,

Ṙ2 =
Gm

R
Kepler law

Esource
0PN =

1

2
m1v

2
1 +

1

2
m2v

2
2 �

Gm1m2

R

Esource
0PN =

1

2
mv2c.m. +

1

2
µṘ2 � Gmµ

R

Esource
0PN =

1

2
mv2c.m. �

Gmµ

2R

Effective one-body reduction
µ =

m1m2

m1 +m2

m = m1 +m2

Reduced mass

Total mass

R

dEsource

dt
=

Gmµ

2R2
Ṙ

Ṙ ⇠ c�5

The gravitational wave emission brings as first contribution a 
2.5PN correction to the motion. It is called the radiation reaction.

. .



d

RS

Near Zone

The 3 zones of the Post-Newtonian/
Post-Minkowskian formalism

rd0 �̄

0  r ⌧ �̄

Vacuum/Exterior Zone

d < r < 1

Radiation Zone 

�̄ ⌧ r < 1

PN/PM expansion

Multipolar PM expansion

Multipolar radiative expansion

PN expansion + multipolar radiation reaction

[Blanchet/Damour, 1983]

[Will,Wiseman/Pati]



hTT
ij (t, x) =

1

r

4G

c
⇤ij,kl(x̂)[S

kl +
1

c
x̂mṠkl,m +

1

2c2
x̂mx̂pS̈

kl,mp + . . . ]ret

2.5PN 3.5PN

[review of Blanchet]



Exercise

Z
d⌦⇤ij,kl =

2⇡

15
(11�ik�jl � 4�ij�kl + �il�jk)

Prove

where

Pij ⌘ �ij � ninj⇤ij,kl(n̂) ⌘ PikPjl �
1

2
PijPkl

(i) Prove
Z

d⌦e�i~k·~n = 4⇡
sin |~k|
|~k|

ni = (sin ✓ cos�, sin ✓ sin�, cos ✓)

(ii) Prove
Z

S
d⌦Ni1···i` = 4⇡ lim

|~k|!0
i`

@`

@ki1 · · · ki`

 
sin |~k|
|~k|

!

(iii) Prove

(iv) Prove

Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

Z
d⌦⇤ij,kl =

2⇡

15
(11�ik�jl � 4�ij�kl + �il�jk)

Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

S

S

even`for



Solution

(i) Prove
Z

d⌦e�i~k·~n = 4⇡
sin |~k|
|~k|

ni = (sin ✓ cos�, sin ✓ sin�, cos ✓)

S

By SO(3) symmetry, we can assume that    points in 
the z direction

Z

S
d✓d� sin ✓e�ikz cos ✓ = �2⇡

Z �1

1
d cos ✓e�ikz cos ✓

=
2⇡

ikz
(e+ikz � e�ikz ) =

4⇡ sin kz
kz

Since the right-hand side is SO(3) invariant (scalar), 
it is af function of the norm of   .

~k

~k



Solution

(i) Prove
Z

d⌦e�i~k·~n = 4⇡
sin |~k|
|~k|

ni = (sin ✓ cos�, sin ✓ sin�, cos ✓)

(ii) Prove
Z

S
d⌦Ni1···i` = 4⇡ lim

|~k|!0
i`

@`

@ki1 · · · ki`

 
sin |~k|
|~k|

!Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

S

trivial



Solution

(i) Prove
Z

d⌦e�i~k·~n = 4⇡
sin |~k|
|~k|

ni = (sin ✓ cos�, sin ✓ sin�, cos ✓)

(ii) Prove
Z

S
d⌦Ni1···i` = 4⇡ lim

|~k|!0
i`

@`

@ki1 · · · ki`

 
sin |~k|
|~k|

!

(iii) Prove
Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

S

trivial

Use Taylor series

sin |~k|
|~k|

=
1X

n=0

(�1)n

(2n+ 1)!
|~k|2n

2n = `
i` = (�1)n

Only one term survives: `!

(2n+ 1)!
=

1

2n+ 1



Solution

(i) Prove
Z

d⌦e�i~k·~n = 4⇡
sin |~k|
|~k|

ni = (sin ✓ cos�, sin ✓ sin�, cos ✓)

(ii) Prove
Z

S
d⌦Ni1···i` = 4⇡ lim

|~k|!0
i`

@`

@ki1 · · · ki`

 
sin |~k|
|~k|

!

(iii) Prove

(iv) Prove

Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

Z
d⌦⇤ij,kl =

2⇡

15
(11�ik�jl � 4�ij�kl + �il�jk)

Z

S
d⌦ni1 · · ·ni` =

4⇡

`+ 1
�(i1i2�i3i4 · · · �i`�1i`)

S

S

trivial

Use Taylor series

sin |~k|
|~k|

=
1X

n=0

(�1)n

(2n+ 1)!
|~k|2n

2n = `
i` = (�1)n

Only one term survives: `!

(2n+ 1)!
=

1

2n+ 1

Use
Z

S
d⌦1 = 4⇡,

Z

S
d⌦ninj =

4⇡

3
�ij

Z

S
d⌦ninjnknl =

4⇡

15
(�ij�kl + �ik�jm + �im�jk)

4!

2 · 2 · 2 = 3



1.4. Quasi-circular inspiral 
of compact binaries



Neglect conservative PN corrections 
(Keplerian motion + radiation reaction)


Assume quasi-circularity

dE

dt
=

G

5c5
hQ̈ij(t�

r

c
)Q̈ij(t�

r

c
)idEsource

dt
=

Gmµ

2R2
Ṙ

dEsource

dt
= �dE

dt

R

µ =
m1m2

m1 +m2

m = m1 +m2

Reduced 

Mass

Total

Mass

!2
s =

Gm

R3
Kepler law

Law of motion given by the flux-balance law of energy:

. .



Exercise

Obtain the quadrupole radiation from a mass in a circular 
orbit

(i) Starting from the relativistic expression

T 00(t, ~x) =
X

A=1,2

mAc
2�(3)(~x� ~xA(t))

Tµ⌫ =
X

A=1,2

Z
d⌧AmA

dxµ
A

d⌧

dx⌫
A

d⌧
�(4)(x� xA(⌧A))

prove that at Newtonian order: 

(ii) Deduce the quadrupole formula

Qij(t) = µ

✓
xi
0(t)x

j
0(t)�

1

3
r20(t)�

ij

◆
Qij(t) =


1

c2

Z
d3xT 00(t, ~x)xixj

�STF

~x0 ⌘ ~x1 � ~x2where



Tµ⌫ =
X

A=1,2

�AmA
dxµ

A

dt

dx⌫
A

dt
�(3)(~x� ~xA(t))

T 00(t, ~x) =
X

A=1,2

�AmAc
2�(3)(~x� ~xA(t))

T 00(t, ~x) =
X

A=1,2

mAc
2�(3)(~x� ~xA(t))

Solution

(i)

d⌧A =
dt

�A
c2d⌧2A = �⌘µ⌫dx

µ
Adx

⌫
A = c2(1� v2A

c2
)dt2 = c2��2

A dt2

Tµ⌫ =
X

A=1,2

Z
d⌧AmA

dxµ
A

d⌧

dx⌫
A

d⌧
�(4)(x� xA(⌧A))

A A

Newtonian limit:



T 00(t, ~x) =
X

A=1,2

mAc
2�(3)(~x� ~xA(t))

M ij =
1

c2

Z
d3xT 00(t, ~x)xixj

M ij = m1x
i
1x

j
1 +m2x

i
2x

j
2 = mxi

c.m.x
j
c.m. + µxi

0x
j
0

Qij(t) = µ

✓
xi
0(t)x

j
0(t)�

1

3
r20(t)�

ij

◆

(ii)

Qij(t) =


1

c2

Z
d3xT 00(t, ~x)xixj

�STF

~xc.m. ⌘
m1~x1 +m2~x2

m1 +m2
= 0~x0 ⌘ ~x1 � ~x2



Assume orbital motion is exactly circular (not elliptic)

x

y
z = 0

8
<

:

x0(t) = R cos(!st+
⇡
2 )

y0(t) = R sin(!st+
⇡
2 )

z0(t) = 0

R

M ij = µxi
0(t)x

j
0(t)

M11 = µR2 cos2(!st+
⇡

2
)

M22 = µR2 sin2(!st+
⇡

2
)

M12 = µR2 sin(!st+
⇡

2
) cos(!st+

⇡

2
)

Explicit expression



Metric perturbation
hTT
ij (t, ~x) =

1

r

2G

c4
⇤ij,kl(~x)M̈

kl(t� r

c
)

For a generic direction n̂ = (sin ✓ sin�, sin ✓ cos�, cos ✓)

we find

h+(t, ✓,�) =
1

r

G

c4
[M̈11(cos

2 �� sin2 � cos2 ✓)]

+ M̈22(sin
2 �� cos2 � cos2 ✓)

� M̈33 sin
2 ✓

� M̈12 sin 2�(1 + cos2 ✓)

+ M̈13 sin� sin 2✓

+ M̈23 cos� sin 2✓]

h⇥(t, ✓,�) =
1

r

G

c4
[(M̈11 � M̈22) sin 2� cos ✓]

+ 2M̈12 cos 2� cos ✓

� 2M̈13 cos� sin ✓

+ 2M̈23 sin� sin ✓]



h+(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
(
1 + cos2 ✓

2
) cos(2!stret + 2�)

h⇥(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
cos ✓ sin(2!stret + 2�)

Quadrupole radiation is at twice the frequency of the source.

Performing a rotation is equivalent to shifting time

The angle    is the angle between the normal to the orbit and 
the line-of-sight

✓

The distance r is a constant

!gw ⇠ 2!s [as announced earlier]

Helicoidal structure



Face-on ✓ = 0



Edge-on ✓ =
⇡

2



Compute the angular distribution of radiated power in the 
quadrupole approximation

dE

dtd⌦
=

r2c3

16⇡G
hḣ2

+ + ḣ2
⇥i

h+(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
(
1 + cos2 ✓

2
) cos(2!stret + 2�)

h⇥(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
cos ✓ sin(2!stret + 2�)

using

hcos2(2!stret + �)i = hsin2(2!stret + �)i = 1

2

Use



dE

dtd⌦
=

2Gµ2R4!6
s

⇡c5
g(✓)

g(✓) = (
1 + cos2 ✓

2
)2 + cos2 ✓

Face-on

Edge-on

Prad =
dE

dt
=

32

5

Gµ2

c5
R4!6

s =
32

5

Gµ2

R2
(
v

c
)6

Z
d⌦

4⇡
g(✓) =

4

5



Inspiral motion to coalescence as a 
consequence of energy flux-balance

Emission of GW costs energy, taken from the system’s total 
energy

R decreases with time

!2
s =

Gm

R3
increases with time

power radiated in GW increases

Runaway process leading to coalescence

The motion is quasi-circular as long as

dEsource

dt
=

Gmµ

2R2
Ṙ

dEsource

dt
= �dE

dt

Exercise Ṙ ⌧ v

, !̇gw

!2
gw

⌧ 1 , ḟgw
f2
gw

⌧ 1Prove that it is equivalent to 



Ṙ = �2

3
R
!̇s

!s

= �2

3
(!sR)

!̇s

!2
s

= �2

3
v
!̇s

!2
s

Solution R =

✓
Gm

!2
s

◆1/3

Kepler’s law

Ṙ ⌧ v , !̇s

!2
s

⌧ 1 , !̇gw

!2
gw

⌧ 1 , ḟgw
f2
gw

⌧ 1



h+(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
(
1 + cos2 ✓

2
) cos(2!stret + 2�)

h⇥(t, ✓,�) =
1

r

4Gµ!2
sR

2

c4
cos ✓ sin(2!stret + 2�)

Rewrite

and the chirp mass

R = (
Gm

!2
s

)1/3

Mc = µ3/5m2/5 =
(m1m2)3/5

(m1 +m2)1/5

Keep       ,       and      . What do you notice? Mc m

!s =
1

2
!gw =

1

2
2⇡fgw = ⇡fgw

fgw

Exercise

using



h+(t) =
4

r
(
GMc

c2
)5/3(

⇡fgw
c

)2/3
1 + cos2 ✓

2
cos(2⇡fgwtret + 2�)

h⇥(t) =
4

r
(
GMc

c2
)5/3(

⇡fgw
c

)2/3 cos ✓ sin(2⇡fgwtret + 2�)

All dependence in the mass is through the chirp mass at this 
lowest PN order!

dP

d⌦
=

2

⇡

c5

G
(
GMc!gw

2c3
)10/3g(✓)

P =
32

5

c5

G
(
GMc!gw

2c3
)10/3

Power radiated:

Solution



= �
 
G2M5

c !
2
gw

32

!1/3

P =
32

5

c5

G
(
GMc!gw

2c3
)10/3

Exercise

(ii) Derive the evolution of the GW frequency fgw =
!gw

2⇡

Esource = �Gµm

2R

(i) Prove

using the energy flux-balance law with GW power

R = (
Gm

!2
s

)1/3

using

Mc = µ3/5m2/5 =
(m1m2)3/5

(m1 +m2)1/5
!gw = 2!s



ḟgw =
96

5
⇡8/3

✓
GMc

c3

◆5/3

f11/3
gw

Solution

fgw(t) =
1

⇡

✓
5
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1

tcoal � t

◆3/8 ✓GMc

c3

◆�5/8

time of coalescence

It integrates to 

t
tcoal

fgw(t)

Validity of the quasi-circularity hypothesis:

ḟgw
f2
gw

⌧ 1 ,
✓
96

5
⇡8/3

◆3/5 GMc

c3
fgw ⌧ 1



x

y
z = 0

8
<

:

x0(t) = R cos(!st+
⇡
2 )

y0(t) = R sin(!st+
⇡
2 )

z0(t) = 0

R

To get the waveform, we need the orbital 
motion with 2.5PN radiation-reaction 


(Matching between Near Zone and Exterior zone)

R(t) cos
�(t)

2

R(t) sin
�(t)

2

�(t) =

Z t

t0

dt0!gw(t
0) = 2

Z t

t0

dt0!s(t
0)

where

-> Quadrupole moment/Waveform gets corrections. 

�(t) = �0 � 2

✓
5GMc

c3

◆�5/8

(tcoal � t)5/8
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R M ij = µxi
0(t)x

j
0(t)

M11 = µR2 cos2(!st+
⇡

2
)

M22 = µR2 sin2(!st+
⇡

2
)

M12 = µR2 sin(!st+
⇡

2
) cos(!st+

⇡

2
)

Quadrupole moment with radiation-rection

R ! R(t)

!st+
⇡

2
! �(t)/2

Replace

However,        is negligible as long as the orbit is quasi-
circular. Therefore, we can ignore these terms.

Ṙ

Therefore, the waveform hTT
ij (t, ~x) =

1

r

2G

c4
⇤ij,kl(~x)M̈

kl(t� r

c
)

is simply obtained by making the replacement !st+
⇡

2
! �(t)/2



Final 0PN+2.5PN rad-react/1PM GW waveform
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⇡

✓
5
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tcoal � t
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c3
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h+(t) =
4

r

✓
GMc

c2

◆5/3 ✓⇡fgw(tret)
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◆2/3 ✓1 + cos2 ✓

2

◆
cos�(tret)
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h⇥(t) =
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✓
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c
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(cos ✓) sin�(tret)
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where

The retardation is a fixed time shift. Instead we express 
the waveform as a function of time before coalescence. 

h+(t) =
1

r
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◆5/4 ✓ 5
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◆1/4 ✓1 + cos2 ✓

2

◆
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h⇥(t) =
1

r

✓
GMc
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◆1/4
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h
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Compare 0PN+2.5PN rad-react/1PM GW waveform

with GW150914

What do you observe?



Actual GW template used



Match with GW150914

Exercise

(i) Obtain the GW amplitude 0.2 sec before merger

2GM�
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= 3 km
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(ii) Obtain the GW frequency 0.2 sec before merger
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Mc = µ3/5m2/5 =
(m1m2)3/5

(m1 +m2)1/5



Solution

Mc = µ3/5m2/5 =
(m1m2)3/5

(m1 +m2)1/5
(i) Mc = 28M�

<latexit sha1_base64="45gMrHdAJE0gyOUH5EGw68HWmKs=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5A0wbaCUHDjplDBPqANYTKdtEMnD2YmQg39EjcuFHHrp7jzb5ymFVT0wIXDOfdy7z1+wqiQpvmhFdbWNza3itulnd29/bJ+cNgVccox6eCYxbzvI0EYjUhHUslIP+EEhT4jPX96tfB7d4QLGke3cpYQN0TjiAYUI6kkTy+3PHwJq3XY8oaYcuzpFdNo1GzbsqEi545dy0ndNC0HWoaZowJWaHv6+3AU4zQkkcQMCTGwzES6GeKSYkbmpWEqSILwFI3JQNEIhUS4WX74HJ4qZQSDmKuKJMzV7xMZCoWYhb7qDJGciN/eQvzLG6QyqLsZjZJUkggvFwUpgzKGixTgiHKCJZspgjCn6laIJ4gjLFVWJRXC16fwf9KtGpZjNG6cSvNiFUcRHIMTcAYsUANNcA3aoAMwSMEDeALP2r32qL1or8vWgraaOQI/oL19AkHjkjQ=</latexit>

2GM�
c2

= 3 km

<latexit sha1_base64="FjVjHDuMr/hyAOgrl4Eqa2Q9ZhQ="></latexit>

GMc

c2
= 42 km

<latexit sha1_base64="qSjLWfNxwlgwyaSpDo+Mjogsd40="></latexit>

420 Mpc = 1.3⇥ 1022 km

<latexit sha1_base64="9MUbDL06izJT5EBUKhPD3EE6/Fs="></latexit>

(ii)

fgw(t) = 34Hz

✓
Mc

28M�

◆�5/8 ✓
0.2 sec

tcoal � t

◆3/8

<latexit sha1_base64="aghfj3xL4GF4QxvEFZxh/8nWaew="></latexit>

1

⇡

✓
5

256

◆3/8 42�5/8(3⇥ 105)5/8

0.23/8
= 34

<latexit sha1_base64="BjPzGeMF2SBnEyCMRFnvwscl984="></latexit>

(42)5/451/4

1.3⇥ 1022(3⇥ 105)1/4(0.2)1/4
= 7.8⇥ 10�22

<latexit sha1_base64="8eBkGcVUtHJ5tdYp0FZbxSDJL68="></latexit>

A = 1.⇥ 10�22

✓
420 Mpc

r

◆✓
Mc

28M�

◆5/4 ✓ 0.2 sec

tcoal � t

◆1/4

<latexit sha1_base64="+5/6M4xKUV66kJWlIVZ7qZg1/Gg="></latexit>

A(t) = 7.8⇥ 10�22

<latexit sha1_base64="s6uKAZGCsyLmfELw7zu9Q2n9ZiY="></latexit>



A = 1.⇥ 10�22

✓
420 Mpc

r

◆✓
Mc

28M�

◆5/4 ✓ 0.2 sec

tcoal � t

◆1/4

<latexit sha1_base64="+5/6M4xKUV66kJWlIVZ7qZg1/Gg="></latexit>

A(t) = 7.8⇥ 10�22

<latexit sha1_base64="s6uKAZGCsyLmfELw7zu9Q2n9ZiY="></latexit>

fgw(t) = 34Hz

✓
Mc

28M�

◆�5/8 ✓
0.2 sec

tcoal � t

◆3/8

<latexit sha1_base64="aghfj3xL4GF4QxvEFZxh/8nWaew="></latexit>

Model versus LIGO sensitivity



Schwarzschild admits an innermost stable circular orbit (ISCO)

rISCO =
6Gm

c2

Limit of the PN/PM formalism

The quasi-circularity breaks down because there are no more 
stable circular orbits beyond that radius. This regime is called 
the transition to merger. The maximal frequency where the PN/
PM formalism is valid can be approximated to 

The PN/PM formalism leads to a perturbation series around a 
Keplerian orbit. After taking into account the backreaction of the 
central black hole, relativistic effects come in. 

fMAX
gw = 2fs =

2!s

2⇡
=

1

⇡

r
Gm

R3
=

1

6
p
6⇡

c3

Gm
⇠ 34 Hz

65M�
m
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Note that it occurs before the end of the quasi-circularity hypothesis computed earlier: 



1.5. Post-Newtonian 
corrections



[review of Blanchet]

Post-Newtonian corrections to the motion

2PN   : [Ohta et al.,1975],[Deruelle, Damour, 1981]
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Z
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For Newtonian sources: 

Newtonian sources
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In the monopolar approximation,
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Multipolar expansion:
<latexit sha1_base64="39NQX2ajBt1IU0ZGQugqQj0c70g="></latexit>

1

|x� x0| =
4⇡

r

1X

l=0

lX

m=�l

1

2l + 1

✓
r0

r

◆l

Y ⇤
lm(x̂0)Ylm(x̂)

<latexit sha1_base64="rhzWf9jc18edmGoT8iXPx+eSKnQ="></latexit>

�(x) = �4⇡G
X

l,m

Q⇤
lm

2l + 1

1

rl+1
Ylm(x̂), Qlm =

Z
⇢(x0)r0lYlm(x0)d3x0

<latexit sha1_base64="X0YwFAnscu+xVUj0BcwCXUnPt50=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbR07Jbiq0XKXrxWMG2QruUbJptQ5PskmSFUvoXvHhQxKt/yJv/xmxbwc8HA4/3ZpiZFyacaeN5705uaXlldS2/XtjY3NreKe7utXScKkKbJOaxug2xppxJ2jTMcHqbKIpFyGk7HF1mfvuOKs1ieWPGCQ0EHkgWMYJNJqlzddwrljz3rFaulivoN/Fdb4YSLNDoFd+6/ZikgkpDONa643uJCSZYGUY4nRa6qaYJJiM8oB1LJRZUB5PZrVN0ZJU+imJlSxo0U79OTLDQeixC2ymwGeqfXib+5XVSE9WCCZNJaqgk80VRypGJUfY46jNFieFjSzBRzN6KyBArTIyNp2BD+PwU/U9aZdc/dSvXlVL9YhFHHg7gEE7AhyrU4Qoa0AQCQ7iHR3hyhPPgPDsv89acs5jZh29wXj8AIjeOVA==</latexit>

r > r0



The “effacement” principle 
or “skeletonization”

[Brillouin, Levi-Civita, Damour]

“As far as gravitational effects are concerned, the 
internal structure of slowly moving bodies leads to very 
small corrections with respect to the point particle 
approximation.”

Self-gravitational force on one body: 

Assume two nearly spherically symmetric bodies of linear 
dimension L, of mass M, separated by a distance R.

Tidal gravitational force on one body caused by the other: 

<latexit sha1_base64="8MXmBkW+DnRtWLsFCGflq/nyaqk=">AAAB9XicdVDJSgNBEK2JW4xb1KOXxiB4CjNBo96CHvSgEMEskExCT6cnadLTM3T3KGGY//DiQRGv/os3/8bOIrg+KHi8V0VVPS/iTGnbfrcyc/MLi0vZ5dzK6tr6Rn5zq67CWBJaIyEPZdPDinImaE0zzWkzkhQHHqcNb3g29hu3VCoWihs9iqgb4L5gPiNYG6nT9iUmyflVmlx2Smk3X7CLJ4dOuWyj38Qp2hMUYIZqN//W7oUkDqjQhGOlWo4daTfBUjPCaZprx4pGmAxxn7YMFTigyk0mV6dozyg95IfSlNBoon6dSHCg1CjwTGeA9UD99MbiX14r1v6xmzARxZoKMl3kxxzpEI0jQD0mKdF8ZAgmkplbERlgE4Q2QeVMCJ+fov9JvVR0ysXS9UGhcjqLIws7sAv74MARVOACqlADAhLu4RGerDvrwXq2XqatGWs2sw3fYL1+AMWgkrY=</latexit>

GM

L2
<latexit sha1_base64="v3I8nfN6Zwikow3V4PeCsmrqAGQ="></latexit>

L
d

dr

✓
GM

r2

◆
=

GM

R3
L

Tidal distortion ellipticity :
<latexit sha1_base64="cAtz+SA68jJFEyBzKt025He2xpU=">AAACIHicdVC7TsMwFHV4lvIKMLJYVEhMUVKgha2ChYGhIPqQmlA5rtNadZzIdipVUT6FhV9hYQAh2OBrcB9I5XUkW0fn3Hvte/yYUals+92Ym19YXFrOreRX19Y3Ns2t7bqMEoFJDUcsEk0fScIoJzVFFSPNWBAU+ow0/P75yG8MiJA04jdqGBMvRF1OA4qR0lLbLLsDJEgsKYs4dCUNoRsIhFNFO4hlqR4cZDPy5e1hll7rq20WbOv02CmVbPibOJY9RgFMUW2bb24nwklIuMIMSdly7Fh5KRKKYkayvJtIEiPcR13S0pSjkEgvHS+YwX2tdGAQCX24gmN1tiNFoZTD0NeVIVI9+dMbiX95rUQFJ15KeZwowvHkoSBhUEVwlBbsUEGwYkNNEBZU/xXiHtJJKJ1pXofwtSn8n9SLllOyildHhcrZNI4c2AV74AA4oAwq4AJUQQ1gcAcewBN4Nu6NR+PFeJ2UzhnTnh3wDcbHJ/e1pLo=</latexit>

" ⇠ tidal

self
⇠ L3

R3



Tidally induced quadrupole moment

Force induced by the quadrupole : 

Force due to tidal forces
Newtonian force

<latexit sha1_base64="SyrPXLx2uklJCdoLHZH+p+vzCXY=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEJWnUhFN2IKFSwD2hjmEwn7dDJJMxMCiUU/BU3LhRx63e482+cPgSfBy4czrmXe+8JEkalsu13IzczOze/kF8sLC2vrK6Z6xs1GacCkyqOWSwaAZKEUU6qiipGGokgKAoYqQe9s5Ff7xMhacxv1CAhXoQ6nIYUI6Ul39y68N2TVh8JkkjKYg6v4OWt65tF2zo+cEolG/4mjmWPUQRTVHzzrdWOcRoRrjBDUjYdO1FehoSimJFhoZVKkiDcQx3S1JSjiEgvG58/hLtaacMwFrq4gmP160SGIikHUaA7I6S68qc3Ev/ymqkKj7yM8iRVhOPJojBlUMVwlAVsU0GwYgNNEBZU3wpxFwmElU6soEP4/BT+T2qu5ZQs93q/WD6dxpEH22AH7AEHHIIyOAcVUAUYZOAePIIn4854MJ6Nl0lrzpjObIJvMF4/ABs7lPU=</latexit>

J2 = "ML2

<latexit sha1_base64="r6GA4aBfmCPFl9dU12uL67NGNMs="></latexit>

J2
GM

R3
⇠ G✏M2L2

R4

<latexit sha1_base64="dayu+hjrfUKpHN3csQpDiAG6LbE="></latexit>

G✏M2L2

R4

GM2

R2

⇠ "L2

R2
⇠

✓
L

R

◆5

For a compact object, 

<latexit sha1_base64="u80IbxyX78jEautlq3+3o1Qm0UM=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2WmaNVd0YUuFCrYB3TGkkkzbWiSGZKMUIYBf8WNC0Xc+h3u/BvTh+DzwIXDOfdy7z1BzKjSjvNu5WZm5+YX8ouFpeWV1TV7faOhokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjA4HfnNWyIVjcS1HsbE56gnaEgx0kbq2FsX0FOUQy+UCKdnl1mKb8pZxy46peMDt1Jx4G/ilpwximCKWsd+87oRTjgRGjOkVNt1Yu2nSGqKGckKXqJIjPAA9UjbUIE4UX46Pj+Du0bpwjCSpoSGY/XrRIq4UkMemE6OdF/99EbiX1470eGRn1IRJ5oIPFkUJgzqCI6ygF0qCdZsaAjCkppbIe4jE4Q2iRVMCJ+fwv9Jo1xyK6Xy1X6xejKNIw+2wQ7YAy44BFVwDmqgDjBIwT14BE/WnfVgPVsvk9acNZ3ZBN9gvX4A2/mVdQ==</latexit>

L ⇠ GM

c2

Slow motion/Weak field: 

<latexit sha1_base64="ObJ2Jz404D8+x2Nu3pfeisBHQsQ=">AAACD3icdZC7TsMwFIadcivlFmBksahATFVSQYGtggEWpILoRWpC5bhOa9VxItupVEV5AxZehYUBhFhZ2XgbnLZIXI9k69f3nyP7/F7EqFSW9W7kZmbn5hfyi4Wl5ZXVNXN9oyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3Ca+c0hEZKG/FqNIuIGqMepTzFSGnXMXccXCCfDm3KaYH05kgZwws7gRZrAK5jhjlm0SscHdqViwd/CLlnjKoJp1Trmm9MNcRwQrjBDUrZtK1JugoSimJG04MSSRAgPUI+0teQoINJNxvukcEeTLvRDoQ9XcEy/TiQokHIUeLozQKovf3oZ/Mtrx8o/chPKo1gRjicP+TGDKoRZOLBLBcGKjbRAWFD9V4j7SIehdIQFHcLnpvB/0SiX7EqpfLlfrJ5M48iDLbAN9oANDkEVnIMaqAMMbsE9eARPxp3xYDwbL5PWnDGd2QTfynj9AGtbnEY=</latexit>

v2

c2
⇠ GM

Rc2

Force due to tidal forces
Newtonian force

<latexit sha1_base64="V1WRlRyarAt/O9yy665qjqP5OKE=">AAACDXicdVDJSgNBEO1xjXEb9eilMQrxEmaCiXoLevEYwSyQmYSeTk/SpGehuyYQhvyAF3/FiwdFvHr35t/YWQTXB1U83quiu54XC67Ast6NhcWl5ZXVzFp2fWNza9vc2a2rKJGU1WgkItn0iGKCh6wGHARrxpKRwBOs4Q0uJ35jyKTiUXgDo5i5AemF3OeUgJY65qGjeIAdwXzIY8eXhKbDdnGcUt0cyXt9OG6XOmbOKpyX7HLZwr+JXbCmyKE5qh3zzelGNAlYCFQQpVq2FYObEgmcCjbOOoliMaED0mMtTUMSMOWm02vG+EgrXexHUlcIeKp+3UhJoNQo8PRkQKCvfnoT8S+vlYB/5qY8jBNgIZ095CcCQ4Qn0eAul4yCGGlCqOT6r5j2iY4EdIBZHcLnpfh/Ui8W7HKheH2Sq1zM48igfXSA8shGp6iCrlAV1RBFt+gePaIn4854MJ6Nl9nogjHf2UPfYLx+ABAlm5Y=</latexit>

⇠
✓
v2

c2

◆5

5PN effect



Relativistic tidal deformability

Love number Dimensionless tidal deformability

Tidal deformability

GW depend at leading 5PN order only on the combination:

[Flanagan, Hinderer, 2007]

[Favata, 2013]

It is 0 for black holes [due to hidden symmetries], non-zero for neutron stars.

Of interest to extract information on the composition of Neutron Stars.



Field equations in the PN 
approximation: the 1PN Einstein-

Infeld-Hoffmann equations

board



1.6. Effective one-body 
resummation

board



Challenges within the PN/PM formalism

d

RS

Near Zone

rd0 �̄

0  r ⌧ �̄

Vacuum/Exterior Zone

d < r < 1

PN/PM expansion

Multipolar PM expansion
PN expansion + multipolar radiation reaction

[Blanchet/Damour, 1988]

There is a “hereditary” PM2/PN4 term in 

the equation of motion of the source. 

It is non-local in time. 

The mathematics of such evolution equations 

is not yet fully understood.



Chapter 2. Black hole 
perturbation theory



Ringtones of black holes

- Frequencies (quasi-normal modes)

- Amplitudes (as a function of the binary source parameters)

We would like to know

Uniqueness theorems: Kerr(M,J) is the universal final stage of collapse

- Frequencies (M,J) : all is known (1972 Teukolsky; 1985 Leaver)


- Amplitudes : estimates for detectability (1997 Flanagan-Hughes)

Ringdown

Power-law 

tail



Plan

2. Black hole Perturbation theory 


2.1. Regge-Wheeler and Zerilli equations


2.2. Quasi-normal modes of Schwarzschild - Black Hole Spectroscopy 


2.3. Newman-Penrose formalism, Petrov’s classification, Teukolsky equation 


2.4. Quasi-normal modes of Kerr 


2.5. Mathisson-Papapetrou-Dixon theory



2.1. Regge-Wheeler and 
Zerilli equations

board



2.2. Quasi-normal modes 

of Schwarzschild

Black hole spectroscopy

board



Schwarzschild spectroscopy

Adapted from

Most weakly damped s=2 mode



2.3. Newman-Penrose formalism, 
Petrov’s classification, 
Teukolsky equation 



Newman-Penrose formalism

Tetrad :
- Fermions

- Cartan formalism

Null directions suitable to study GW propagation

useful for



Reformulation of the connection

4

24=4x6
<latexit sha1_base64="F+UnRITUY4KEKsuHDZdzzqxz3Nw=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4CjPBMMkt6EGPEcwCmRh6Op2kSXfP0IsQh+CvePGgiFf/w5t/Y2cDFX1Q8Hiviqp6UcKo0p736Swtr6yurWc2sptb2zu77t5+XcVGYlLDMYtlM0KKMCpITVPNSDORBPGIkUY0vJj4jTsiFY3FjR4lpM1RX9AexUhbqeMehpeIc3QbctNJQ2FCOYjHHTfn5cvloOQV4ZQEwYKUC9DPe1PkwBzVjvsRdmNsOBEaM6RUy/cS3U6R1BQzMs6GRpEE4SHqk5alAnGi2un0+jE8sUoX9mJpS2g4Vb9PpIgrNeKR7eRID9RvbyL+5bWM7pXaKRWJ0UTg2aKeYVDHcBIF7FJJsGYjSxCW1N4K8QBJhLUNLGtDWHwK/yf1Qt4v5r3rs1zlfB5HBhyBY3AKfBCACrgCVVADGNyDR/AMXpwH58l5dd5mrUvOfOYA/IDz/gWpJpYK</latexit>

�µ
⌫⇢

<latexit sha1_base64="aZM6OKhDtrppR0RI97jcaCW/S00=">AAAB8XicdVBNS8NAEJ34WetX1aOXxSJ4CmmxpL0VvXisYD+wCWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt2kLKvpg4PHeDDPzgoQzpR3n01pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+u5332gUrFY3OlpQv0IjwQLGcHaSPeewAHHAy9KB6WyYzcabt2poZy47oo0qqhiOznKsERrUPrwhjFJIyo04VipfsVJtJ9hqRnhdFb0UkUTTCZ4RPuGChxR5Wf5xTN0bpQhCmNpSmiUq98nMhwpNY0C0xlhPVa/vbn4l9dPdVj3MyaSVFNBFovClCMdo/n7aMgkJZpPDcFEMnMrImMsMdEmpKIJYfUp+p90qnalZju3l+Xm1TKOApzCGVxABVxowg20oA0EBDzCM7xYynqyXq23ReuatZw5gR+w3r8ARz2RVg==</latexit>rµ



Reformulation of the curvature

<latexit sha1_base64="P2WsVmAvTVxLNV8nGcGkwKiEDDE=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFZJiSbsrunFZxT6wCWUynbRDZyZhZiKU0L9w40IRt/6NO//GadqCih64cDjnXu69J0wYVdpxPq3C2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq7mfveBSEVjcaenCQk4GgkaUYy0ke5vB5nPU1+ks0G54tiNhld3ajAnnrcijSp0bSdHBSzRGpQ//GGMU06Exgwp1XedRAcZkppiRmYlP1UkQXiCRqRvqECcqCDLL57BM6MMYRRLU0LDXP0+kSGu1JSHppMjPVa/vbn4l9dPdVQPMiqSVBOBF4uilEEdw/n7cEglwZpNDUFYUnMrxGMkEdYmpJIJYfUp/J90qrZbs52bi0rzchlHEZyAU3AOXOCBJrgGLdAGGAjwCJ7Bi6WsJ+vVelu0FqzlzDH4Aev9C46xkYU=</latexit>

Rµ⌫
<latexit sha1_base64="YBBzSRGOWlE+O9QgGvm3OR2Pmf4=">AAAB/nicdVBNS8NAEN3Ur1q/ouLJy2IRPIW0WNLeil48VrGt0JQw2W7bpZtN2N0IJRT8K148KOLV3+HNf+P2C1T0wcDjvRlm5oUJZ0q77qeVW1ldW9/Ibxa2tnd29+z9g5aKU0lok8Q8lnchKMqZoE3NNKd3iaQQhZy2w9Hl1G/fU6lYLG71OKHdCAaC9RkBbaTAProJMh94MgQ/pBr8KPVFOgnsouvUal7VreAZ8bwlqZVxyXFnKKIFGoH94fdikkZUaMJBqU7JTXQ3A6kZ4XRS8FNFEyAjGNCOoQIiqrrZ7PwJPjVKD/djaUpoPFO/T2QQKTWOQtMZgR6q395U/MvrpLpf7WZMJKmmgswX9VOOdYynWeAek5RoPjYEiGTmVkyGIIFok1jBhLD8FP9PWmWnVHHc6/Ni/WIRRx4doxN0hkrIQ3V0hRqoiQjK0CN6Ri/Wg/VkvVpv89actZg5RD9gvX8BeAOWfg==</latexit>

R↵�µ⌫

20 10 10

<latexit sha1_base64="wM6aS8MN8xElEs58Pi8QeqYLvG0=">AAAB/nicdVBNS8NAEN3Ur1q/ouLJy2IRPJW0WNreil48VrAf0JQw2W7apZtN2N0IJRT8K148KOLV3+HNf+M2bUFFHww83pthZp4fc6a043xaubX1jc2t/HZhZ3dv/8A+POqoKJGEtknEI9nzQVHOBG1rpjntxZJC6HPa9SfXc797T6VikbjT05gOQhgJFjAC2kiefdL1Uhd4PAbXpxrcMHFFMvPsolNqNGp1p4ozUqutSKOCyyUnQxEt0fLsD3cYkSSkQhMOSvXLTqwHKUjNCKezgpsoGgOZwIj2DRUQUjVIs/Nn+NwoQxxE0pTQOFO/T6QQKjUNfdMZgh6r395c/MvrJzqoD1Im4kRTQRaLgoRjHeF5FnjIJCWaTw0BIpm5FZMxSCDaJFYwIaw+xf+TTqVUrpac28ti82oZRx6dojN0gcqohproBrVQGxGUokf0jF6sB+vJerXeFq05azlzjH7Aev8Cf/uWgw==</latexit>

W↵�µ⌫10

5 Weyl-Newman-Penrose scalars



Reformulation of gauge invariance

They are diffeomorphism invariant but dependent upon the choice of 
tetrad. 


One can perform flips             and local Lorentz transformation at 
each spacetime point (6 real functions = 3 complex functions).




Exercise

Prove that under

(i)

(ii)

(iii)

we have



Exercise

Prove that the Weyl tensor is a linear combination of these 3 bivectors

Remember

We define the 3 anti-symmetric bivectors



Exercise

Prove that the Weyl tensor is a linear combination of these 3 bivectors

Remember

We define the 3 anti-symmetric bivectors

<latexit sha1_base64="+ZnTHSXDvTMnJjojZYpkis9A8xA="></latexit>

X��l
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�m�

Z��l
�m�
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Z��m̄
�n�

Hint: 

compute



Exercise

Use

to prove that



Petrov’s Classification
[Petrov, 1954][Géhéniau, 1957]

Higher dimensions: 2004

<latexit sha1_base64="NnlnXCmtf6XZTP+ShoKOxsoYIws="></latexit>

Gµ⌫ ⇠ Tµ⌫ , Wµ⌫↵�Distinction:

Classification of the Weyl tensor categorizes both vacuum and non-vacuum solutions to Einstein’s equations

is conformally invariant
<latexit sha1_base64="w3z5gSp0BTb0LX/1W6XuMzKc6I0=">AAAB/nicdVBNS8NAEN3Ur1q/ouLJy2IRPJW0WNreil48VrAf0JQw2W7apZtN2N0IJRT8K148KOLV3+HNf+M2bUFFHww83pthZp4fc6a043xaubX1jc2t/HZhZ3dv/8A+POqoKJGEtknEI9nzQVHOBG1rpjntxZJC6HPa9SfXc797T6VikbjT05gOQhgJFjAC2kiefdL1UjdMXJG4wOMxuD7VMPPsolNqNGp1p4ozUqutSKOCyy UnQxEt0fLsD3cYkSSkQhMOSvXLTqwHKUjNCKezgpsoGgOZwIj2DRUQUjVIs/Nn+NwoQxxE0pTQOFO/T6QQKjUNfdMZgh6r395c/MvrJzqoD1Im4kRTQRaLgoRjHeF5FnjIJCWaTw0BIpm5FZMxSCDaJFYwIaw+xf+TTqVUrpac28ti82oZRx6dojN0gcqohproBrVQGxGUokf0jF6sB+vJerXeFq05azlzjH7Aev8CgT6Wgw==</latexit>

Wµ⌫↵� identical for AdS and Minkowski
<latexit sha1_base64="w3z5gSp0BTb0LX/1W6XuMzKc6I0=">AAAB/nicdVBNS8NAEN3Ur1q/ouLJy2IRPJW0WNreil48VrAf0JQw2W7apZtN2N0IJRT8K148KOLV3+HNf+M2bUFFHww83pthZp4fc6a043xaubX1jc2t/HZhZ3dv/8A+POqoKJGEtknEI9nzQVHOBG1rpjntxZJC6HPa9SfXc797T6VikbjT05gOQhgJFjAC2kiefdL1UjdMXJG4wOMxuD7VMPPsolNqNGp1p4ozUqutSKOCyyUnQxEt0fLsD3cYkSSkQhMOSvXLTqwHKUjNCKezgpsoGgOZwIj2DRUQUjVIs/Nn+NwoQxxE0pTQOFO/T6QQKjUNfdMZgh6r395c/MvrJzqoD1Im4kRTQRaLgoRjHeF5FnjIJCWaTw0BIpm5FZMxSCDaJFYwIaw+xf+TTqVUrpac28ti82oZRx6dojN0gcqohproBrVQGxGUokf0jF6sB+vJerXeFq05azlzjH7Aev8CgT6Wgw==</latexit>

Wµ⌫↵�



Three equivalent classifications

(1)

(2)

(3)

For the proof (1) <-> (2)  : see [Stephani, Kramer, MacCallum, Hoenselaers, Herlt, 2004]



Type I

Type II

Type III

Petrov classification using formulation (3)

Given a NP tetrad we compute the scalars
<latexit sha1_base64="JXEPG9YBAXfv+R6W+eCqulQYr9E=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBbBRSlJsaRdCEU3LivYBzQhTKaTdujkwcxEKCEbN/6KGxeKuPUf3Pk3TtMWVPTAwOGce7hzjxczKqRhfGqFldW19Y3iZmlre2d3T98/6Ioo4Zh0cMQi3veQIIyGpCOpZKQfc4ICj5GeN7ma+b07wgWNwls5jYkToFFIfYqRVJKrH9sptNuCuhTamZvSC7MC7WEkBazUM1cvG9Vm02oYdZgTy1qSZg2aVSNHGSzQdvUPlcVJQEKJGRJiYBqxdFLEJcWMZCU7ESRGeIJGZKBoiAIinDS/IoOnShlCP+LqhRLm6vdEigIhpoGnJgMkx+K3NxP/8gaJ9BtOSsM4kSTE80V+wqCM4KwSOKScYMmmiiDMqforxGPEEZaquJIqYXkp/J90a1WzXjVuzsuty0UdRXAETsAZMIEFWuAatEEHYHAPHsEzeNEetCftVXubjxa0ReYQ/ID2/gXoNZeV</latexit>

{ i}i=1,...,5

We assume           . Otherwise do a Type I rotation. 
<latexit sha1_base64="Tlaq5mOJgY9KxYCktNF/Ii04QeY=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjKlZdpd0Y3LCvYBnaFk0kwbmslMk0yhDP0ONy4UcevHuPNvTF+gogcuHM65l3vvCRLOlEbo08ptbe/s7uX3CweHR8cnxdOztopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3C70ypVCwWD3qWUD/CQ8FCRrA2ku81FetXoCfoBKJ+sYTset2toSpcEtfdkHoZOjZaogTWaPaLH94gJmlEhSYcK9VzUKL9DEvNCKfzgpcqmmAyxkPaM1TgiCo/Wx49h1dGGcAwlqaEhkv1+0SGI6VmUWA6I6xH6re3EP/yeqkOa37GRJJqKshqUZhyqGO4SAAOmKRE85khmEhmboVkhCUm2uRUMCFsPoX/k3bZdqo2uq+UGjfrOPLgAlyCa+AAFzTAHWiCFiBgAh7BM3ixptaT9Wq9rVpz1nrmHPyA9f4FDkuRqA==</latexit>

 4 6= 0

If Weyl vanishes, we are done. Let us assume it is not vanishing.

We consider a Type II rotation with complex parameter b.
<latexit sha1_base64="Z/gszo5Zyp/dxsHtt9wWJBgfXWk=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6ZYpt0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+4829Mpy2o6IELh3Pu5d57woQzbRD6dNbWNza3tgs7xd29/YPD0tFxW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaSecXM/9zgNVmklxZ6YJDWI8EixiBBsrtftNzQZoUCojt173a6gKc+L7K1KvQM9FOcpgieag9NEfSpLGVBjCsdY9DyUmyLAyjHA6K/ZTTRNMJnhEe5YKHFMdZPm1M3hulSGMpLIlDMzV7xMZjrWexqHtjLEZ69/eXPzL66UmqgUZE0lqqCCLRVHKoZFw/jocMkWJ4VNLMFHM3grJGCtMjA2oaENYfQr/J+2K61VddHtZblwt4yiAU3AGLoAHfNAAN6AJWoCAe/AInsGLI50n59V5W7SuOcuZE/ADzvsXz9KPTg==</latexit>

 0 can be made to vanish if b is a solution to 

There are exactly 4 roots. The corresponding Type II rotations lead to 

They define the 4 principal null directions of the Weyl tensor

Using

the principal null directions obey This proves (3) -> (2)

The degeneracy structure of the roots of a quartic polynomial lead 
to the classification.



Petrov’s classification
Table and diagram adapted from 


[Stephani, Kramer, MacCallum, Hoenselaers, Herlt, 2004]

Kerr is Type D: it admits 2 distinct principal null directions. 


A Newman-Penrose tetrad adapted to these null directions and such that         vanish is called a 
Kinnersley tetrad. Only      is non-vanishing in a Kinnersley tetrad.


The Goldman-Sachs theorem implies that for a Type D spacetime, the principal null directions are 
shear-free geodesic congruences. The Newman-Penrose formalism is therefore well-adapted for 
the study of GW in Kerr!

<latexit sha1_base64="eRaU9tzNqFQdIMcW8laILiDhhAI=">AAAB9HicdVBdSwJBFL1rX2ZfVo+9DEnQQyy7pqy+Sb30aJAa6CKz46wOzn40MyvI4u/opYcieu3H9Na/aVwVKurA5R7OuZe5c7yYM6ks69PIra1vbG7ltws7u3v7B8XDo7aMEkFoi0Q8EvcelpSzkLYUU5zex4LiwOO0442v535nQoVkUXinpjF1AzwMmc8IVlpye03J+pcXWav0iyXLrNedmlVFGXGcFamXkW1aGUqwRLNf/OgNIpIENFSEYym7thUrN8VCMcLprNBLJI0xGeMh7Woa4oBKN82OnqEzrQyQHwldoUKZ+n0jxYGU08DTkwFWI/nbm4t/ed1E+TU3ZWGcKBqSxUN+wpGK0DwBNGCCEsWnmmAimL4VkREWmCidU0GHsPop+p+0y6ZdNa3bSqlxtYwjDydwCudggwMNuIEmtIDAAzzCM7wYE+PJeDXeFqM5Y7lzDD9gvH8BYEWR3g==</latexit>

 3, 4
<latexit sha1_base64="+2084sVCG9Il3HxvkYn+CvC4tzw=">AAAB7XicdVBNS8NAEJ34WetX1aOXxSJ4CkmxpL0VvXisYD+gDWWz3bRrN5uwuxFK6H/w4kERr/4fb/4bt2kLKvpg4PHeDDPzgoQzpR3n01pb39jc2i7sFHf39g8OS0fHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek+u533mgUrFY3OlpQv0IjwQLGcHaSO1+U7FBZVAqO3a97tWcKsqJ561IvYJc28lRhiWag9JHfxiTNKJCE46V6rlOov0MS80Ip7NiP1U0wWSCR7RnqMARVX6WXztD50YZojCWpoRGufp9IsORUtMoMJ0R1mP125uLf3m9VIc1P2MiSTUVZLEoTDnSMZq/joZMUqL51BBMJDO3IjLGEhNtAiqaEFafov9Ju2K7Vdu5vSw3rpZxFOAUzuACXPCgATfQhBYQuIdHeIYXK7aerFfrbdG6Zi1nTuAHrPcv0tqPUA==</latexit>

 2



Quasi-normal modes: definition

We consider linear perturbations of matter and the metric around the Kerr geometry. 
All linear perturbations are collectively denoted as 

Thanks to the 2 Killing vectors of Kerr, there is no explicit time or angular dependence 
in the field equations. Therefore, the linear solution can be decomposed in isolated 
Fourier modes: 

The linear equations are partial differential equations in     , which dependence upon (M,a=J/M) and 
<latexit sha1_base64="NyzvFW1VnOP9OzUO0KQwDDDXTEo=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBg4REI623ohePFewHtKFstpt26WYTdydCCf0TXjwo4tW/481/47aNoKIPBh7vzTAzL0gE1+A4H1ZhaXllda24XtrY3NreKe/utXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsH46uZ375nSvNY3sIkYX5EhpKHnBIwUked9GDEgPTLFce+qFU918NzclbLiee42LWdOSooR6Nffu8NYppGTAIVROuu6yTgZ0QBp4JNS71Us4TQMRmyrqGSREz72fzeKT4yygCHsTIlAc/V7xMZibSeRIHpjAiM9G9vJv7ldVMIa37GZZICk3SxKEwFhhjPnscDrhgFMTGEUMXNrZiOiCIUTEQlE8LXp/h/0jq13XPbufEq9cs8jiI6QIfoGLmoiuroGjVQE1Ek0AN6Qs/WnfVovVivi9aClc/sox+w3j4BdXyQQw==</latexit>

r, ✓
<latexit sha1_base64="jqfve5v5VeS5Zl4TW1a3NEavmtI=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwISHRSOuu6MZlBfuANpTJdNIOnUecmQgl9CfcuFDErb/jzr9x2kZQ0QMXDufcy733RAmj2njeh1NYWl5ZXSuulzY2t7Z3yrt7LS1ThUkTSyZVJ0KaMCpI01DDSCdRBPGIkXY0vpr57XuiNJXi1kwSEnI0FDSmGBkrdfhJT3IyRP1yxXMvatXAD+CcnNVyEng+9F1vjgrI0eiX33sDiVNOhMEMad31vcSEGVKGYkampV6qSYLwGA1J11KBONFhNr93Co+sMoCxVLaEgXP1+0SGuNYTHtlOjsxI//Zm4l9eNzVxLcyoSFJDBF4silMGjYSz5+GAKoINm1iCsKL2VohHSCFsbEQlG8LXp/B/0jp1/XPXuwkq9cs8jiI4AIfgGPigCurgGjRAE2DAwAN4As/OnfPovDivi9aCk8/sgx9w3j4BWf+QMQ==</latexit>m,!

The boundary conditions are 

-“In” : Ingoing at the horizon


- “Up” : Outgoing at infinity



Quasi-normal modes: qualitative solution

Penrose diagram of the domain 

of outer communication of Kerr

Radial interval at fixed Boyer-Linquist time

<latexit sha1_base64="FPc7To99OpeP2HJpzKaDq2L0cuA=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBZBEEKildaDUPTisYJpC20om+2mXbrZhN2NUEJ/gxcPinj1B3nz37hNK6jog4HHezPMzAsSzpR2nA+rsLS8srpWXC9tbG5t75R391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/H1zG/fU6lYLO70JKF+hIeChYxgbSRPXsr+Sb9cceyLeq3qVlFOzuoLUnVc5NpOjgos0OyX33uDmKQRFZpwrFTXdRLtZ1hqRjidlnqpogkmYzykXUMFjqjys/zYKToyygCFsTQlNMrV7xMZjpSaRIHpjLAeqd/eTPzL66Y6rPsZE0mqqSDzRWHKkY7R7HM0YJISzSeGYCKZuRWREZaYaJNPyYTw9Sn6n7RObffcdm6rlcbVIo4iHMAhHIMLNWjADTTBAwIMHuAJni1hPVov1uu8tWAtZvbhB6y3T+L7jsA=</latexit> r
=

r +

<latexit sha1_base64="zLA1Pjfpdq6weifdaY1CXv4doKo=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0g00noQil48VrAf0Iay2W7apZtN3N0IJfRPePGgiFf/jjf/jds2goo+GHi8N8PMvCDhTGnH+bAKS8srq2vF9dLG5tb2Tnl3r6XiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHw189v3VCoWi1s9Sagf4aFgISNYG6kjL3pMhHrSL1cc+7xW9VwPzclpLSee4yLXduaoQI5Gv/zeG8QkjajQhGOluq6TaD/DUjPC6bTUSxVNMBnjIe0aKnBElZ/N752iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnSMZo9jwZMUqL5xBBMJDO3IjLCEhNtIiqZEL4+Rf+T1ontntnOjVepX+ZxFOEADuEYXKhCHa6hAU0gwOEBnuDZurMerRfrddFasPKZffgB6+0Trd6QaA==</latexit> r
=

1

linear PDEs

This is a boundary value problem. It admits an infinite set of solutions labelled by
<latexit sha1_base64="AhN4BtyW+gycPwH6IQbeqekdawI="></latexit>

� Spheroidal harmonic numbers l,m

�Overtone N = 0, 1, 2, . . .
<latexit sha1_base64="aArZ9BH9ogkFsh4ZxPx6z+Tvby0="></latexit>

!lmN = Re(!lmN ) + i Im(!lmN )The frequencies are
<latexit sha1_base64="dXRbhp5UD0tRGY+Xl9WeEtlYp6o=">AAACAnicdVDLSgNBEJz1GeMr6km8DAYhXsKuRozgIehFL6JgHpCEMDvpJIMzu8tMrxiW4MVf8eJBEa9+hTf/xkmMoKIFDUVVN91dfiSFQdd9dyYmp6ZnZlNz6fmFxaXlzMpqxYSx5lDmoQx1zWcGpAigjAIl1CINTPkSqv7V8dCvXoM2IgwusR9BU7FuIDqCM7RSK7PeQLjB5FQNco1QQZe1EqnOBtuHbiuTdfMHxf2CV6Ajslsck4LrUS/vjpAlY5y3Mm+NdshjBQFyyYype26EzYRpFFzCIN2IDUSMX7Eu1C0NmALTTEYvDOiWVdq0E2pbAdKR+n0iYcqYvvJtp2LYM7+9ofiXV4+xU2wmIohihIB/LurEkmJIh3nQttDAUfYtYVwLeyvlPaYZR5ta2obw9Sn9n1R28t5e3r0oZEtH4zhSZINskhzxyD4pkRNyTsqEk1tyTx7Jk3PnPDjPzstn64QznlkjP+C8fgB6Ipd9</latexit>

Im(!lmN ) < 0Linear stability is equivalent to



Teukolsky equation
Teukolsky found during his PhD thesis with Kip Thorne in 1972 how to separate the radial and polar 
equations for the Weyl components.

He started to write down the linear perturbation equations in terms of the 5 Weyl-Newman-Penrose 
complex scalars for a Kinnersley tetrad. In Kerr (in Boyer-Linquist coordinates), only 

is non-vanishing. It turns out that the linear perturbations         can be expressed in terms of either          
or      up to the change of M,a (in       ).

<latexit sha1_base64="tqZhfT6z0rCa9CGXEgGObP9xip4=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFRKNtO6KblxWsA9oQphMpu3QySTMTIQair/ixoUibv0Pd/6N0zSCih64cDjnXu69J0wZlcq2P4yFxaXlldXKWnV9Y3Nr29zZ7cgkE5i0ccIS0QuRJIxy0lZUMdJLBUFxyEg3HF/O/O4tEZIm/EZNUuLHaMjpgGKktBSY+14OvYgwhbyWpAGF3jSggVmzrfNG3XVcWJDTRklc24GOZReogRKtwHz3ogRnMeEKMyRl37FT5edIKIoZmVa9TJIU4TEakr6mHMVE+nlx/RQeaSWCg0To4goW6veJHMVSTuJQd8ZIjeRvbyb+5fUzNWj4OeVppgjH80WDjEGVwFkUMKKCYMUmmiAsqL4V4hESCCsdWFWH8PUp/J90TiznzLKv3VrzooyjAg7AITgGDqiDJrgCLdAGGNyBB/AEno1749F4MV7nrQtGObMHfsB4+wSEVZVK</latexit>

{� i}i
<latexit sha1_base64="ABDTL6ZT5ssA+UJ2V7XCCV9PqVY=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSYaad0V3bisYB/QhDKZTNqhk0mcmRRK6Xe4caGIWz/GnX/jNI2gogcuHM65l3vvCVLOlEbowyqtrK6tb5Q3K1vbO7t71f2DjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8fXC706oVCwRd3qaUj/GQ8EiRrA2ku+FlGsMvZZiAzSo1pB92ai7jgtzct4oiIsc6NgoRw0UaA2q716YkCymQhOOleo7KNX+DEvNCKfzipcpmmIyxkPaN1TgmCp/lh89hydGCWGUSFNCw1z9PjHDsVLTODCdMdYj9dtbiH95/UxHDX/GRJppKshyUZRxqBO4SACGTFKi+dQQTCQzt0IywhITbXKqmBC+PoX/k86Z7VzY6NatNa+KOMrgCByDU+CAOmiCG9ACbUDAPXgAT+DZmliP1ov1umwtWcXMIfgB6+0TmuqSAg==</latexit>

� 0
<latexit sha1_base64="sLXgu++CCoPkOpmKC4fHHVyuc9s=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRKNtO6KblxWsA9oQplMJu3QycOZm0Ip/Q43LhRx68e482+cphFU9MCFwzn3cu89fiq4Asv6MEorq2vrG+XNytb2zu5edf+go5JMUtamiUhkzyeKCR6zNnAQrJdKRiJfsK4/vl743QmTiifxHUxT5kVkGPOQUwJa8tyACSDYbSk+cAbVmmVeNuqO7eCcnDcK4lg2tk0rRw0VaA2q726Q0CxiMVBBlOrbVgrejEjgVLB5xc0USwkdkyHraxqTiClvlh89xydaCXCYSF0x4Fz9PjEjkVLTyNedEYGR+u0txL+8fgZhw5vxOM2AxXS5KMwEhgQvEsABl4yCmGpCqOT6VkxHRBIKOqeKDuHrU/w/6ZyZ9oVp3Tq15lURRxkdoWN0imxUR010g1qojSi6Rw/oCT0bE+PReDFel60lo5g5RD9gvH0CoPqSBg==</latexit>

� 4
<latexit sha1_base64="kJ12RHbYcxmTsAmoD8GrVJEDNDA=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBFchaRGWndFNy4r2Ac0oUwmk3bo5OHMpFBKv8ONC0Xc+jHu/BunaQQVPXDhcM693HuPn3ImlWV9GCura+sbm6Wt8vbO7t5+5eCwI5NMENomCU9Ez8eSchbTtmKK014qKI58Trv++HrhdydUSJbEd2qaUi/Cw5iFjGClJc8NKFcYuS3JBrVBpWqZl426YzsoJ+eNgjiWjWzTylGFAq1B5d0NEpJFNFaEYyn7tpUqb4aFYoTTednNJE0xGeMh7Wsa44hKb5YfPUenWglQmAhdsUK5+n1ihiMpp5GvOyOsRvK3txD/8vqZChvejMVppmhMlovCjCOVoEUCKGCCEsWnmmAimL4VkREWmCidU1mH8PUp+p90aqZ9YVq3TrV5VcRRgmM4gTOwoQ5NuIEWtIHAPTzAEzwbE+PReDFel60rRjFzBD9gvH0CnfKSBA==</latexit>

� 2

Insight: the equations for                    and      are separable. We call it     for s=-2 or +2. It obeys 
<latexit sha1_base64="OfKG/r0Y24CtmR4YDp8HoxTU/fc=">AAACDXicdVDJSgNBEO1xjXGLevTSGIV4MMzoSOIt6MVjBLNAJoaeTiVp0rPQXSOEkB/w4q948aCIV+/e/Bs7i6CiDwoe71VRVc+PpdBo2x/W3PzC4tJyaiW9ura+sZnZ2q7qKFEcKjySkar7TIMUIVRQoIR6rIAFvoSa378Y+7VbUFpE4TUOYmgGrBuKjuAMjdTK7OfUERWUMurxSHvYA2SHNy712iDRiGUtWm4rk7XzZ8WC67h0Qk6KM+LaDnXy9gRZMkO5lXn32hFPAgiRS6Z1w7FjbA6ZQsEljNJeoiFmvM+60DA0ZAHo5nDyzYgeGKVNO5EyFSKdqN8nhizQehD4pjNg2NO/vbH4l9dIsFNsDkUYJwghny7qJJJiRMfR0LZQwFEODGFcCXMr5T2mGEcTYNqE8PUp/Z9Uj/POad6+crOl81kcKbJL9kiOOKRASuSSlEmFcHJHHsgTebburUfrxXqdts5Zs5kd8gPW2yevn5oc</latexit>

(r � ia cos ✓)4� 4
<latexit sha1_base64="ABDTL6ZT5ssA+UJ2V7XCCV9PqVY=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSYaad0V3bisYB/QhDKZTNqhk0mcmRRK6Xe4caGIWz/GnX/jNI2gogcuHM65l3vvCVLOlEbowyqtrK6tb5Q3K1vbO7t71f2DjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8fXC706oVCwRd3qaUj/GQ8EiRrA2ku+FlGsMvZZiAzSo1pB92ai7jgtzct4oiIsc6NgoRw0UaA2q716YkCymQhOOleo7KNX+DEvNCKfzipcpmmIyxkPaN1TgmCp/lh89hydGCWGUSFNCw1z9PjHDsVLTODCdMdYj9dtbiH95/UxHDX/GRJppKshyUZRxqBO4SACGTFKi+dQQTCQzt0IywhITbXKqmBC+PoX/k86Z7VzY6NatNa+KOMrgCByDU+CAOmiCG9ACbUDAPXgAT+DZmliP1ov1umwtWcXMIfgB6+0TmuqSAg==</latexit>

� 0
<latexit sha1_base64="6lmmiO28tVfbGar/LvpD1khyb/0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0g00norevFYwX5AG8pmu2mX7m7C7kYopX/BiwdFvPqHvPlvTNIIKvpg4PHeDDPzgpgzbRznwyqtrK6tb5Q3K1vbO7t71f2Djo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Drzu/dUaRbJOzOLqS/wWLKQEWwyaRBrNqzWHPuyUfdcD+XkvFEQz3GRazs5alCgNay+D0YRSQSVhnCsdd91YuPPsTKMcLqoDBJNY0ymeEz7KZVYUO3P81sX6CRVRiiMVFrSoFz9PjHHQuuZCNJOgc1E//Yy8S+vn5iw4c+ZjBNDJVkuChOOTISyx9GIKUoMn6UEE8XSWxGZYIWJSeOppCF8fYr+J50z272wnVuv1rwq4ijDERzDKbhQhybcQAvaQGACD/AEz5awHq0X63XZWrKKmUP4AevtE7gqjrM=</latexit>

 



Radial and polar Teukolsky equations



Radial and polar Teukolsky solutions

Leaver method: continued fractions [1985]


Any method that solves a boundary value ODE !


Implementations in “Black Hole Perturbation Toolkit”


Mathematica 12.1. now implements HeunG which solves the Spin 
weighted spheroidal harmonic equation.

http://bhptoolkit.org/



Schwarzschild spectroscopy

Adapted from

Most weakly damped s=2 mode



Kerr spectroscopy

https://www.youtube.com/watch?v=lmXqtM4Ke9Q

[Cook, Zalutskiy, 1410.7698]

- Most weakly damped s=2 mode

- Zeeman splitting (dependence upon m)

- Highly spinning behavior (Split between non-damped and zero-damped modes with half-
integer real frequency). This is due to the near-horizon Kerr region with angular velocity M⌦ =

1

2

<latexit sha1_base64="o0JgIrW7hkcG/C3hnRJURTWR/i4=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiR9YLMQim7ciBXsA5pQJtNJO3TyYGYihFB/xY0LRdz6Ie78GydtBRU9cOFwzr3ce48XMyqkaX5ohZXVtfWN4mZpa3tnd0/fP+iKKOGYdHDEIt73kCCMhqQjqWSkH3OCAo+Rnje9yP3eHeGCRuGtTGPiBmgcUp9iJJU01MtXznVAxujM8TnCmTXLqrOhXjEN2642GzbMSc2sN+BCsWrQMsw5KmCJ9lB/d0YRTgISSsyQEAPLjKWbIS4pZmRWchJBYoSnaEwGioYoIMLN5sfP4LFSRtCPuKpQwrn6fSJDgRBp4KnOAMmJ+O3l4l/eIJF+081oGCeShHixyE8YlBHMk4AjygmWLFUEYU7VrRBPkEpBqrxKKoSvT+H/pFs1rLph39QrrfNlHEVwCI7ACbDAKWiBS9AGHYBBCh7AE3jW7rVH7UV7XbQWtOVMGfyA9vYJ3zCU9w==</latexit>

Video on



2.4. Mathisson-Papapetrou-
Dixon theory

Or how to model finite objects without their gravitational 
backreaction?



We consider the small ratio limit of the two-body problem

m1 ⌧ m2

If body 1 is a point particle without any internal structure not gravitational backreaction, its motion is 
determined by geodesic motion in the metric generated by the body 2. [Einstein-Grommer, 1927]


This is not a postulate but a consequence of Einstein’s equations. For a modern proof, see [Wald-Gralla, 
2008]


This is very useful if the body 2 is a black hole because the metric is the Kerr metric depending only on M 
and J. It is also useful for a stationary metric like a neutron star, which is determined by two infinite sets 
of multipole moments. 



m1 ⌧ m2

If body 1 is not a point particle but an extended object, a more general theory of motion is required


In addition, the body 1 gravitational backreacts and “gravitational self-force” corrections are also required.


In this lecture, we ignore the gravitational self-force. We assume that the background metric is the Kerr 
metric determined by the black hole (body 2).

We consider the space-time diagram
� Worldline inside the object 


(typically the center-of-mass)
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Exercise

Tµ⌫ = m
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�(4)(x� x⇤(⌧))p
�g

uµ(⌧)u⌫(⌧)

Show that the conservation of


is equivalent to the geodesic equation.

r⌫T
µ⌫(x) = 0

r⌫T
µ⌫ =

1p
�g

@

@x⌫
(
p
�gTµ⌫) + �µ

↵⌫T
↵⌫Hint: use



Solution

r⌫T
µ⌫ =

1p
�g

@

@x⌫
(
p
�gTµ⌫) + �µ

↵⌫T
↵⌫ Tµ⌫ = m

Z 1

�1
d⌧

�(4)(x� x⇤(⌧))p
�g

uµ(⌧)u⌫(⌧)

@

@xµ
�(4)(x� x⇤(⌧)) = � @

@xµ
⇤
�(4)(x� x⇤(⌧))

uµ(⌧)
@

@xµ
�(4)(x� x⇤(⌧)) = � d

d⌧
�(4)(x� x⇤(⌧))

r⌫T
µ⌫ = m

Z 1

�1

d⌧p
�g

@

@x⌫
�(4)(x� x⇤(⌧))u

µu⌫ +m

Z 1

�1
d⌧

�(4)(x� x⇤(⌧))p
�g

�µ
↵�u

↵u�

r⌫T
µ⌫ = m

Z 1

�1

d⌧p
�g

�(4)(x� x⇤(⌧))
d

d⌧
uµ +m

Z 1

�1
d⌧

�(4)(x� x⇤(⌧))p
�g

�µ
↵�u

↵u�

r⌫T
µ⌫(x) = 0

duµ

d⌧
+ �µ

↵�u
↵u� = 0 u⌫r⌫u

µ = 0



Extended objects contain additional multipoles: 

Spin


Quadrupole 


2^N pole

�

Bt

<latexit sha1_base64="eolzhbVRTMWR2iPODPALhwH0Hec=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFRITbOuq6MZlRfuANpTJdNIOnTyYuRFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPBFVjWh1FYWV1b3yhulra2d3b3yvsHbRWnkrIWjUUsuz5RTPCItYCDYN1EMhL6gnX8ydXc79wzqXgc3cE0YV5IRhEPOCWgpdvLAQzKFcusVx3HdrAm565TzUnNsmwX26aVo4KWaA7K7/1hTNOQRUAFUapnWwl4GZHAqWCzUj9VLCF0Qkasp2lEQqa8LD91hk+0MsRBLHVFgHP1+0RGQqWmoa87QwJj9dubi395vRSCmpfxKEmBRXSxKEgFhhjP/8ZDLhkFMdWEUMn1rZiOiSQUdDolHcLXp/h/0j4zbdes37iVxsUyjiI6QsfoFNmoihroGjVRC1E0Qg/oCT0bwng0XozXRWvBWM4coh8w3j4BlJmOAQ==</latexit>

Bs

<latexit sha1_base64="L4byvJnnLt9Px7EyNqO3d5vF+Es=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQm2NZV0Y3LivYBbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHR7OZCDcsUy61XHsR2kybnrVHNSsyzbRbZp5ajAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvSw/dYZOtDJEQSx0RQrl6veJDIdSTkNfd4ZYjeVvby7+5fVSFdS8jEVJqmhEFouClCMVo/nfaMgEJYpPNcFEMH0rImMsMFE6nZIO4etT9D9pn5m2a9Zv3ErjYhlHEY7gGE7Bhio04Bqa0AICI3iAJ3g2uPFovBivi9aCsZw5hB8w3j4BkxWOAA==</latexit>

raT
ab
body = 0

<latexit sha1_base64="CFNSu8drNW9y5hKB+BA3JOYelTQ=">AAACAXicdVDLSgNBEJyNrxhfUS+Cl8EgeAq7bjCJIAS8eIyQFyRx6Z1MkiGzs8vMrBCWePFXvHhQxKt/4c2/cfIQVLSgoajqprvLjzhT2rY/rNTS8srqWno9s7G5tb2T3d1rqDCWhNZJyEPZ8kFRzgSta6Y5bUWSQuBz2vRHl1O/eUulYqGo6XFEuwEMBOszAtpIXvagI8Dn4AGu3STgT7zED3vjyYXtZXN2vlx0XcfFhpwV3OKMlGzbKWAnb8+QQwtUvex7pxeSOKBCEw5KtR070t0EpGaE00mmEysaARnBgLYNFRBQ1U1mH0zwsVF6uB9KU0Ljmfp9IoFAqXHgm84A9FD99qbiX1471v1SN2EiijUVZL6oH3OsQzyNA/eYpETzsSFAJDO3YjIECUSb0DImhK9P8f+kcZp3CvnydSFXOV/EkUaH6AidIAcVUQVdoSqqI4Lu0AN6Qs/WvfVovViv89aUtZjZRz9gvX0CpRyXCA==</latexit>

Their equation of motion follows from

??

Pt[⇠] =

Z

Bt

T ab
body(x

0)⇠a(x
0)dSb

<latexit sha1_base64="BA39LPPTclIuRJ4qUzMtsd3AST0="></latexit>



Killing vector = Symmetry of spacetime

L⇠gµ⌫ = 0

<latexit sha1_base64="gAOy2xVoAND8gtmq3klThwG87HQ=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgKiS22HYhFN24cFHBPqAJYTKdtkMnkzAzEUvowo2/4saFIm79CHf+jZO2gooeuHA4517uvSeIGZXKtj+M3NLyyupafr2wsbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4zPM79zQ4SkEb9Wk5h4IRpyOqAYKS35ZtENkRphxOCl795SOPRTN0xcnkxPbd8s2Va9Wi47ZajJSaVcnZGabTsV6Fj2DCWwQNM3391+hJOQcIUZkrLn2LHyUiQUxYxMC24iSYzwGA1JT1OOQiK9dPbEFB5qpQ8HkdDFFZyp3ydSFEo5CQPdmZ0sf3uZ+JfXS9Sg5qWUx4kiHM8XDRIGVQSzRGCfCoIVm2iCsKD6VohHSCCsdG4FHcLXp/B/0j62nIpVv6qUGmeLOPKgCA7AEXBAFTTABWiCFsDgDjyAJ/Bs3BuPxovxOm/NGYuZffADxtsnmNeYGw==</latexit>

⇠⇢@⇢gµ⌫ + @µ⇠
⇢g⇢⌫ + @⌫⇠

⇢g⇢µ = 0

<latexit sha1_base64="WmiNfKO8whrspmaGkRCqfgc9Res="></latexit>

(ct, ~x)

<latexit sha1_base64="Vl5prlMHIM1MQMSThvFJ2xhuxNE=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WoICExwba7ohuXFewD2lAm00k7dDKJM5NiCf0ONy4UcevHuPNvnKYVVPTAhcM593LvPX7MqFSW9WHkVlbX1jfym4Wt7Z3dveL+QUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vhq7rcnREga8Vs1jYkXoiGnAcVIackrY6jOehOC0/vZab9YssxaxXFsB2py4TqVjFQty3ahbVoZSmCJRr/43htEOAkJV5ghKbu2FSsvRUJRzMis0EskiREeoyHpaspRSKSXZkfP4IlWBjCIhC6uYKZ+n0hRKOU09HVniNRI/vbm4l9eN1FB1UspjxNFOF4sChIGVQTnCcABFQQrNtUEYUH1rRCPkEBY6ZwKOoSvT+H/pHVu2q5Zu3FL9ctlHHlwBI5BGdigAurgGjRAE2BwBx7AE3g2Jsaj8WK8LlpzxnLmEPyA8fYJS5WR1g==</latexit>

@(µ⇠⌫) = 0

<latexit sha1_base64="HWADuH8meHFm9Py2ZgmdiTHzqV8=">AAACBHicdVDLSsNAFJ34rPVVddnNYBHqJiS22HYhFN24rGAf0IQwmU7aoZNJmJmIJXThxl9x40IRt36EO//GSVtBRQ9cOJxzL/fe48eMSmVZH8bS8srq2npuI7+5tb2zW9jb78goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH19kfveGCEkjfq0mMXFDNOQ0oBgpLXmFohMjoShiXlp2wmTq3FIvdXhyPD2zvELJMhu1SsWuQE1Oq5XajNQty65C27RmKIEFWl7h3RlEOAkJV5ghKfu2FSs3zRZgRqZ5J5EkRniMhqSvKUchkW46e2IKj7QygEEkdHEFZ+r3iRSFUk5CX3eGSI3kby8T//L6iQrqbkp5nCjC8XxRkDCoIpglAgdUEKzYRBOEBdW3QjxCAmGlc8vrEL4+hf+TzolpV83GVbXUPF/EkQNFcAjKwAY10ASXoAXaAIM78ACewLNxbzwaL8brvHXJWMwcgB8w3j4BQX2YhA==</latexit>

rµ⇠⌫ +r⌫⇠µ = 0

<latexit sha1_base64="VqhRtYb+CprE+jZGWf8EkwrZK1s=">AAACEnicdZDLSgMxFIYzXmu9VV26CRZBEcqMU2y7EIpuXFawF+iUIZOmbWiSGXIRS+kzuPFV3LhQxK0rd76N6Q1U9IfAz3fO4eT8UcKo0q776SwsLi2vrKbW0usbm1vbmZ3dmoqNxKSKYxbLRoQUYVSQqqaakUYiCeIRI/Wofzmu12+JVDQWN3qQkBZHXUE7FCNtUZg5DgSKGAoDbmBwR8NAGHgC51DMIDfnbpjJurlSwfc9H1pzlvcLE1N0XS8PvZw7URbMVAkzH0E7xoYToTFDSjU9N9GtIZKaYkZG6cAokiDcR13StFYgTlRrODlpBA8tacNOLO0TGk7o94kh4koNeGQ7OdI99bs2hn/VmkZ3iq0hFYnRRODpoo5hUMdwnA9sU0mwZgNrEJbU/hXiHpIIa5ti2oYwvxT+b2qnOS+fK13ns+WLWRwpsA8OwBHwQAGUwRWogCrA4B48gmfw4jw4T86r8zZtXXBmM3vgh5z3L29VnV0=</latexit>

⇠µ = aµ + b[µ⌫]x⌫

<latexit sha1_base64="lNNTcJ6cZOjlPbg1Muvs6N9vK/0="></latexit>

[⇠µ(a), ⇠
⌫
(b)] = C(c)

(a)(b)⇠
µ
(c)

<latexit sha1_base64="koFE9BNgdNDgXhfhgdXERFdfDQ4="></latexit>

AdS4/dS4

<latexit sha1_base64="WypyRrcIFVAxNIHcovaAo0qGO4w=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRMTbLurunFZ0T6wDWUymbZDJ5MwMxFK6F+4caGIW//GnX/jJK2gogdmOJxzL/fe48eMSmVZH0ZhaXllda24XtrY3NreKe/utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6TjTy4zv3NPhKQRv1XTmHghGnE6pBgpLd2dBzcD9yT7BuWKZdarjmM7UJMz16nmpGZZtgtt08pRAQs0B+X3fhDhJCRcYYak7NlWrLwUCUUxI7NSP5EkRniCRqSnKUchkV6abzyDR1oJ4DAS+nEFc/V7R4pCKaehrytDpMbyt5eJf3m9RA1rXkp5nCjC8XzQMGFQRTA7HwZUEKzYVBOEBdW7QjxGAmGlQyrpEL4uhf+T9qlpu2b92q00LhZxFMEBOATHwAZV0ABXoAlaAAMOHsATeDak8Wi8GK/z0oKx6NkHP2C8fQKU8ZA+</latexit>

SO(2, 3)

<latexit sha1_base64="TTVKXr5jJHD8De4v5nLIUgeoYPw=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0WoICFpgm13RTfurGgf0IYymU7aoZNJmJkIJfQj3LhQxK3f486/cZpWUNEDFw7n3Mu99/gxo1JZ1oeRW1ldW9/Ibxa2tnd294r7B20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+JPLud+5J0LSiN+paUy8EI04DShGSkud2+ty5cw5HRRLllmvOo7tQE3OXaeakZpl2S60TStDCSzRHBTf+8MIJyHhCjMkZc+2YuWlSCiKGZkV+okkMcITNCI9TTkKifTS7NwZPNHKEAaR0MUVzNTvEykKpZyGvu4MkRrL395c/MvrJSqoeSnlcaIIx4tFQcKgiuD8dzikgmDFppogLKi+FeIxEggrnVBBh/D1KfyftCum7Zr1G7fUuFjGkQdH4BiUgQ2qoAGuQBO0AAYT8ACewLMRG4/Gi/G6aM0Zy5lD8APG2yfXU46g</latexit>

SO(1, 4)

<latexit sha1_base64="2yvo4Nrc7eHbdFO6QW2CM2Rz2s8=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBAiyLLrLia5Bb14M6J5QLKE2clsMmT2wcysEEI+wosHRbz6Pd78GyebCCpa0FBUddPd5SecSWVZH8bS8srq2npuI7+5tb2zW9jbb8o4FYQ2SMxj0faxpJxFtKGY4rSdCIpDn9OWP7qc+a17KiSLozs1TqgX4kHEAkaw0lLr9rpkn7onvULRMqtlx7EdpMm565QzUrEs20W2aWUowgL1XuG9249JGtJIEY6l7NhWorwJFooRTqf5bippgskID2hH0wiHVHqT7NwpOtZKHwWx0BUplKnfJyY4lHIc+rozxGoof3sz8S+vk6qg4k1YlKSKRmS+KEg5UjGa/Y76TFCi+FgTTATTtyIyxAITpRPK6xC+PkX/k+aZabtm9cYt1i4WceTgEI6gBDaUoQZXUIcGEBjBAzzBs5EYj8aL8TpvXTIWMwfwA8bbJ9dRjqA=</latexit>

R⇥ SO(3)

<latexit sha1_base64="IQZw+qMO0vRnbDpY0Pq0x7kCIY4=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR6qYkJth2V3TjzvroA5pQJtNpO3TyYGYilNiFv+LGhSJu/Q13/o2TtIKKHhg4nHMv98zxIkaFNIwPLbewuLS8kl8trK1vbG7p2zstEcYckyYOWcg7HhKE0YA0JZWMdCJOkO8x0vbGZ6nfviVc0DC4kZOIuD4aBnRAMZJK6ul7jo/kyPPgFXQk9YmA1xcl66inF41yrWJZpgUVObGtSkaqhmHa0CwbGYpgjkZPf3f6IY59EkjMkBBd04ikmyAuKWZkWnBiQSKEx2hIuooGSJ1ykyz/FB4qpQ8HIVcvkDBTv28kyBdi4ntqMk0rfnup+JfXjeWg6iY0iGJJAjw7NIgZlCFMy4B9ygmWbKIIwpyqrBCPEEdYqsoKqoSvn8L/Seu4bNrl2qVdrJ/O68iDfXAASsAEFVAH56ABmgCDO/AAnsCzdq89ai/a62w0p813dsEPaG+fSKqVAw==</latexit>

R⇥ SO(2)⇥ Z2

<latexit sha1_base64="fW18XKvvKt0ivm8qB5YGCQrvg7g="></latexit>

In Minkowski, using Cartesian coordinates,

By covariance: 

translations Lorentz Poincaré algebra under the Lie bracket

In                (other two maximally symmetric spacetimes) -> 10 as well

AdS4 :

<latexit sha1_base64="lMOTy2q1GAPeEOdZnq5YPkKYQdw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFRITbOuq6sZlRfuANpTJZNIOnUzizEQooT/hxoUibv0dd/6N07SCih64cDjnXu69x08YlcqyPozC0vLK6lpxvbSxubW9U97da8s4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHH1/O/M49EZLG/FZNEuJFaMhpSDFSWuqeBzcDF57BQblimfWq49gO1OTUdao5qVmW7ULbtHJUwALNQfm9H8Q4jQhXmCEpe7aVKC9DQlHMyLTUTyVJEB6jIelpylFEpJfl907hkVYCGMZCF1cwV79PZCiSchL5ujNCaiR/ezPxL6+XqrDmZZQnqSIczxeFKYMqhrPnYUAFwYpNNEFYUH0rxCMkEFY6opIO4etT+D9pn5i2a9av3UrjYhFHERyAQ3AMbFAFDXAFmqAFMGDgATyBZ+POeDRejNd5a8FYzOyDHzDePgHC6I8r</latexit>

dS4 :

<latexit sha1_base64="iyepkQiJNs5HyezL7fMoWmxluXw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQ22NZV0Y3LivYBbSiTyaQdOnkwMxFK6Ee4caGIW7/HnX/jNK2gogcuHM65l3vv8RLOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNY9DwsKWcRbSumOO0lguLQ47TrTa7mfveeCsni6E5NE+qGeBSxgBGstNT1b4cOukDDcsUyG7Vq1a4iTc6dai0ndcuyHWSbVo4KLNEalt8HfkzSkEaKcCxl37YS5WZYKEY4nZUGqaQJJhM8on1NIxxS6Wb5uTN0ohUfBbHQFSmUq98nMhxKOQ093RliNZa/vbn4l9dPVVB3MxYlqaIRWSwKUo5UjOa/I58JShSfaoKJYPpWRMZYYKJ0QiUdwten6H/SOTNtx2zcOJXm5TKOIhzBMZyCDTVowjW0oA0EJvAAT/BsJMaj8WK8LloLxnLmEH7AePsEOa2O4A==</latexit>

Schwarzschild:

Kerr:



Exercise

Prove that a Killing vector obeys

[ra,rb]⇠
c = Rc

dab⇠
d

<latexit sha1_base64="8saGkoF7xFk3ytedwrsHeW6Fqsk="></latexit>

using the Misner-Thorne-Wheeler/Wald convention

rarb⇠c = Rcbad⇠
d

<latexit sha1_base64="o8FsYRsevdKCbZtEgxgjK7Y7GHs="></latexit>



Solution

Prove that a Killing vector obeys

using the Misner-Thorne-Wheeler/Wald convention

ra(rb⇠c +rc⇠b) = 0

<latexit sha1_base64="j1YEEiMq/IFJaNDW1Uly8CmePEk="></latexit>

rarb⇠c +rcra⇠b + [ra,rc]⇠b = 0

<latexit sha1_base64="NX1mFmakm99Dm9dL4ej3m9vw22o="></latexit>

rarb⇠c +rcra⇠b +Rbdac⇠
d = 0

<latexit sha1_base64="YU1lGcV/kIyYojrBhAv/wkZWJgI="></latexit>

rcra⇠b +rbrc⇠a +Radcb⇠
d = 0

<latexit sha1_base64="+KK8xaoGKOOCykp37XK+85yK8gE="></latexit>

rbrc⇠a +rarb⇠c +Rcdba⇠
d = 0

<latexit sha1_base64="POxY6pzuxP2iRnG40ju9nQBZvV0="></latexit>

(1)

(2)

(3)

(1)-(2)+(3) = 2rarb⇠c + (Rbdac �Radcb +Rcdba)⇠
d = 0

<latexit sha1_base64="CMcSGvXLxDF0s9jgHr+Cfjivvdk="></latexit>

2rarb⇠c + (Racbd �Rcbad +Rbacd)⇠
d = 0

<latexit sha1_base64="lCYEthKefL4GBu8ihs/eb7GHQN8="></latexit>

Rcbad +Rbacd +Racbd = 0

<latexit sha1_base64="wNBREcS2nwexKJU8UCMPs/3E6MU=">AAACBXicdZDLSgMxFIYz9VbrrepSF8EiCEKZcYptF0LRjcsq9gJtKWcyaRuauZBkhDLMxo2v4saFIm59B3e+jem0gor+EPj4zzmcnN8JOZPKND+MzMLi0vJKdjW3tr6xuZXf3mnKIBKENkjAA9F2QFLOfNpQTHHaDgUFz+G05YwvpvXWLRWSBf6NmoS058HQZwNGQGmrn9+/7sfEATc51uAAmQEQx03OzH6+YBarZdu2bKzhtGSXU6iYplXCVtFMVUBz1fv5964bkMijviIcpOxYZqh6MQjFCKdJrhtJGgIZw5B2NPrgUdmL0ysSfKgdFw8CoZ+vcOp+n4jBk3LiObrTAzWSv2tT869aJ1KDSi9mfhgp6pPZokHEsQrwNBLsMkGJ4hMNQATTf8VkBAKI0sHldAhfl+L/oXlStErF6lWpUDufx5FFe+gAHSELlVENXaI6aiCC7tADekLPxr3xaLwYr7PWjDGf2UU/ZLx9AkvtmHs=</latexit>

2rarb⇠c + 2(�Rcbad)⇠
d = 0

<latexit sha1_base64="043YVSdZUY8+/uhHiiBuy3Hyhzg="></latexit>

a 7! c
b 7! a
c 7! b

<latexit sha1_base64="fAp8x8OJTPV0za/c0YnEGE3w8fQ="></latexit>

a 7! c
b 7! a
c 7! b

<latexit sha1_base64="fAp8x8OJTPV0za/c0YnEGE3w8fQ="></latexit>

rarb⇠c = Rcbad⇠
d

<latexit sha1_base64="o8FsYRsevdKCbZtEgxgjK7Y7GHs="></latexit>

[ra,rb]⇠
c = Rc

dab⇠
d

<latexit sha1_base64="41nJ0oewWmAtWwAv7qppN8iEMaY="></latexit>



Tool 1: Killing transport along a curve

�

<latexit sha1_base64="DMPGhfU8a1AEXOOXZYFgW1nwIdk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRIbbLsrunFZwT6gDWUynbSj8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+go2WqMGljyaTqRUgTRgVpG2oY6SWKIB4x0o3uLud+954oTaW4MdOEhByNBY0pRsZKncEYcY6G5YrnNmrVql+FlpwH1VpO6p7nB9B3vRwVsERrWH4fjCROOREGM6R13/cSE2ZIGYoZmZUGqSYJwndoTPqWCsSJDrP82hk8scoIxlLZEgbm6veJDHGtpzyynRyZif7tzcW/vH5q4nqYUZGkhgi8WBSnDBoJ56/DEVUEGza1BGFF7a0QT5BC2NiASjaEr0/h/6Rz5vqB27gOKs2LZRxFcASOwSnwQQ00wRVogTbA4BY8gCfw7Ejn0XlxXhetBWc5cwh+wHn7BP70j3E=</latexit>

z

<latexit sha1_base64="MuhsyRhkP46K5gZAEdiOOQMxJYA=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQm2HZXdOOyBfuANpTJdNKOTh7MTIQa+gVuXCji1k9y5984TSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe36t5dzv3tHhWRxdK2mCfVCPI5YwAhWWmrdD8sVy6xXHcd2kCbnrlPNSc2ybBfZppWjAks0h+X3wSgmaUgjRTiWsm9bifIyLBQjnM5Kg1TSBJNbPKZ9TSMcUull+aEzdKKVEQpioStSKFe/T2Q4lHIa+rozxGoif3tz8S+vn6qg5mUsSlJFI7JYFKQcqRjNv0YjJihRfKoJJoLpWxGZYIGJ0tmUdAhfn6L/SefMtF2z3nIrjYtlHEU4gmM4BRuq0IAraEIbCFB4gCd4Nm6MR+PFeF20FozlzCH8gPH2CWFZjVo=</latexit>

x

<latexit sha1_base64="3KX/d7wFaUXGlOZRXOHLnLPGfqY=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRITbLsrunHZgn1AG8pketOOTh7MTMQS+gVuXCji1k9y5984TSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DjoxTQaFNYx6Lnk8kcBZBWzHFoZcIIKHPoevfXs797h0IyeLoWk0T8EIyjljAKFFaat0PyxXLrFcdx3awJueuU81JzbJsF9umlaOClmgOy++DUUzTECJFOZGyb1uJ8jIiFKMcZqVBKiEh9JaMoa9pREKQXpYfOsMnWhnhIBa6IoVz9ftERkIpp6GvO0OiJvK3Nxf/8vqpCmpexqIkVRDRxaIg5VjFeP41HjEBVPGpJoQKpm/FdEIEoUpnU9IhfH2K/yedM9N2zXrLrTQulnEU0RE6RqfIRlXUQFeoidqIIkAP6Ak9GzfGo/FivC5aC8Zy5hD9gPH2CV5RjVg=</latexit>

⇠a(z)

Lab(z) = r[a⇠b](z)

<latexit sha1_base64="ixRCEgPuoJ3DG0JdDjoLuCfnx60="></latexit>

Given we can build          at a point 
⇠a(x)

Lab(x)

<latexit sha1_base64="Th4q1to5XgTlEF+V8WCMFzp24Ys=">AAACAXicdVDLSsNAFJ34rPEVdSO4GSxK3ZTEFtvuim5cuKhgH9CEMJlO2qGTBzMTaQl146+4caGIW//CnX/jNK2gogcunDnnXube48WMCmmaH9rC4tLyympuTV/f2NzaNnZ2WyJKOCZNHLGIdzwkCKMhaUoqGenEnKDAY6TtDS+mfvuWcEGj8EaOY+IEqB9Sn2IkleQa+/aIuqgwOoHHtq1fuSnyJtnLNfJmsVYplawSVOSsXKpkpGqaVhlaRTNDHszRcI13uxfhJCChxAwJ0bXMWDop4pJiRia6nQgSIzxEfdJVNEQBEU6aXTCBR0rpQT/iqkIJM/X7RIoCIcaBpzoDJAfitzcV//K6ifSrTkrDOJEkxLOP/IRBGcFpHLBHOcGSjRVBmFO1K8QDxBGWKjRdhfB1KfyftE6LVrlYuy7n6+fzOHLgAByCArBABdTBJWiAJsDgDjyAJ/Cs3WuP2ov2Omtd0OYze+AHtLdPzpyVOg==</latexit>

x

<latexit sha1_base64="3KX/d7wFaUXGlOZRXOHLnLPGfqY=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRITbLsrunHZgn1AG8pketOOTh7MTMQS+gVuXCji1k9y5984TSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DjoxTQaFNYx6Lnk8kcBZBWzHFoZcIIKHPoevfXs797h0IyeLoWk0T8EIyjljAKFFaat0PyxXLrFcdx3awJueuU81JzbJsF9umlaOClmgOy++DUUzTECJFOZGyb1uJ8jIiFKMcZqVBKiEh9JaMoa9pREKQXpYfOsMnWhnhIBa6IoVz9ftERkIpp6GvO0OiJvK3Nxf/8vqpCmpexqIkVRDRxaIg5VjFeP41HjEBVPGpJoQKpm/FdEIEoUpnU9IhfH2K/yedM9N2zXrLrTQulnEU0RE6RqfIRlXUQFeoidqIIkAP6Ak9GzfGo/FivC5aC8Zy5hD9gPH2CV5RjVg=</latexit>

by integrating along the curve the following ordinary differential equations, 

va(x0) =
dx0a

d�

<latexit sha1_base64="Em2mDMOXVQyHYIzrj5rJT9hokkY="></latexit>

Tangent vector along the curveva(x0)ra⇠b(x
0) = va(x0)Lab(z)

va(x0)raLbc(x
0) = �Rbcad(x

0)⇠d(z)va(x0)

<latexit sha1_base64="hMJBxRx0WUOzs8AKHONojFmE9Dw="></latexit>

The equation is trivially obeyed at z. By construction,                       if  Lab(x
0) = L[ab](x

0)

<latexit sha1_base64="8zp9NwWSeWINsIRrqgTgVCLmtDU=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBItZNmXEG2y6EohsXLirYC0yHkknTNjRzIcmIZZiNr+LGhSJufQx3vo3ptIKK/hD48p9zSM7vRYwKaRgfWm5hcWl5Jb9aWFvf2NzSt3daIow5Jk0cspB3PCQIowFpSioZ6UScIN9jpO2NL6b19i3hgobBjZxExPXRMKADipFUVk/fu+olyEtLd0fHZwod5LnZpacXjXKtYlmmBRWc2lYlg6phmDY0y0amIpir0dPfu/0Qxz4JJGZICMc0IukmiEuKGUkL3ViQCOExGhJHYYB8ItwkWyCFh8rpw0HI1QkkzNzvEwnyhZj4nur0kRyJ37Wp+VfNieWg6iY0iGJJAjx7aBAzKEM4TQP2KSdYsokChDlVf4V4hDjCUmVWUCF8bQr/h9ZJ2bTLtWu7WD+fx5EH++AAlIAJKqAOLkEDNAEGKXgAT+BZu9cetRftddaa0+Yzu+CHtLdPNsOVjg==</latexit>

This defines            along the curve. There is also a relationship among these quantities along the curve,


which are compatible with the Killing equation. 

[Geroch, 1969]

L(ab)(x0) = 0 x0at any

⇠a(z)

Lab(z) = r[a⇠b](z)

<latexit sha1_base64="ixRCEgPuoJ3DG0JdDjoLuCfnx60="></latexit>



Although there is no vector which preserves geodesic distances between all pairs of points in a general 
spacetime, there are vectors which preserve geodesic distances from a given worldline.

�

<latexit sha1_base64="DMPGhfU8a1AEXOOXZYFgW1nwIdk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRIbbLsrunFZwT6gDWUynbSj8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+go2WqMGljyaTqRUgTRgVpG2oY6SWKIB4x0o3uLud+954oTaW4MdOEhByNBY0pRsZKncEYcY6G5YrnNmrVql+FlpwH1VpO6p7nB9B3vRwVsERrWH4fjCROOREGM6R13/cSE2ZIGYoZmZUGqSYJwndoTPqWCsSJDrP82hk8scoIxlLZEgbm6veJDHGtpzyynRyZif7tzcW/vH5q4nqYUZGkhgi8WBSnDBoJ56/DEVUEGza1BGFF7a0QT5BC2NiASjaEr0/h/6Rz5vqB27gOKs2LZRxFcASOwSnwQQ00wRVogTbA4BY8gCfw7Ejn0XlxXhetBWc5cwh+wHn7BP70j3E=</latexit>

z

<latexit sha1_base64="MuhsyRhkP46K5gZAEdiOOQMxJYA=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQm2HZXdOOyBfuANpTJdNKOTh7MTIQa+gVuXCji1k9y5984TSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe36t5dzv3tHhWRxdK2mCfVCPI5YwAhWWmrdD8sVy6xXHcd2kCbnrlPNSc2ybBfZppWjAks0h+X3wSgmaUgjRTiWsm9bifIyLBQjnM5Kg1TSBJNbPKZ9TSMcUull+aEzdKKVEQpioStSKFe/T2Q4lHIa+rozxGoif3tz8S+vn6qg5mUsSlJFI7JYFKQcqRjNv0YjJihRfKoJJoLpWxGZYIGJ0tmUdAhfn6L/SefMtF2z3nIrjYtlHEU4gmM4BRuq0IAraEIbCFB4gCd4Nm6MR+PFeF20FozlzCH8gPH2CWFZjVo=</latexit>

Synge function = 1/2 square of geodesic distance between z and x’

Constant:

Definition invariant under reparametrizations � 7! a�+ b

<latexit sha1_base64="OViOmC3A0eIxmS+WCEwYaxPQTAE=">AAACBnicdVDLSsNAFJ3UV62vqEsRBosgCCEptTa7ohuXFewDmlAmk0k7dPJgZiKU0JUbf8WNC0Xc+g3u/BunaQQVPTBwOOdc7tzjJYwKaZofWmlpeWV1rbxe2djc2t7Rd/e6Ik45Jh0cs5j3PSQIoxHpSCoZ6SecoNBjpOdNLud+75ZwQePoRk4T4oZoFNGAYiSVNNQPHabCPoJOiBIhY6hYoZxCb6hXTcO2G5ZZgzmpNe0FMc8a0DLMHFVQoD3U3x0/xmlIIokZEmJgmYl0M8QlxYzMKk4qSILwBI3IQNEIhUS4WX7GDB4rxYdBzNWLJMzV7xMZCoWYhp5KhkiOxW9vLv7lDVIZNN2MRkkqSYQXi4KUQXXuvBPoU06wZFNFEOZU/RXiMeIIS9VcRZXwdSn8n3RrhlU37Ot6tXVR1FEGB+AInAALnIMWuAJt0AEY3IEH8ASetXvtUXvRXhfRklbM7IMf0N4+AQK8mDo=</latexit>

It is a bitensor: scalar with respect to both z and x.

�a = ra = @a�(z, x
0), �ab = rbra�(z, x

0)

�a0 = ra0� = @a0�(z, x0), �aa0 = ra0ra�(z, x
0)

<latexit sha1_base64="GZ2f9MPvibnMABnae+r7zatshgQ="></latexit>

We can define vectors/tensors with respect to each point: 

[Poisson, Pound, Vega, 1102.0529]

Note: They use          instead of           .             

Tool 2: Bitensors

<latexit sha1_base64="eBf/2Ex2qOHgiRatOT/37/VZVWM=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiSl2mZXdOOygn1AG8pkOmmHTiZxZiKU0J9w40IRt/6OO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hrmtx+oVCwWd3qSUD/CQ8FCRrA2UqdHE8V4LPrFkmN7XqXmldGCXK5I1UOu7cxRgiUa/eJHbxCTNKJCE46V6rpOov0MS80Ip9NCL1U0wWSMh7RrqMARVX42v3eKzowyQGEsTQmN5ur3iQxHSk2iwHRGWI/Ub28m/uV1Ux3W/IyJJNVUkMWiMOVIx2j2PBowSYnmE0MwkczcisgIS0y0iahgQlh9iv4nrbLtXtjObaVUv1rGkYcTOIVzcKEKdbiBBjSBAIdHeIYX6956sl6tt0VrzlrOHMMPWO9fAxKQoQ==</latexit>✏

<latexit sha1_base64="GNNYD4b2c5dVKDO8V9SH4V6MKuE=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJUkGFaqu3sim5cVrAPmA4lk2ba0EwyJBmxDv0MNy4UcevXuPNvTF+gogcuHM65l3vvCWJGlXacTyuzsrq2vpHdzG1t7+zu5fcPWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Grqt++IVFTwWz2OiR+hAachxUgbyesqOohQ8eHs/rSXLzi261ZqbhnOycWSVF1Ysp0ZCmCBRi//0e0LnESEa8yQUl7JibWfIqkpZmSS6yaKxAiP0IB4hnIUEeWns5Mn8MQofRgKaYprOFO/T6QoUmocBaYzQnqofntT8S/PS3RY81PK40QTjueLwoRBLeD0f9inkmDNxoYgLKm5FeIhkghrk1LOhLD8FP5PWmW7dG47N5VC/XIRRxYcgWNQBCVQBXVwDRqgCTAQ4BE8gxdLW0/Wq/U2b81Yi5lD8APW+xdGwpFF</latexit>

�(z, x)
<latexit sha1_base64="zSs8HOah9p+roHytqXMtZUzIKDA=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJUkGFaqu3sim5cVrAPmA4lk2ba0EwyJBmxDv0MNy4UcevXuPNvTF+gogcuHM65l3vvCWJGlXacTyuzsrq2vpHdzG1t7+zu5fcPWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Grqt++IVFTwWz2OiR+hAachxUgbyesqOohQ8f7s4bSXLzi261ZqbhnOycWSVF1Ysp0ZCmCBRi//0e0LnESEa8yQUl7JibWfIqkpZmSS6yaKxAiP0IB4hnIUEeWns5Mn8MQofRgKaYprOFO/T6QoUmocBaYzQnqofntT8S/PS3RY81PK40QTjueLwoRBLeD0f9inkmDNxoYgLKm5FeIhkghrk1LOhLD8FP5PWmW7dG47N5VC/XIRRxYcgWNQBCVQBXVwDRqgCTAQ4BE8gxdLW0/Wq/U2b81Yi5lD8APW+xdGvpFF</latexit>

�(x, z)

<latexit sha1_base64="RJCtQ5FaAlnsV9UGqiJ7K7F5SlI=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgadkN0SS3oBePEcwDkjXMTnqTITO768ysGJb8hBcPinj1d7z5N05eoKIFDUVVN91dfsyZ0o7zaWVWVtfWN7Kbua3tnd29/P5BU0WJpNCgEY9k2ycKOAuhoZnm0I4lEOFzaPmjy6nfugepWBTe6HEMniCDkAWMEm2k9sNtN5ZMQC9fcOxqtVSpFvGcnC9JuYpd25mhgBao9/If3X5EEwGhppwo1XGdWHspkZpRDpNcN1EQEzoiA+gYGhIByktn907wiVH6OIikqVDjmfp9IiVCqbHwTacgeqh+e1PxL6+T6KDipSyMEw0hnS8KEo51hKfP4z6TQDUfG0KoZOZWTIdEEqpNRDkTwvJT/D9pFm33zHauS4XaxSKOLDpCx+gUuaiMaugK1VEDUcTRI3pGL9ad9WS9Wm/z1oy1mDlEP2C9fwH4pJCa</latexit>

x0
<latexit sha1_base64="4neISrjhqmcGDw95K7wCUhLb8/g=">AAAB83icdVDLSgMxFM3UV62vqks3wSJWkGGmVNvZFd24rGBroTOUTJppQ5PMkGTEWvobblwo4tafceffmL5ARQ9cOJxzL/feEyaMKu04n1ZmaXlldS27ntvY3Nreye/uNVWcSkwaOGaxbIVIEUYFaWiqGWklkiAeMnIbDi4n/u0dkYrG4kYPExJw1BM0ohhpI/m+oj2Oig+n98cnnXzBsT2vXPVKcEbOF6TiQdd2piiAOeqd/IffjXHKidCYIaXarpPoYISkppiRcc5PFUkQHqAeaRsqECcqGE1vHsMjo3RhFEtTQsOp+n1ihLhSQx6aTo50X/32JuJfXjvVUTUYUZGkmgg8WxSlDOoYTgKAXSoJ1mxoCMKSmlsh7iOJsDYx5UwIi0/h/6RZst0z27kuF2oX8ziy4AAcgiJwQQXUwBWogwbAIAGP4Bm8WKn1ZL1ab7PWjDWf2Qc/YL1/AaqwkXY=</latexit>

�(z, x0)
<latexit sha1_base64="iUfO7CC6w+pYjplRBmyC5YakgIU="></latexit>

�(z, x0) =
1

2
(�x0 � �z)

Z �x0

�z

gµ⌫(y)
dyµ

d�

dy⌫

d�
d� =

1

2
✏(�x0 � �z)

2



In the coincident limit, 
<latexit sha1_base64="vf5VJds4Facd0eTkI3OseC4I8Uo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK6Gma0tborunFZwT6gM5RMmmlDk0xIMmId+htuXCji1p9x59+YPgQVPXDhcM693HtPJBnVxvM+nNzC4tLySn61sLa+sblV3N5p6iRVmDRwwhLVjpAmjArSMNQw0paKIB4x0oqGlxO/dUuUpom4MSNJQo76gsYUI2Ol4B4GHEltEnh32C2WPPe86ldOPTgjJ/6clKvQd70pSmCOerf4HvQSnHIiDGZI647vSRNmSBmKGRkXglQTifAQ9UnHUoE40WE2vXkMD6zSg3GibAkDp+r3iQxxrUc8sp0cmYH+7U3Ev7xOauKzMKNCpoYIPFsUpwzaHycBwB5VBBs2sgRhRe2tEA+QQtjYmAo2hK9P4f+keez6Fde7LpdqF/M48mAP7IMj4IMqqIErUAcNgIEED+AJPDup8+i8OK+z1pwzn9kFP+C8fQLdcJGW</latexit>

z 7! x0

<latexit sha1_base64="9pwOStaL+iHWTchrjknbrlOePZk="></latexit>

[�] ⌘ limz 7!x0�(z, x0) = 0 Geodesic distance between a point and itself is 0

<latexit sha1_base64="QT7OCKL4rFQdcc0LU0sYXSjD9Zg="></latexit>

[�a] ⌘ limz 7!x0�a(z, x
0) = 0 because no odd tensor exists.

<latexit sha1_base64="H81OqtLp1nbzSu+PQA6YOvQjM8A=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovoKiTaWl0IRTcuK9gHpCFMppN26GQSZiZKif0UNy4UceuXuPNvnLYRVPTAhcM593LvPUHCqFS2/WEUFhaXlleKq6W19Y3NLbO83ZZxKjBp4ZjFohsgSRjlpKWoYqSbCIKigJFOMLqc+p1bIiSN+Y0aJ8SL0IDTkGKktOSbZbcn6SBCfoYOJh48t6FvVmzrrO7UTmw4J8dOTqp16Fj2DBWQo+mb771+jNOIcIUZktJ17ER5GRKKYkYmpV4qSYLwCA2IqylHEZFeNjt9Ave10odhLHRxBWfq94kMRVKOo0B3RkgN5W9vKv7luakKT72M8iRVhOP5ojBlUMVwmgPsU0GwYmNNEBZU3wrxEAmElU6rpEP4+hT+T9pHllOz7OtqpXGRx1EEu2APHAIH1EEDXIEmaAEM7sADeALPxr3xaLwYr/PWgpHP7IAfMN4+AUtnk2E=</latexit>

[�a0 ] = 0
<latexit sha1_base64="8rHJL8rFm6NOXiKRJT4aSBWFZOw=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFdhURbqwuh6MZlBfuANISb6bQdOnkwMxFCqL/ixoUibv0Qd/6N04egogcuHM65l3vvCRLOpLLtD2NhcWl5ZbWwVlzf2NzaNnd2WzJOBaFNEvNYdAKQlLOINhVTnHYSQSEMOG0Ho6uJ376jQrI4ulVZQr0QBhHrMwJKS75ZcruSDULwcziEYOzhCxv7Ztm2zmtO9dTGM3LizEmlhh3LnqKM5mj45nu3F5M0pJEiHKR0HTtRXg5CMcLpuNhNJU2AjGBAXU0jCKn08unxY3yglR7ux0JXpPBU/T6RQyhlFga6MwQ1lL+9ifiX56aqf+blLEpSRSMyW9RPOVYxniSBe0xQonimCRDB9K2YDEEAUTqvog7h61P8P2kdW07Vsm8q5frlPI4C2kP76Ag5qIbq6Bo1UBMRlKEH9ISejXvj0XgxXmetC8Z8poR+wHj7BMqRlDg=</latexit>

[�a0ab] = 0

…

<latexit sha1_base64="Okhb00L/s0a+lBT1Z0tmJHrWsnc="></latexit>

[�ab] = gab

[�a0b0 ] = ga0b0

[�a0b] = �ga0b

We need to prove it



Exercise

to prove that 

Use

(i)

<latexit sha1_base64="iUfO7CC6w+pYjplRBmyC5YakgIU="></latexit>

�(z, x0) =
1

2
(�x0 � �z)

Z �x0

�z

gµ⌫(y)
dyµ

d�

dy⌫

d�
d� =

1

2
✏(�x0 � �z)

2

(ii)

<latexit sha1_base64="7jBhp8Gz6wpffpZJ2Sm6WBY5Xfg=">AAACDHicdZDLSgMxFIYzXmu9VV26CZZCXVimpdrOQii6cVnBXqAdy5k0bUMzF5KMUIY+gBtfxY0LRdz6AO58G9OZFlT0h8DHf84h5/xOwJlUpvlpLC2vrK6tpzbSm1vbO7uZvf2m9ENBaIP43BdtByTlzKMNxRSn7UBQcB1OW874clZv3VEhme/dqElAbReGHhswAkpbvUy2K9nQhVvA+YR6EThTfIKHMRzjc2zqLrNgWeWqVcIJnC2gYuFiwYyVRXPVe5mPbt8noUs9RThI2SmagbIjEIoRTqfpbihpAGQMQ9rR6IFLpR3Fx0xxTjt9PPCFfp7Csft9IgJXyomrl8y5oEbyd21m/lXrhGpQtSPmBaGiHkk+GoQcKx/PksF9JihRfKIBiGB6V0xGIIAonV9ah7C4FP8PzVKheFowr8vZ2sU8jhQ6REcoj4qogmroCtVRAxF0jx7RM3oxHown49V4S1qXjPnMAfoh4/0L8UGaSQ==</latexit>

�a(�ab � gab) = 0

<latexit sha1_base64="8oS03YNs7wzKg+acjNhWMcvpsoU=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CUapuFUHTjsoJthTSEyXSSDp08mJkINRR/xY0LRdz6H+78G6dpCyp64HIP59zL3Dl+yqiQpvmplZaWV1bXyuuVjc2t7R19d68rkoxj0sEJS/itjwRhNCYdSSUjtyknKPIZ6fmjy6nfuyNc0CS+keOUuBEKYxpQjKSSPP3A6QsaRsjLkT9xz8Oie3rVNGy73rRrcEbOFqRhQ8swC1TBHG1P/+gPEpxFJJaYISEcy0ylmyMuKWZkUulngqQIj1BIHEVjFBHh5sX1E3islAEMEq4qlrBQv2/kKBJiHPlqMkJyKH57U/Evz8lk0HRzGqeZJDGePRRkDMoETqOAA8oJlmysCMKcqlshHiKOsFSBVVQIi5/C/0m3Zlinhnldr7Yu5nGUwSE4AifAAg3QAlegDToAg3vwCJ7Bi/agPWmv2ttstKTNd/bBD2jvX4THlfE=</latexit>

[�ab] = gab

<latexit sha1_base64="Ltqzbr8WXXBVxDHNDyxZZLpKneE=">AAACAHicdZC7SgNBFIbPxluMt6iFhc1gEG0MmxBNUghBG8sI5gKbJcxOJpshsxdmZoWwbOOr2FgoYutj2Pk2TrIJqOgPAx//OYcz53dCzqQyzU8js7S8srqWXc9tbG5t7+R399oyiAShLRLwQHQdLClnPm0ppjjthoJiz+G044yvp/XOPRWSBf6dmoTU9rDrsyEjWGmrnz+wepK5Hu7H+MRJ7MszN6V+vmAW6/VKrV5GKVwsoFpHpaI5UwHmavbzH71BQCKP+opwLKVVMkNlx1goRjhNcr1I0hCTMXappdHHHpV2PDsgQcfaGaBhIPTzFZq53ydi7Ek58Rzd6WE1kr9rU/OvmhWpYc2OmR9GivokXTSMOFIBmqaBBkxQovhEAyaC6b8iMsICE6Uzy+kQFpei/6FdLpbOi+ZtpdC4mseRhUM4glMoQRUacANNaAGBBB7hGV6MB+PJeDXe0taMMZ/Zhx8y3r8Awr2Wig==</latexit>

[�a0b] = �ga0b

(iii)

(iv)

(v)

<latexit sha1_base64="ZYpB1qaJe8n0R/dEc+zl2lQqDrk="></latexit>

�(z + �z, x0)� �(z, x0) = �(�x0 � �z)gµ⌫z
µ�z⌫

<latexit sha1_base64="sKiz9uC2MQ4GN28ouuIj4GWiat8="></latexit>

�(z, x0 + �x0)� �(z, x0) = +(�x0 � �z)gµ0⌫0x0µ0
�x0⌫0

.

.

<latexit sha1_base64="uTJh50AQ0tI6fY5uKuf/k1y8WO4=">AAACCnicdZC7SgNBFIZn4y3GW9TSZjQIVssmRJMUQtDGMoK5QLKGs5PZzZDZCzOzQlhS2/gqNhaK2PoEdr6Nk2QDKvrDwMd/zuHM+Z2IM6ks69PILC2vrK5l13Mbm1vbO/ndvZYMY0Fok4Q8FB0HJOUsoE3FFKedSFDwHU7bzuhyWm/fUSFZGNyocURtH7yAuYyA0lY/f+jdJuBMepJ5PvQBp+Dgc1xKOV+wzFqtXK2V8BzOFlCp4aJpzVRAqRr9/EdvEJLYp4EiHKTsFq1I2QkIxQink1wvljQCMgKPdjUG4FNpJ7NTJvhYOwPshkK/QOGZ+30iAV/Kse/oTh/UUP6uTc2/at1YuVU7YUEUKxqQ+SI35liFeJoLHjBBieJjDUAE03/FZAgCiNLp5XQIi0vx/9AqmcVT07ouF+oXaRxZdICO0AkqogqqoyvUQE1E0D16RM/oxXgwnoxX423emjHSmX30Q8b7Fx7Emo0=</latexit>

gab�a�b = 2�



Solution
[Poisson, Pound, Vega, 1102.0529, pg 35-37] 

<latexit sha1_base64="LOVVmW/eIDB2YdeU/smycwIWIMQ="></latexit>

��(z, x0) = ��

Z �x0

�z

✓
gµ⌫(y)

dyµ

d�

d�y⌫

d�
+

1

2
@�gµ⌫

dyµ

d�

dy⌫

d�
�y�

◆
d�

<latexit sha1_base64="iUfO7CC6w+pYjplRBmyC5YakgIU="></latexit>

�(z, x0) =
1

2
(�x0 � �z)

Z �x0

�z

gµ⌫(y)
dyµ

d�

dy⌫

d�
d� =

1

2
✏(�x0 � �z)

2

<latexit sha1_base64="paXht09glxKA3OwohMEwgUzf/eg="></latexit>

�� ⌘ �x0 � �z = �x0 � �z+�z

�

<latexit sha1_base64="DMPGhfU8a1AEXOOXZYFgW1nwIdk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRIbbLsrunFZwT6gDWUynbSj8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+go2WqMGljyaTqRUgTRgVpG2oY6SWKIB4x0o3uLud+954oTaW4MdOEhByNBY0pRsZKncEYcY6G5YrnNmrVql+FlpwH1VpO6p7nB9B3vRwVsERrWH4fjCROOREGM6R13/cSE2ZIGYoZmZUGqSYJwndoTPqWCsSJDrP82hk8scoIxlLZEgbm6veJDHGtpzyynRyZif7tzcW/vH5q4nqYUZGkhgi8WBSnDBoJ56/DEVUEGza1BGFF7a0QT5BC2NiASjaEr0/h/6Rz5vqB27gOKs2LZRxFcASOwSnwQQ00wRVogTbA4BY8gCfw7Ejn0XlxXhetBWc5cwh+wHn7BP70j3E=</latexit>

z

<latexit sha1_base64="MuhsyRhkP46K5gZAEdiOOQMxJYA=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQm2HZXdOOyBfuANpTJdNKOTh7MTIQa+gVuXCji1k9y5984TSuo6IELh3Pu5d57/IQzqSzrwyisrK6tbxQ3S1vbO7t75f2DjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe36t5dzv3tHhWRxdK2mCfVCPI5YwAhWWmrdD8sVy6xXHcd2kCbnrlPNSc2ybBfZppWjAks0h+X3wSgmaUgjRTiWsm9bifIyLBQjnM5Kg1TSBJNbPKZ9TSMcUull+aEzdKKVEQpioStSKFe/T2Q4lHIa+rozxGoif3tz8S+vn6qg5mUsSlJFI7JYFKQcqRjNv0YjJihRfKoJJoLpWxGZYIGJ0tmUdAhfn6L/SefMtF2z3nIrjYtlHEU4gmM4BRuq0IAraEIbCFB4gCd4Nm6MR+PFeF20FozlzCH8gPH2CWFZjVo=</latexit>

<latexit sha1_base64="unIXRsYQ72nMOMY85Yu0nSP59YA=">AAAB8XicdVDLSgNBEJz1GeMr6tHLYBAEYdmEaLK3oBePEcwDkyXMzvYmQ2Znl5lZIQn5Cy8eFPHq33jzb5y8QEULGoqqbrq7/IQzpR3n01pZXVvf2MxsZbd3dvf2cweHDRWnkkKdxjyWLZ8o4ExAXTPNoZVIIJHPoekPrqd+8wGkYrG408MEvIj0BAsZJdpI96PzTgBcEzzq5vKO7bqlilvEc3K5JGUXF2xnhjxaoNbNfXSCmKYRCE05UapdcBLtjYnUjHKYZDupgoTQAelB21BBIlDeeHbxBJ8aJcBhLE0JjWfq94kxiZQaRr7pjIjuq9/eVPzLa6c6rHhjJpJUg6DzRWHKsY7x9H0cMAlU86EhhEpmbsW0TySh2oSUNSEsP8X/k0bRLlzYzm0pX71axJFBx+gEnaECKqMqukE1VEcUCfSIntGLpawn69V6m7euWIuZI/QD1vsXybmRBA==</latexit>

z + �z

<latexit sha1_base64="edN0k/c9sZ+GgNLFTXxsSbxCceg=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPoKeyGaLK3oBePUcwDkiXMTmaTIbOzy8ysGJb8gRcPinj1j7z5N05eoKIFDUVVN91dfsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Grqt+6pVCwSd3ocUy/EA8ECRrA20u3DaS9fsIuuW666JTQnF0tScZFTtGcowAL1Xv6j249IElKhCcdKdRw71l6KpWaE00mumygaYzLCA9oxVOCQKi+dXTpBJ0bpoyCSpoRGM/X7RIpDpcahbzpDrIfqtzcV//I6iQ6qXspEnGgqyHxRkHCkIzR9G/WZpETzsSGYSGZuRWSIJSbahJMzISw/Rf+TZqnonBftm3KhdrmIIwtHcAxn4EAFanANdWgAgQAe4RlerJH1ZL1ab/PWjLWYOYQfsN6/APzyja4=</latexit>

x0

Adjust parameter such that

(i)

<latexit sha1_base64="zj/86TL6j9apiuT5Hb/URndKfw0="></latexit>

��(z, x0) = ��


gµ⌫

dyµ

d�
�y⌫

�x0

z

���

Z �x0

�z

(gµ⌫
d2yµ

d�2
+ ��

µ⌫g��
dyµ

d�

dy�

d�
)d�y⌫d�

<latexit sha1_base64="ZYpB1qaJe8n0R/dEc+zl2lQqDrk="></latexit>

�(z + �z, x0)� �(z, x0) = �(�x0 � �z)gµ⌫z
µ�z⌫

<latexit sha1_base64="sKiz9uC2MQ4GN28ouuIj4GWiat8="></latexit>

�(z, x0 + �x0)� �(z, x0) = +(�x0 � �z)gµ0⌫0x0µ0
�x0⌫0

.

.

(ii)
<latexit sha1_base64="mnMe84MvxQWD1LdarClhMSe2Zpw="></latexit>

�a(z, x
0) = �(�x0 � �z)gabż

b

<latexit sha1_base64="JNkh/XDWDPdaEmPOnbz6w+hssBk="></latexit>

gab�a�b = ��2żagabż
b = ��2✏ = 2�



<latexit sha1_base64="Ltqzbr8WXXBVxDHNDyxZZLpKneE=">AAACAHicdZC7SgNBFIbPxluMt6iFhc1gEG0MmxBNUghBG8sI5gKbJcxOJpshsxdmZoWwbOOr2FgoYutj2Pk2TrIJqOgPAx//OYcz53dCzqQyzU8js7S8srqWXc9tbG5t7+R399oyiAShLRLwQHQdLClnPm0ppjjthoJiz+G044yvp/XOPRWSBf6dmoTU9rDrsyEjWGmrnz+wepK5Hu7H+MRJ7MszN6V+vmAW6/VKrV5GKVwsoFpHpaI5UwHmavbzH71BQCKP+opwLKVVMkNlx1goRjhNcr1I0hCTMXappdHHHpV2PDsgQcfaGaBhIPTzFZq53ydi7Ek58Rzd6WE1kr9rU/OvmhWpYc2OmR9GivokXTSMOFIBmqaBBkxQovhEAyaC6b8iMsICE6Uzy+kQFpei/6FdLpbOi+ZtpdC4mseRhUM4glMoQRUacANNaAGBBB7hGV6MB+PJeDXe0taMMZ/Zhx8y3r8Awr2Wig==</latexit>

[�a0b] = �ga0b

(iii)

(iv)

(v)

<latexit sha1_base64="uTJh50AQ0tI6fY5uKuf/k1y8WO4=">AAACCnicdZC7SgNBFIZn4y3GW9TSZjQIVssmRJMUQtDGMoK5QLKGs5PZzZDZCzOzQlhS2/gqNhaK2PoEdr6Nk2QDKvrDwMd/zuHM+Z2IM6ks69PILC2vrK5l13Mbm1vbO/ndvZYMY0Fok4Q8FB0HJOUsoE3FFKedSFDwHU7bzuhyWm/fUSFZGNyocURtH7yAuYyA0lY/f+jdJuBMepJ5PvQBp+Dgc1xKOV+wzFqtXK2V8BzOFlCp4aJpzVRAqRr9/EdvEJLYp4EiHKTsFq1I2QkIxQink1wvljQCMgKPdjUG4FNpJ7NTJvhYOwPshkK/QOGZ+30iAV/Kse/oTh/UUP6uTc2/at1YuVU7YUEUKxqQ+SI35liFeJoLHjBBieJjDUAE03/FZAgCiNLp5XQIi0vx/9AqmcVT07ouF+oXaRxZdICO0AkqogqqoyvUQE1E0D16RM/oxXgwnoxX423emjHSmX30Q8b7Fx7Emo0=</latexit>

gab�a�b = 2�
<latexit sha1_base64="l8luJoAMwVFHIajDCoqRz8qhlO8=">AAACEnicdZDLSgMxFIYz9VbrbdSlm2ARdFOmpdrOQii6cVnBXqAdy5k0nYZmLiQZoQzzDG58FTcuFHHryp1vY3oDFf0h8OU/55Cc3404k8qyPo3M0vLK6lp2PbexubW9Y+7uNWUYC0IbJOShaLsgKWcBbSimOG1HgoLvctpyR5eTeuuOCsnC4EaNI+r44AVswAgobfXMkxL2bhNw065kng+9BEiK5+zic1xaXEjPzFsF2y5X7RKewdkCKjYuFqyp8miues/86PZDEvs0UISDlJ2iFSknAaEY4TTNdWNJIyAj8GhHYwA+lU4yXSnFR9rp40Eo9AkUnrrfJxLwpRz7ru70QQ3l79rE/KvWidWg6iQsiGJFAzJ7aBBzrEI8yQf3maBE8bEGIILpv2IyBAFE6RRzOoTFpvh/aJYKxdOCdV3O1y7mcWTRATpEx6iIKqiGrlAdNRBB9+gRPaMX48F4Ml6Nt1lrxpjP7KMfMt6/AIpOnWw=</latexit>

2gab�ac�b = 2�c

<latexit sha1_base64="LJRbQeI39AFDCx4VGqpoCCYjZEg=">AAACCHicdZDLSgMxFIYz9VbrbdSlC4NFcDXMlGrbhVB047KCvUBby5k0bUOTmSHJCGXo0o2v4saFIm59BHe+jekNVPSHwJf/nENyfj/iTGnX/bRSS8srq2vp9czG5tb2jr27V1NhLAmtkpCHsuGDopwFtKqZ5rQRSQrC57TuDy8n9fodlYqFwY0eRbQtoB+wHiOgjdWxD1uK9QXcAp5BJwEyxueLG+nYWdcplfLFUg7P4GwBhRL2HHeqLJqr0rE/Wt2QxIIGmnBQqum5kW4nIDUjnI4zrVjRCMgQ+rRpMABBVTuZLjLGx8bp4l4ozQk0nrrfJxIQSo2EbzoF6IH6XZuYf9Wase4V2wkLoljTgMwe6sUc6xBPUsFdJinRfGQAiGTmr5gMQALRJruMCWGxKf4fajnHO3Xc63y2fDGPI40O0BE6QR4qoDK6QhVURQTdo0f0jF6sB+vJerXeZq0paz6zj37Iev8C1GaZ4g==</latexit>

�a�ac = �c

<latexit sha1_base64="qgfo1T/kxUxzYnoySkGS6naenTk=">AAACCnicdZDLTgIxFIY7eEO8oS7dVIkJLiQDQWEWJkQ3LjERJIFxcqYUaOhc0nZMyIS1G1/FjQuNcesTuPNtLAMkavQkTb/8/zlpz++GnEllmp9GamFxaXklvZpZW9/Y3Mpu7zRlEAlCGyTggWi5IClnPm0opjhthYKC53J64w4vJv7NHRWSBf61GoXU9qDvsx4joLTkZPc7kvU9uAWcn5ITAxnj435yH51h08nmzIJllatWCU/hdA4VCxcLZlI5NKu6k/3odAMSedRXhIOU7aIZKjsGoRjhdJzpRJKGQIbQp22NPnhU2nGyyhgfaqWLe4HQx1c4Ub9PxOBJOfJc3emBGsjf3kT8y2tHqle1Y+aHkaI+mT7UizhWAZ7kgrtMUKL4SAMQwfRfMRmAAKJ0ehkdwnxT/D80S4XiScG8Kudq57M40mgPHaA8KqIKqqFLVEcNRNA9ekTP6MV4MJ6MV+Nt2poyZjO76EcZ718z2Zn3</latexit>

�a(�ac � gac) = 0

<latexit sha1_base64="mnMe84MvxQWD1LdarClhMSe2Zpw="></latexit>

�a(z, x
0) = �(�x0 � �z)gabż

b <latexit sha1_base64="JvHwtDOrNS1inL1Acc2Qmig5FIE=">AAACCnicdVDLSgMxFM3UV62vqks30SLUhWWmVNtZCEU3LivYB7RjuZOmbWjmQZIR6tC1G3/FjQtF3PoF7vwb0xeo6IGQwzn33uQeN+RMKtP8NBILi0vLK8nV1Nr6xuZWenunJoNIEFolAQ9EwwVJOfNpVTHFaSMUFDyX07o7uBj79VsqJAv8azUMqeNBz2ddRkBpqZ3eb3UChe9uAGdbkvU8aMdARvi4N7mPzrDZTmfMnG0XSnYeT8npnBRtbOXMCTJohko7/aFnksijviIcpGxaZqicGIRihNNRqhVJGgIZQI82NfXBo9KJJ6uM8KFWOrgbCH18hSfq944YPCmHnqsrPVB9+dsbi395zUh1S07M/DBS1CfTh7oRxyrA41xwhwlKFB9qAkQw/VdM+iCAKJ1eSocw3xT/T2r5nHWSM68KmfL5LI4k2kMHKIssVERldIkqqIoIukeP6Bm9GA/Gk/FqvE1LE8asZxf9gPH+BeWdmcc=</latexit>

ża(�ac � gac) = 0
<latexit sha1_base64="8oS03YNs7wzKg+acjNhWMcvpsoU=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CUapuFUHTjsoJthTSEyXSSDp08mJkINRR/xY0LRdz6H+78G6dpCyp64HIP59zL3Dl+yqiQpvmplZaWV1bXyuuVjc2t7R19d68rkoxj0sEJS/itjwRhNCYdSSUjtyknKPIZ6fmjy6nfuyNc0CS+keOUuBEKYxpQjKSSPP3A6QsaRsjLkT9xz8Oie3rVNGy73rRrcEbOFqRhQ8swC1TBHG1P/+gPEpxFJJaYISEcy0ylmyMuKWZkUulngqQIj1BIHEVjFBHh5sX1E3islAEMEq4qlrBQv2/kKBJiHPlqMkJyKH57U/Evz8lk0HRzGqeZJDGePRRkDMoETqOAA8oJlmysCMKcqlshHiKOsFSBVVQIi5/C/0m3Zlinhnldr7Yu5nGUwSE4AifAAg3QAlegDToAg3vwCJ7Bi/agPWmv2ttstKTNd/bBD2jvX4THlfE=</latexit>

[�ab] = gab

<latexit sha1_base64="tCSiRz1D5JFg3FvUj4t8IKT61gY="></latexit>

�a0(z, x0) = +(�x0 � �z)ga0b0 ẋ
0b0

<latexit sha1_base64="upMTGEPCUImlg0f83ouoZj9eGdU=">AAACEXicdZC7SgNBFIZnvcZ4W7W0GQxiqmU3RJMUQtDGMoK5QBKXs5PZZMjshZlZISx5BRtfxcZCEVs7O9/GyQ1U9IeBn++cw5nzezFnUtn2p7G0vLK6tp7ZyG5ube/smnv7DRklgtA6iXgkWh5IyllI64opTluxoBB4nDa94eWk3ryjQrIovFGjmHYD6IfMZwSURq6Z79+m4I07kvUDcFMgJwvv4XO8wJq6Zs62KpViuVLAM3O2MKUKdix7qhyaq+aaH51eRJKAhopwkLLt2LHqpiAUI5yOs51E0hjIEPq0rW0IAZXddHrRGB9r0sN+JPQLFZ7S7xMpBFKOAk93BqAG8ndtAv+qtRPll7spC+NE0ZDMFvkJxyrCk3hwjwlKFB9pA0Qw/VdMBiCAKB1iVoewuBT/bxoFyzm17OtirnoxjyODDtERyiMHlVAVXaEaqiOC7tEjekYvxoPxZLwab7PWJWM+c4B+yHj/AjB7neQ=</latexit>

gab�ac0�b = �c0
<latexit sha1_base64="uTJh50AQ0tI6fY5uKuf/k1y8WO4=">AAACCnicdZC7SgNBFIZn4y3GW9TSZjQIVssmRJMUQtDGMoK5QLKGs5PZzZDZCzOzQlhS2/gqNhaK2PoEdr6Nk2QDKvrDwMd/zuHM+Z2IM6ks69PILC2vrK5l13Mbm1vbO/ndvZYMY0Fok4Q8FB0HJOUsoE3FFKedSFDwHU7bzuhyWm/fUSFZGNyocURtH7yAuYyA0lY/f+jdJuBMepJ5PvQBp+Dgc1xKOV+wzFqtXK2V8BzOFlCp4aJpzVRAqRr9/EdvEJLYp4EiHKTsFq1I2QkIxQink1wvljQCMgKPdjUG4FNpJ7NTJvhYOwPshkK/QOGZ+30iAV/Kse/oTh/UUP6uTc2/at1YuVU7YUEUKxqQ+SI35liFeJoLHjBBieJjDUAE03/FZAgCiNLp5XQIi0vx/9AqmcVT07ouF+oXaRxZdICO0AkqogqqoyvUQE1E0D16RM/oxXgwnoxX423emjHSmX30Q8b7Fx7Emo0=</latexit>

gab�a�b = 2�
<latexit sha1_base64="Yx2X6f5dHFWVo4sP2UYD98Aba+A=">AAACC3icdZDLSgMxFIYzXmu9VV26CS2iq2Faqm0XQtGNywr2Am0tZ9JMG5rMDElGKEP3bnwVNy4UcesLuPNtTDstqOgPgS//OYfk/G7ImdKO82ktLa+srq2nNtKbW9s7u5m9/YYKIklonQQ8kC0XFOXMp3XNNKetUFIQLqdNd3Q5rTfvqFQs8G/0OKRdAQOfeYyANlYvk+0oNhBwCxgn1IuBHE/OFxfDvUzOsSuVYrlSwAmcLaBUwXnbmSmH5qr1Mh+dfkAiQX1NOCjVzjuh7sYgNSOcTtKdSNEQyAgGtG3QB0FVN57tMsFHxuljL5Dm+BrP3O8TMQilxsI1nQL0UP2uTc2/au1Ie+VuzPww0tQnyUNexLEO8DQY3GeSEs3HBoBIZv6KyRAkEG3iS5sQFpvi/6FRsPOntnNdzFUv5nGk0CHKohOURyVURVeohuqIoHv0iJ7Ri/VgPVmv1lvSumTNZw7QD1nvXyJcmyY=</latexit>

�a�ac0 = �c0

<latexit sha1_base64="Nv+xmfgPfET0CkXOe9HTYs9ovkE=">AAACEHicdVDLSgMxFM3UV62vqks3wSIVxDIt1XYWQtGNywq2FdpxuJOmbWjmQZIR69BPcOOvuHGhiFuX7vwb0xeo6IHAyTn3kNzjhpxJZZqfRmJufmFxKbmcWlldW99Ib27VZRAJQmsk4IG4ckFSznxaU0xxehUKCp7LacPtn438xg0VkgX+pRqE1Pag67MOI6C05KSzh7jVDhS+uwaMW5J1PXBiINnhCT6YOLdOrK9OOmPmLKtYtgp4Qo5npGThfM4cI4OmqDrpD50mkUd9RThI2cybobJjEIoRToepViRpCKQPXdrU1AePSjseLzTEe1pp404g9PEVHqvfEzF4Ug48V096oHrytzcS//KakeqU7Zj5YaSoTyYPdSKOVYBH7eA2E5QoPtAEiGD6r5j0QABRusOULmG2Kf6f1Au5/FHOvChmKqfTOpJoB+2ifZRHJVRB56iKaoige/SIntGL8WA8Ga/G22Q0YUwz2+gHjPcvgQabrg==</latexit>

�ża�ac0 = +ẋc0



�

Bt

<latexit sha1_base64="eolzhbVRTMWR2iPODPALhwH0Hec=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFRITbOuq6MZlRfuANpTJdNIOnTyYuRFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPBFVjWh1FYWV1b3yhulra2d3b3yvsHbRWnkrIWjUUsuz5RTPCItYCDYN1EMhL6gnX8ydXc79wzqXgc3cE0YV5IRhEPOCWgpdvLAQzKFcusVx3HdrAm565TzUnNsmwX26aVo4KWaA7K7/1hTNOQRUAFUapnWwl4GZHAqWCzUj9VLCF0Qkasp2lEQqa8LD91hk+0MsRBLHVFgHP1+0RGQqWmoa87QwJj9dubi395vRSCmpfxKEmBRXSxKEgFhhjP/8ZDLhkFMdWEUMn1rZiOiSQUdDolHcLXp/h/0j4zbdes37iVxsUyjiI6QsfoFNmoihroGjVRC1E0Qg/oCT0bwng0XozXRWvBWM4coh8w3j4BlJmOAQ==</latexit>

Bs

<latexit sha1_base64="L4byvJnnLt9Px7EyNqO3d5vF+Es=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQm2NZV0Y3LivYBbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHR7OZCDcsUy61XHsR2kybnrVHNSsyzbRbZp5ajAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvSw/dYZOtDJEQSx0RQrl6veJDIdSTkNfd4ZYjeVvby7+5fVSFdS8jEVJqmhEFouClCMVo/nfaMgEJYpPNcFEMH0rImMsMFE6nZIO4etT9D9pn5m2a9Zv3ErjYhlHEY7gGE7Bhio04Bqa0AICI3iAJ3g2uPFovBivi9aCsZw5hB8w3j4BkxWOAA==</latexit>

We define a foliation           around the curve{Bs}s2R

<latexit sha1_base64="qCGv9YPBwn47r4KnzNeeFuJAZC4=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFclaTU2uxK3bisYh/QhDCZTtuhk0mYmQgldOHGX3HjQhG3foQ7/8ZJWkFFD8xwOOde7r0niBmVyrI+jJXVtfWNzcJWcXtnd2/fPDjsyigRmHRwxCLRD5AkjHLSUVQx0o8FQWHASC+YXmR+75YISSN+o2Yx8UI05nREMVJa8s2Sm8KWL6E791P9Uw7dEKlJEMDruW+WrYrj1G2rCnNSbTgLYp3VoV2xcpTBEm3ffHeHEU5CwhVmSMqBbcXKS5FQFDMyL7qJJDHCUzQmA005Con00vyIOTzRyhCOIqEfVzBXv3ekKJRyFga6MttQ/vYy8S9vkKhRw0spjxNFOF4MGiUMqghmicAhFQQrNtMEYUH1rhBPkEBY6dyKOoSvS+H/pFut2LWKc1UrN1vLOAqgBI7BKbDBOWiCS9AGHYDBHXgAT+DZuDcejRfjdVG6Yix7jsAPGG+f4uKXqw==</latexit>

�

<latexit sha1_base64="z6Uh3FrBljhchoDW7TGHw6gn79E=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKitdkV3bisYB/QhjKZTtqx8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0okmV3O/c0+UplLcmmlCQo5GgsYUI2Oldn+EOEeDcsVzg6Dme1WYk2o9WBDvvAZ918tRAUs0B+X3/lDilBNhMENa93wvMWGGlKGYkVmpn2qSIDxBI9KzVCBOdJjl187giVWGMJbKljAwV79PZIhrPeWR7eTIjPVvby7+5fVSE9fDjIokNUTgxaI4ZdBIOH8dDqki2LCpJQgram+FeIwUwsYGVLIhfH0K/yftquufucHNWaVxuYyjCI7AMTgFPrgADXANmqAFMLgDD+AJPDvSeXRenNdFa8FZzhyCH3DePgEivo+K</latexit>

Given a pair            along the curve       we define    in the vicinity of    as     �

<latexit sha1_base64="z6Uh3FrBljhchoDW7TGHw6gn79E=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKitdkV3bisYB/QhjKZTtqx8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0okmV3O/c0+UplLcmmlCQo5GgsYUI2Oldn+EOEeDcsVzg6Dme1WYk2o9WBDvvAZ918tRAUs0B+X3/lDilBNhMENa93wvMWGGlKGYkVmpn2qSIDxBI9KzVCBOdJjl187giVWGMJbKljAwV79PZIhrPeWR7eTIjPVvby7+5fVSE9fDjIokNUTgxaI4ZdBIOH8dDqki2LCpJQgram+FeIwUwsYGVLIhfH0K/yftquufucHNWaVxuYyjCI7AMTgFPrgADXANmqAFMLgDD+AJPDvSeXRenNdFa8FZzhyCH3DePgEivo+K</latexit>

�

<latexit sha1_base64="z6Uh3FrBljhchoDW7TGHw6gn79E=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKitdkV3bisYB/QhjKZTtqx8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0okmV3O/c0+UplLcmmlCQo5GgsYUI2Oldn+EOEeDcsVzg6Dme1WYk2o9WBDvvAZ918tRAUs0B+X3/lDilBNhMENa93wvMWGGlKGYkVmpn2qSIDxBI9KzVCBOdJjl187giVWGMJbKljAwV79PZIhrPeWR7eTIjPVvby7+5fVSE9fDjIokNUTgxaI4ZdBIOH8dDqki2LCpJQgram+FeIwUwsYGVLIhfH0K/yftquufucHNWaVxuYyjCI7AMTgFPrgADXANmqAFMLgDD+AJPDvSeXRenNdFa8FZzhyCH3DePgEivo+K</latexit>

⇠a

<latexit sha1_base64="HPueAc3B1P22Wkvfx+BdnaOEnos=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lKre2t6MVjBdMW2lg22027dLMJuxuxhP4GLx4U8eoP8ua/cZtWUNEHA4/3ZpiZ58ecKW3bH1ZuZXVtfSO/Wdja3tndK+4ftFWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k8u537mjUrFI3OhpTL0QjwQLGMHaSG7/nt3iQbFklxuNmmNXUEYq9caC2Gc15JTtDCVYojUovveHEUlCKjThWKmeY8faS7HUjHA6K/QTRWNMJnhEe4YKHFLlpdmxM3RilCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+edoyCQlmk8NwUQycysiYywx0Safggnh61P0P2lXyk613LiulpoXyzjycATHcAoOnEMTrqAFLhBg8ABP8GwJ69F6sV4XrTlrOXMIP2C9fQJl7Y8d</latexit>

8zs = � \Bs

<latexit sha1_base64="8THULVm/AVG9a4AuhR5nsV+zNXc=">AAACBnicdVDLSgNBEJyNrxhfUY8iDAbBU9gNMSYHIcSLxwjmAdmw9E4myZCZ3WVmVoghJy/+ihcPinj1G7z5N042EVS0oKGo6qa7y484U9q2P6zU0vLK6lp6PbOxubW9k93da6owloQ2SMhD2fZBUc4C2tBMc9qOJAXhc9ryRxczv3VDpWJhcK3HEe0KGASszwhoI3nZQ7cfSuAc33oKn2N3AEIAdglEuOYpL5uz85VKybELOCGFcmVO7NMSdvJ2ghxaoO5l391eSGJBA004KNVx7Eh3JyA1I5xOM26saARkBAPaMTQAQVV3krwxxcdG6WFzj6lA40T9PjEBodRY+KZTgB6q395M/MvrxLpf7k5YEMWaBmS+qB9zrEM8ywT3mKRE87EhQCQzt2IyBAlEm+QyJoSvT/H/pFnIO8V85aqYq9YWcaTRATpCJ8hBZ6iKLlEdNRBBd+gBPaFn6956tF6s13lrylrM7KMfsN4+ARcTmEo=</latexit>

8x0
s 2 Bs

<latexit sha1_base64="WmIC4jbwQ92EzBw6guwitiUoF3c=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyiq5CUWptdqRuXFewD2hIm00k7dDIJMxOxhuKvuHGhiFv/w51/4zStoKIHBg7n3Ms9c/yYUals+8PILS2vrK7l1wsbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/vhi5rdviJA04tdqEpN+iIacBhQjpSXPPOgFkUCMwVtPnsAe5bDuSc8s2pbrVhy7BDNSqrpzYp9VoGPZGYpggYZnvvcGEU5CwhVmSMquY8eqnyKhKGZkWuglksQIj9GQdDXlKCSyn2bpp/BYKwOoY+jHFczU7xspCqWchL6eDJEayd/eTPzL6yYqqPZTyuNEEY7nh4KEQRXBWRVwQAXBik00QVhQnRXiERIIK11YQZfw9VP4P2mVLKdsuVflYq2+qCMPDsEROAUOOAc1cAkaoAkwuAMP4Ak8G/fGo/FivM5Hc8ZiZx/8gPH2CdKUlNw=</latexit>

x0
s

<latexit sha1_base64="YrZ4nSCNAiQBQFogmxS6podY/3M=">AAAB63icdVDLSsNAFJ3UV62vqks3g0V0FZJSa7MrunFZwT6gDWUynbRDZyZhZiKW0F9w40IRt/6QO//GSVpBRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINpleZ370jUtFI3OpZTHyOxoKGFCOdSfdDdTosVxzb8+quU4U5qTa8BXHO69C1nRwVsERrWH4fjCKccCI0ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGCsSJ8tP81jk8McoIhpE0JTTM1e8TKeJKzXhgOjnSE/Xby8S/vH6iw4afUhEnmgi8WBQmDOoIZo/DEZUEazYzBGFJza0QT5BEWJt4SiaEr0/h/6RTtd2a7d3UKs3LZRxFcASOwRlwwQVogmvQAm2AwQQ8gCfwbHHr0XqxXhetBWs5cwh+wHr7BGzZjog=</latexit>

zs

<latexit sha1_base64="Vdx7DNqQ1vhnDVstubk+vc/3Aag=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKrc2t6MVjRfsBbSib7aZdutmE3Y1QS3+CFw+KePUXefPfuE0rqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxpdzv31HpWKxuNWThPoRHgoWMoK1kW7u+6pfLDm251Vdp4wyUq55C+KcVZFrOxlKsESjX3zvDWKSRlRowrFSXddJtD/FUjPC6azQSxVNMBnjIe0aKnBElT/NTp2hE6MMUBhLU0KjTP0+McWRUpMoMJ0R1iP125uLf3ndVIc1f8pEkmoqyGJRmHKkYzT/Gw2YpETziSGYSGZuRWSEJSbapFMwIXx9iv4nrbLtVmzvulKqXyzjyMMRHMMpuHAOdbiCBjSBwBAe4AmeLW49Wi/W66I1Zy1nDuEHrLdPDpeOWQ==</latexit>

This vector exists. Proof:

⇠a
0
(x0

s)ra0�a + ⇠b(zs)rb�
a �rb⇠

a(zs)�
b = 0

<latexit sha1_base64="YvtfOJ+8VE1Qzt+OevEfa06kUrc="></latexit>

⇠a
0
(x0

s)ra0�a = �⇠b(zs)rb�
a +rb⇠

a(zs)�
b = 0

<latexit sha1_base64="azt2UOLKmG91TePDC5vnHFEnjz4="></latexit>

Define the inverse

⇠
b0(x0

s) = H
b0

a(x
0
s, zs)

�
⇠
b(zs)rb�

a �rb⇠
a(zs)�

b
�

<latexit sha1_base64="jr9Lzj+l5bo52rN31HDhn5hPX5c="></latexit>

H
b0

a(x
0
s, zs)

<latexit sha1_base64="H8/CeGZBnfjDKJMUFwYJWKYwEBM=">AAACA3icdVBdSwJBFJ21L7Ovrd7qZUhCg5BdMVN8kXrx0SA/QG2ZHWd1cPaDmdnIFqGX/kovPRTRa3+it/5N42pQUQcuHM65l3vvsQNGhTSMDy2xsLi0vJJcTa2tb2xu6ds7TeGHHJMG9pnP2zYShFGPNCSVjLQDTpBrM9KyR+dTv3VNuKC+dynHAem5aOBRh2IklWTpe7WryM5MrKhb6VYgmmRvLJE5vrXEEbT0tJErl4umkYcxyZfKM2KcFKGZM2KkwRx1S3/v9n0cusSTmCEhOqYRyF6EuKSYkUmqGwoSIDxCA9JR1EMuEb0o/mECD5XSh47PVXkSxur3iQi5QoxdW3W6SA7Fb28q/uV1QumUehH1glASD88WOSGD0ofTQGCfcoIlGyuCMKfqVoiHiCMsVWwpFcLXp/B/0sznzEKufFFIV8/mcSTBPjgAWWCCU1AFNVAHDYDBHXgAT+BZu9cetRftddaa0OYzu+AHtLdPPxyWqw==</latexit>

H
b0

a(x
0
s, zs)ra0�

a(zs, x
0
s) = ��

b0

a0

<latexit sha1_base64="ZYcl/s2Qj3jh7OgHzHvlDdHzxBI="></latexit>

such that

This inverse exists and is unique locally around    . Due to caustics, it is not unique globally.�

<latexit sha1_base64="z6Uh3FrBljhchoDW7TGHw6gn79E=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKitdkV3bisYB/QhjKZTtqx8wgzE6GE/oMbF4q49X/c+TdO0woqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0okmV3O/c0+UplLcmmlCQo5GgsYUI2Oldn+EOEeDcsVzg6Dme1WYk2o9WBDvvAZ918tRAUs0B+X3/lDilBNhMENa93wvMWGGlKGYkVmpn2qSIDxBI9KzVCBOdJjl187giVWGMJbKljAwV79PZIhrPeWR7eTIjPVvby7+5fVSE9fDjIokNUTgxaI4ZdBIOH8dDqki2LCpJQgram+FeIwUwsYGVLIhfH0K/yftquufucHNWaVxuYyjCI7AMTgFPrgADXANmqAFMLgDD+AJPDvSeXRenNdFa8FZzhyCH3DePgEivo+K</latexit>

BHzs

<latexit sha1_base64="Vdx7DNqQ1vhnDVstubk+vc/3Aag=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKrc2t6MVjRfsBbSib7aZdutmE3Y1QS3+CFw+KePUXefPfuE0rqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxpdzv31HpWKxuNWThPoRHgoWMoK1kW7u+6pfLDm251Vdp4wyUq55C+KcVZFrOxlKsESjX3zvDWKSRlRowrFSXddJtD/FUjPC6azQSxVNMBnjIe0aKnBElT/NTp2hE6MMUBhLU0KjTP0+McWRUpMoMJ0R1iP125uLf3ndVIc1f8pEkmoqyGJRmHKkYzT/Gw2YpETziSGYSGZuRWSEJSbapFMwIXx9iv4nrbLtVmzvulKqXyzjyMMRHMMpuHAOdbiCBjSBwBAe4AmeLW49Wi/W66I1Zy1nDuEHrLdPDpeOWQ==</latexit>

x0
s

<latexit sha1_base64="YrZ4nSCNAiQBQFogmxS6podY/3M=">AAAB63icdVDLSsNAFJ3UV62vqks3g0V0FZJSa7MrunFZwT6gDWUynbRDZyZhZiKW0F9w40IRt/6QO//GSVpBRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINpleZ370jUtFI3OpZTHyOxoKGFCOdSfdDdTosVxzb8+quU4U5qTa8BXHO69C1nRwVsERrWH4fjCKccCI0ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGCsSJ8tP81jk8McoIhpE0JTTM1e8TKeJKzXhgOjnSE/Xby8S/vH6iw4afUhEnmgi8WBQmDOoIZo/DEZUEazYzBGFJza0QT5BEWJt4SiaEr0/h/6RTtd2a7d3UKs3LZRxFcASOwRlwwQVogmvQAm2AwQQ8gCfwbHHr0XqxXhetBWs5cwh+wHr7BGzZjog=</latexit>

⇠a(z)

Lab(z) = r[a⇠b](z)

<latexit sha1_base64="ixRCEgPuoJ3DG0JdDjoLuCfnx60="></latexit>

L⇠�
a(zs, x

0
s) = 0

<latexit sha1_base64="76q9YZT3K5ZcnMl4/kZCTaxLrpE="></latexit>

L⇠�(zs, x
0
s) = 0

L⇠�(zs, x
0
s) = 0

Generalized Killing vector
[Harte, 2008]

<latexit sha1_base64="VVxcD7qRvt7u0dt/jz0RFJgjDCc="></latexit>

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,ab(x0, z)ra⇠b(z)

<latexit sha1_base64="Px5OzWoUSpyBKaD6KW0nON72cXs="></latexit>

⌅a0a(x0
, z) = H

a0

b(x
0
, z)�ba(z, x0)

⌅a0,ab(x0
, z) = �H

a0b(x0
, z)�a(z, x0)



Finally, using the property of Killing transport

We can write

equivalently by
<latexit sha1_base64="j29x+9hC7ZEY7SbvIVwnaaHy8Tg="></latexit>

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,ab(x0, z)Lab(z)

Indeed, in the coincident limit, 

<latexit sha1_base64="Cbc7N6rv5NHL5lIGfSburMcEUm0="></latexit>

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,[ab](x0, z)Lab(z)

<latexit sha1_base64="n1H2kuKwmu2SDgCQiRYvll0BzTc="></latexit>

ra0⇠b0(x
0) = La0b0(x

0)

<latexit sha1_base64="vf5VJds4Facd0eTkI3OseC4I8Uo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK6Gma0tborunFZwT6gM5RMmmlDk0xIMmId+htuXCji1p9x59+YPgQVPXDhcM693HtPJBnVxvM+nNzC4tLySn61sLa+sblV3N5p6iRVmDRwwhLVjpAmjArSMNQw0paKIB4x0oqGlxO/dUuUpom4MSNJQo76gsYUI2Ol4B4GHEltEnh32C2WPPe86ldOPTgjJ/6clKvQd70pSmCOerf4HvQSnHIiDGZI647vSRNmSBmKGRkXglQTifAQ9UnHUoE40WE2vXkMD6zSg3GibAkDp+r3iQxxrUc8sp0cmYH+7U3Ev7xOauKzMKNCpoYIPFsUpwzaHycBwB5VBBs2sgRhRe2tEA+QQtjYmAo2hK9P4f+keez6Fde7LpdqF/M48mAP7IMj4IMqqIErUAcNgIEED+AJPDup8+i8OK+z1pwzn9kFP+C8fQLdcJGW</latexit>

z 7! x0

<latexit sha1_base64="QLL4BgwvbJAsbV20i5FPbGpU5ro=">AAACFnicdZDJSgNBEIZ74hbjNurRS2NwOWiY0cToQQh68RjBLJAZQ02nkzTpWejuEcKQp/Diq3jxoIhX8ebb2NlARQsaPv6/iur6vYgzqSzr00jNzM7NL6QXM0vLK6tr5vpGVYaxILRCQh6KugeSchbQimKK03okKPgepzWvdzn0a3dUSBYGN6ofUdeHTsDajIDSUtM8bDh1dpvAHgxcvHveGSN2HIwzU+sAvJGJraaZtXJnRbtwYuExHNsTyBexnbNGlUWTKjfND6cVktingSIcpGzYVqTcBIRihNNBxokljYD0oEMbGgPwqXST0VkDvKOVFm6HQr9A4ZH6fSIBX8q+7+lOH1RX/vaG4l9eI1btUzdhQRQrGpDxonbMsQrxMCPcYoISxfsagAim/4pJFwQQpZPM6BCml+L/oXqUsws56zqfLV1M4kijLbSN9pGNiqiErlAZVRBB9+gRPaMX48F4Ml6Nt3FrypjMbKIfZbx/AcOhnJw=</latexit>

[⌅a0a] = ga
0a

[⌅a0,ab] = 0

<latexit sha1_base64="kAmrKvaeS0cFT//X2Jha0DsktZY=">AAACA3icdVDLTgIxFO3gC/E16k43jcSAm8mMgujChOjGJSaCJDCSTinQ0OlM2o6BTEjc+CtuXGiMW3/CnX9jgTFBoye5yek596b3Hi9kVCrb/jRSc/MLi0vp5czK6tr6hrm5VZNBJDCp4oAFou4hSRjlpKqoYqQeCoJ8j5Ebr38x9m/uiJA04NdqGBLXR11OOxQjpaWWudMc0NsY5Ub5Qe7gDM6+WmbWtk5LTvHYhlNy5CSkUIKOZU+QBQkqLfOj2Q5w5BOuMENSNhw7VG6MhKKYkVGmGUkSItxHXdLQlCOfSDee3DCC+1ppw04gdHEFJ+rsRIx8KYe+pzt9pHrytzcW//IakeqcuDHlYaQIx9OPOhGDKoDjQGCbCoIVG2qCsKB6V4h7SCCsdGwZHcL3pfB/Uju0nKJlXxWy5fMkjjTYBXsgDxxQAmVwCSqgCjC4B4/gGbwYD8aT8Wq8TVtTRjKzDX7AeP8CBCyWfQ==</latexit>

⇠a
0
(x0) = ⇠a

0
(x0)

H
b0

a(x
0
s, zs)ra0�

a(zs, x
0
s) = ��

b0

a0

<latexit sha1_base64="ZYcl/s2Qj3jh7OgHzHvlDdHzxBI="></latexit>

<latexit sha1_base64="VVxcD7qRvt7u0dt/jz0RFJgjDCc="></latexit>

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,ab(x0, z)ra⇠b(z) <latexit sha1_base64="Px5OzWoUSpyBKaD6KW0nON72cXs="></latexit>

⌅a0a(x0
, z) = H

a0

b(x
0
, z)�ba(z, x0)

⌅a0,ab(x0
, z) = �H

a0b(x0
, z)�a(z, x0)

<latexit sha1_base64="ecBvd79ywlBoneQmymfxndNriXs=">AAACDnicdZDLSgMxFIYz9VbrbdSlm2ApurHMaGuVIhTduKxgL9AZy5k0bUMzF5KMUIY+gRtfxY0LRdy6dufbmF4EFf0h8POdczg5vxdxJpVlfRipufmFxaX0cmZldW19w9zcqsswFoTWSMhD0fRAUs4CWlNMcdqMBAXf47ThDS7G9cYtFZKFwbUaRtT1oRewLiOgNGqbuZYjWc+HG2gnTtkpY9gbufgMHzgdytUEa9I2s1b+tGQXjy08NUf2zBRK2M5bE2XRTNW2+e50QhL7NFCEg5Qt24qUm4BQjHA6yjixpBGQAfRoS9sAfCrdZHLOCOc06eBuKPQLFJ7Q7xMJ+FIOfU93+qD68ndtDP+qtWLVPXETFkSxogGZLurGHKsQj7PBHSYoUXyoDRDB9F8x6YMAonSCGR3C16X4f1M/zNvFvHVVyFbOZ3Gk0Q7aRfvIRiVUQZeoimqIoDv0gJ7Qs3FvPBovxuu0NWXMZrbRDxlvn5l1mzc=</latexit>

[�a
a0 ] = ��aa0

<latexit sha1_base64="OHClYsUTmlZpEU+rk/LkQWLUP7U=">AAACDHicdVDLSgMxFM34rPVVdekmWERXZUZbqxSh6KbLCvYBnbHcSdM2NPMgyQhlmA9w46+4caGIWz/AnX9j2o6gogcCh3PO5eYeN+RMKtP8MObmFxaXljMr2dW19Y3N3NZ2UwaRILRBAh6ItguScubThmKK03YoKHgupy13dDnxW7dUSBb412ocUseDgc/6jIDSUjeX79RuYvcg6cZ2xa5gSBx8ju0e5QpSHRKdMgtnZat0YuIZObZSUixjq2BOkUcp6t3cu90LSORRXxEOUnYsM1RODEIxwmmStSNJQyAjGNCOpj54VDrx9JgE72ulh/uB0M9XeKp+n4jBk3LsuTrpgRrK395E/MvrRKp/6sTMDyNFfTJb1I84VgGeNIN7TFCi+FgTIILpv2IyBAFE6f6yuoSvS/H/pHlUsEoF86qYr16kdWTQLtpDh8hCZVRFNVRHDUTQHXpAT+jZuDcejRfjdRadM9KZHfQDxtsnoNSaww==</latexit>

[Hb0

a] = �
b0

a
<latexit sha1_base64="TwMQa1zxAy/MaV5HRp4IwhkJyd4=">AAAB/3icdZDLSsNAFIYn9VbrLSq4cTNYBFch0dbqQii6cVnBXiCNZTKdtENnkjAzEUrswldx40IRt76GO9/GaRpBRX8Y+PjPOZwzvx8zKpVtfxiFufmFxaXicmlldW19w9zcaskoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH11M6+1bIiSNwms1jonH0SCkAcVIaatn7rhdSQcc3aQ+mnjwDA4y6pll2zqtOdVjG87gyMmhUoOOZWcqg1yNnvne7Uc44SRUmCEpXceOlZcioShmZFLqJpLECI/QgLgaQ8SJ9NLs/gnc104fBpHQL1Qwc79PpIhLOea+7uRIDeXv2tT8q+YmKjjxUhrGiSIhni0KEgZVBKdhwD4VBCs21oCwoPpWiIdIIKx0ZCUdwtdP4f/QOrScqmVfVcr18zyOItgFe+AAOKAG6uASNEATYHAHHsATeDbujUfjxXidtRaMfGYb/JDx9gkCn5Yd</latexit>

[�ba] = gba
<latexit sha1_base64="Yunl/i53JLouxrRigZcRg3UKafw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFSbaWl0IRTcuK9gHpLFMppN26EwSZiaFEvonblwo4tY/ceffOG0jqOiBC4dz7uXee4KEM6UR+rAKS8srq2vF9dLG5tb2jr2711JxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2MLqe+e0xlYrF0Z2eJNQXeBCxkBGsjdSzba+r2EDg+wxPfXgJUc8uI+ei5lbPEFyQUzcnlRp0HTRHGeRo9Oz3bj8mqaCRJhwr5bko0X6GpWaE02mpmyqaYDLCA+oZGmFBlZ/NL5/CI6P0YRhLU5GGc/X7RIaFUhMRmE6B9VD99mbiX56X6vDcz1iUpJpGZLEoTDnUMZzFAPtMUqL5xBBMJDO3QjLEEhNtwiqZEL4+hf+T1onjVh10WynXr/I4iuAAHIJj4IIaqIMb0ABNQMAYPIAn8Gxl1qP1Yr0uWgtWPrMPfsB6+wTkkpMv</latexit>

[�a] = 0
<latexit sha1_base64="0Wnmunx52hOv1zQboJl9XbbqSBs="></latexit>

rb0⇠
a0
(x0) = rb0⌅

a0a(x0, z)⇠a(z) +rb0⌅
a0,ab(x0, z)Lab(z)

<latexit sha1_base64="v3kL76/pFwjLCXH5oH9hosCZRbg=">AAACBHicdVDLSgNBEJyNrxhfqx5zGQwST2FXE6MHIejFYwTzgGQNvZNJMmR2dpmZFcKSgxd/xYsHRbz6Ed78GycPQUULGoqqbrq7/IgzpR3nw0otLC4tr6RXM2vrG5tb9vZOXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/vJj4jVsqFQvFtR5F1AugL1iPEdBG6tjZVluAz6GT+PkxbjfZTQJ5GHv4DDsdO+cUTstu6djBM3LkzkmxjN2CM0UOzVHt2O/tbkjigApNOCjVcp1IewlIzQin40w7VjQCMoQ+bRkqIKDKS6ZPjPG+Ubq4F0pTQuOp+n0igUCpUeCbzgD0QP32JuJfXivWvRMvYSKKNRVktqgXc6xDPEkEd5mkRPORIUAkM7diMgAJRJvcMiaEr0/x/6R+WHBLBeeqmKucz+NIoyzaQwfIRWVUQZeoimqIoDv0gJ7Qs3VvPVov1uusNWXNZ3bRD1hvnzjily8=</latexit>

[rb0⌅
a0a] = 0

<latexit sha1_base64="Yunl/i53JLouxrRigZcRg3UKafw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFSbaWl0IRTcuK9gHpLFMppN26EwSZiaFEvonblwo4tY/ceffOG0jqOiBC4dz7uXee4KEM6UR+rAKS8srq2vF9dLG5tb2jr2711JxKgltkpjHshNgRTmLaFMzzWknkRSLgNN2MLqe+e0xlYrF0Z2eJNQXeBCxkBGsjdSzba+r2EDg+wxPfXgJUc8uI+ei5lbPEFyQUzcnlRp0HTRHGeRo9Oz3bj8mqaCRJhwr5bko0X6GpWaE02mpmyqaYDLCA+oZGmFBlZ/NL5/CI6P0YRhLU5GGc/X7RIaFUhMRmE6B9VD99mbiX56X6vDcz1iUpJpGZLEoTDnUMZzFAPtMUqL5xBBMJDO3QjLEEhNtwiqZEL4+hf+T1onjVh10WynXr/I4iuAAHIJj4IIaqIMb0ABNQMAYPIAn8Gxl1qP1Yr0uWgtWPrMPfsB6+wTkkpMv</latexit>

[�a] = 0
<latexit sha1_base64="1J/+IIFME+4V49uFR5rTcfoXtPo="></latexit>

[rb0⌅
a0,ab] = �[Ha0b][�a

b0 ] = �
a0b

�
a
b0

<latexit sha1_base64="+pXMzH9cWZ6ZLLb7HXhzHZ6+DyQ=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRNSLS1uhCKbly4qGAvkIYwmU7boZMLMxOhhmx8FTcuFHHrY7jzbZy0EVT0h4Fv/nMOM+f3IkaFNM0PrTA3v7C4VFwurayurW/om1ttEcYckxYOWci7HhKE0YC0JJWMdCNOkO8x0vHGF1m9c0u4oGFwIycRcXw0DOiAYiSV5eo7V26CvLRydwDPoGIbeU52c/WyaZzWrdqxCWdwZOVQrUPLMKcqg1xNV3/v9UMc+ySQmCEhbMuMpJMgLilmJC31YkEihMdoSGyFAfKJcJLpAincV04fDkKuTiDh1P0+kSBfiInvqU4fyZH4XcvMv2p2LAcnTkKDKJYkwLOHBjGDMoRZGrBPOcGSTRQgzKn6K8QjxBGWKrOSCuFrU/g/tA8Nq2aY19Vy4zyPowh2wR6oAAvUQQNcgiZoAQxS8ACewLN2rz1qL9rrrLWg5TPb4Ie0t08sGJWD</latexit>

Lab(z) = L[ab](z)

[Harte, private communication, 2020]

after choosing 
<latexit sha1_base64="YsufsPoUz/8amgiLgGwDTFj0Yd8="></latexit>

r(a⇠b)(z0) = 0 for any z0 2 �



Exercise

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,[ab](x0, z)ra⇠b(z)

<latexit sha1_base64="vRlHtrKmDN+Cews439n4PG9HrGQ="></latexit>

Check that the Killing vectors of Minkowski spacetime obey

with
⌅a0,a(x0, z) = �a

0,a

⌅a0,ab(x0, z) = (x0 � z)[a�b]a
0

<latexit sha1_base64="5zb3gi15c6sgT2y30a74ilqk/LY="></latexit>



Solution

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,[ab](x0, z)ra⇠b(z)

<latexit sha1_base64="vRlHtrKmDN+Cews439n4PG9HrGQ="></latexit>

Check that the Killing vectors of Minkowski spacetime obey

with
⌅a0,a(x0, z) = �a

0,a

⌅a0,ab(x0, z) = (x0 � z)[a�b]a
0

<latexit sha1_base64="5zb3gi15c6sgT2y30a74ilqk/LY="></latexit>

⇠a
0
(x0) = ⇠a

0
(z) + (x0 � z)ara⇠

a0
(z)

<latexit sha1_base64="C09a7WRgZiIlHhX5etgeCGBiwgQ="></latexit>

⇠a(z) = Aa +B[ab]zb

<latexit sha1_base64="F11Qa6OOMLW0Jsrqa/5M6czSbwk=">AAACBnicdVDJSgNBEO1xjXEb9ShCYxAiQpgJcclBcLl4jGASYTITajodbdKz0N0jJkNOXvwVLx4U8eo3ePNv7CyCij4oeLxXRVU9P+ZMKsv6MCYmp6ZnZjNz2fmFxaVlc2W1JqNEEFolEY/EpQ+SchbSqmKK08tYUAh8Tut+53Tg12+okCwKL1Q3pm4AVyFrMwJKS01zo3HLPMj3tvEhPvYA7+ATL3XAd/u45/lNM2cVyuU92yriISkelEfE2t3DdsEaIofGqDTN90YrIklAQ0U4SOnYVqzcFIRihNN+tpFIGgPpwBV1NA0hoNJNh2/08ZZWWrgdCV2hwkP1+0QKgZTdwNedAahr+dsbiH95TqLaB27KwjhRNCSjRe2EYxXhQSa4xQQlinc1ASKYvhWTaxBAlE4uq0P4+hT/T2rFgl0qlM9LuaOTcRwZtI42UR7ZaB8doTNUQVVE0B16QE/o2bg3Ho0X43XUOmGMZ9bQDxhvn5y7l14=</latexit>

⇠a
0
(x0) = Aa +B[a0b0]x

0b0 = Aa +B[a0b0]zb
0
+ (x

0b0 � zb
0
)Ba0b0

<latexit sha1_base64="eD7/1h8vBEJPFcn4gBaYVof8UBk="></latexit>

Explicitly,

Therefore,



Generalized Killing charges
Pt[⇠] =

Z

Bt

T a0b0

body(x
0)⇠a0(x0)dSb0

<latexit sha1_base64="56uz1KtDVsbgqt8GyVDsunn28jY="></latexit>

⇠a
0
(x0) = ⌅a0a(x0, z)⇠a(z) + ⌅a0,[ab](x0, z)ra⇠b(z)

<latexit sha1_base64="vRlHtrKmDN+Cews439n4PG9HrGQ="></latexit>

Using the decomposition

Pt[⇠] = pa(zt, t)⇠a(zt) +
1

2
Sab(zt, t)r[a⇠b](zt)

<latexit sha1_base64="Nu07Qnr3EOXV8BpSbqsl/q/uE+s="></latexit>

we obtain

pa(zt, t) =

Z

Bt

T a0b0

body(x
0)⌅ a

a0 (x0, zt)dSb0

<latexit sha1_base64="OG4mozckPJlQgAvtEoW7PbZl6fk="></latexit>

where

Sab(zt, t) =

Z

Bt

T a0b0

body(x
0)⌅ ab

a0 (x0, zt)dSb0

<latexit sha1_base64="sjA3rk7UlYa6kp7XxqNrfdMNg04="></latexit>

is the momentum vector with respect to the 
reference worldline at foliation time t

is the Lorentz charge tensor with respect to 
the reference worldline at foliation time t



Flux-balance law
Ja ⌘ T ab

body(x)⇠b(x)

<latexit sha1_base64="3OrCEc6TGsI+2/1oxDEhuuquNXU="></latexit>

raJ
a = T ab

body(x)ra⇠b(x) =
1

2
T abL⇠gab

<latexit sha1_base64="AjADbbpl6gYmoZfW7HJXrcIYzCY="></latexit>

The current                        obeys

Stokes’ theorem implies
Z

V

p
�graJ

a =

Z

V
@a(

p
�gJa) =

Z

@V

p
�gJadSa

<latexit sha1_base64="gbtz/Mm9gHGtNhJMewpNQnrEGWs="></latexit>

�

Bt

<latexit sha1_base64="eolzhbVRTMWR2iPODPALhwH0Hec=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFRITbOuq6MZlRfuANpTJdNIOnTyYuRFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPBFVjWh1FYWV1b3yhulra2d3b3yvsHbRWnkrIWjUUsuz5RTPCItYCDYN1EMhL6gnX8ydXc79wzqXgc3cE0YV5IRhEPOCWgpdvLAQzKFcusVx3HdrAm565TzUnNsmwX26aVo4KWaA7K7/1hTNOQRUAFUapnWwl4GZHAqWCzUj9VLCF0Qkasp2lEQqa8LD91hk+0MsRBLHVFgHP1+0RGQqWmoa87QwJj9dubi395vRSCmpfxKEmBRXSxKEgFhhjP/8ZDLhkFMdWEUMn1rZiOiSQUdDolHcLXp/h/0j4zbdes37iVxsUyjiI6QsfoFNmoihroGjVRC1E0Qg/oCT0bwng0XozXRWvBWM4coh8w3j4BlJmOAQ==</latexit>

Bs

<latexit sha1_base64="L4byvJnnLt9Px7EyNqO3d5vF+Es=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQm2NZV0Y3LivYBbSiT6aQdOnkwMxFK6Ce4caGIW7/InX/jNK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHR7OZCDcsUy61XHsR2kybnrVHNSsyzbRbZp5ajAEs1B+b0/jEka0kgRjqXs2VaivAwLxQins1I/lTTBZIJHtKdphEMqvSw/dYZOtDJEQSx0RQrl6veJDIdSTkNfd4ZYjeVvby7+5fVSFdS8jEVJqmhEFouClCMVo/nfaMgEJYpPNcFEMH0rImMsMFE6nZIO4etT9D9pn5m2a9Zv3ErjYhlHEY7gGE7Bhio04Bqa0AICI3iAJ3g2uPFovBivi9aCsZw5hB8w3j4BkxWOAA==</latexit>

V

<latexit sha1_base64="MACgZ5IqaY4Hk1zSuwXECOI5d0w=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKrc2t6MVjC/YD2lA22027drMJuxuhlP4CLx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKe04H1ZubX1jcyu/XdjZ3ds/KB4etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTK4XfueeSsVicaunCfUjPBIsZARrIzXbg2LJsT2v6jpllJFyzVsS56KKXNvJUIIVGoPie38YkzSiQhOOleq5TqL9GZaaEU7nhX6qaILJBI9oz1CBI6r8WXboHJ0ZZYjCWJoSGmXq94kZjpSaRoHpjLAeq9/eQvzL66U6rPkzJpJUU0GWi8KUIx2jxddoyCQlmk8NwUQycysiYywx0Sabggnh61P0P2mXbbdie81KqX61iiMPJ3AK5+DCJdThBhrQAgIUHuAJnq0769F6sV6XrTlrNXMMP2C9fQJOhI1P</latexit>

Z t

s
dt0

Z

Bt0

d3x
p
�gT abL⇠gab = Pt[⇠]� Ps[⇠]

<latexit sha1_base64="MH39uheqgLCouzWtLe00tkYt06o="></latexit>

d

dt
Pt[⇠] =

Z

Bt

d3x
p
�gT abL⇠gab ⌘ Ft[⇠]

<latexit sha1_base64="hWIOcGA0C7wfEWKYVAebh8VCCo0="></latexit>

Infinitesimally, 

These are the Mathisson-
Papapetrou-Dixon equations

<latexit sha1_base64="iXUwWxXWuwRQftuNFPGMrHN5T1U=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQqKt1V3RjcsK9gFtKJPJpB06jzAzEULpL7hxoYhbf8idf+OkjaCiBy4czrmXe+8JE0a18bwPZ2l5ZXVtvbRR3tza3tmt7O13tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkOve790RpKsWdyRIScDQSNKYYmVwKZZQNK1XPvWz49XMPLsiZX5BaA/quN0cVFGgNK++DSOKUE2EwQ1r3fS8xwRQpQzEjs/Ig1SRBeIJGpG+pQJzoYDq/dQaPrRLBWCpbwsC5+n1iirjWGQ9tJ0dmrH97ufiX109NfBFMqUhSQwReLIpTBo2E+eMwoopgwzJLEFbU3grxGCmEjY2nbEP4+hT+Tzqnrl93vdtatXlVxFECh+AInAAfNEAT3IAWaAMMxuABPIFnhzuPzovzumhdcoqZA/ADztsnrJyOqw==</latexit>

body

<latexit sha1_base64="iXUwWxXWuwRQftuNFPGMrHN5T1U=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQqKt1V3RjcsK9gFtKJPJpB06jzAzEULpL7hxoYhbf8idf+OkjaCiBy4czrmXe+8JE0a18bwPZ2l5ZXVtvbRR3tza3tmt7O13tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkOve790RpKsWdyRIScDQSNKYYmVwKZZQNK1XPvWz49XMPLsiZX5BaA/quN0cVFGgNK++DSOKUE2EwQ1r3fS8xwRQpQzEjs/Ig1SRBeIJGpG+pQJzoYDq/dQaPrRLBWCpbwsC5+n1iirjWGQ9tJ0dmrH97ufiX109NfBFMqUhSQwReLIpTBo2E+eMwoopgwzJLEFbU3grxGCmEjY2nbEP4+hT+Tzqnrl93vdtatXlVxFECh+AInAAfNEAT3IAWaAMMxuABPIFnhzuPzovzumhdcoqZA/ADztsnrJyOqw==</latexit>

body

<latexit sha1_base64="iXUwWxXWuwRQftuNFPGMrHN5T1U=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQqKt1V3RjcsK9gFtKJPJpB06jzAzEULpL7hxoYhbf8idf+OkjaCiBy4czrmXe+8JE0a18bwPZ2l5ZXVtvbRR3tza3tmt7O13tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkOve790RpKsWdyRIScDQSNKYYmVwKZZQNK1XPvWz49XMPLsiZX5BaA/quN0cVFGgNK++DSOKUE2EwQ1r3fS8xwRQpQzEjs/Ig1SRBeIJGpG+pQJzoYDq/dQaPrRLBWCpbwsC5+n1iirjWGQ9tJ0dmrH97ufiX109NfBFMqUhSQwReLIpTBo2E+eMwoopgwzJLEFbU3grxGCmEjY2nbEP4+hT+Tzqnrl93vdtatXlVxFECh+AInAAfNEAT3IAWaAMMxuABPIFnhzuPzovzumhdcoqZA/ADztsnrJyOqw==</latexit>

body



Mathisson-Papapetrou-Dixon equations
d

dt
Pt[⇠] =

Z

Bt

d3x
p
�gT abL⇠gab ⌘ Ft[⇠]

<latexit sha1_base64="hWIOcGA0C7wfEWKYVAebh8VCCo0="></latexit>

Pt[⇠] = pa(zt, t)⇠a(zt) +
1

2
Sab(zt, t)r[a⇠b](zt)

<latexit sha1_base64="Nu07Qnr3EOXV8BpSbqsl/q/uE+s="></latexit>

Dpa

Dt
⇠a(zt) + p[ażb]t rb⇠a(zt) +

1

2

DSab

Dt
ra⇠b(zt) +

1

2
Sabżctrcra⇠b(zt) = F a⇠a(zt) +

1

2
Nabr[a⇠b](zt)

<latexit sha1_base64="/bewIl7R0eyPoz7b1prphKBP7wQ="></latexit>

Using the decomposition:

rcra⇠b = �Rbacd⇠
d

<latexit sha1_base64="KWn68ZNxASEF9e6oaNLjruXIVsw="></latexit>

use

⇠a(zt), r[a⇠b](zt)

<latexit sha1_base64="RgAuGUoJBrhJlrsoNoxxFh3FTEo="></latexit>

True independently for

Dpa

Dt
=

1

2
SbcR a

bcd żdt + F a

DSab

Dt
= 2p[ażb]t +Nab

<latexit sha1_base64="CE4clZW595dyUtlEHIHbeLLIoLc="></latexit>

We obtain

The MPD equations arise because a generalized Killing vector which is purely translational at a point 
becomes a combination of translations and Lorentz transformations at a later time under Killing 
transport. This leads to a mixing of momenta and Lorentz charges.

pa, Sab, żat ⌘ va, Jabcd, . . .

<latexit sha1_base64="sdtKX7BHC5CjR2e4oCn29Ca/jjE="></latexit>

Final variables :



d

dt
Pt[⇠] =

Z

Bt

d3x
p
�gT abL⇠gab ⌘ Ft[⇠]

<latexit sha1_base64="hWIOcGA0C7wfEWKYVAebh8VCCo0="></latexit>

Pt[⇠] = pa(zt, t)⇠a(zt) +
1

2
Sab(zt, t)r[a⇠b](zt)

<latexit sha1_base64="Nu07Qnr3EOXV8BpSbqsl/q/uE+s="></latexit>

If    is a background exact Killing vector,⇠a

<latexit sha1_base64="RVu6ovaOxaFuTyBJRvrUnqdi23w=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqqc2t6MVjBdMW2lg22027dLMJuxuxlP4GLx4U8eoP8ua/cZtWUNEHA4/3ZpiZFyScKW3bH1ZuZXVtfSO/Wdja3tndK+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H48u5376jUrFY3OhJQv0IDwULGcHaSF7vnt3ifrFkl133zHYqKCOOW89Ixa3VkFO2M5RgiWa/+N4bxCSNqNCEY6W6jp1of4qlZoTTWaGXKppgMsZD2jVU4Igqf5odO0MnRhmgMJamhEaZ+n1iiiOlJlFgOiOsR+q3Nxf/8rqpDuv+lIkk1VSQxaIw5UjHaP45GjBJieYTQzCRzNyKyAhLTLTJp2BC+PoU/U9albJTLbvX1VLjYhlHHo7gGE7BgXNowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest09kH48c</latexit>

Then                                                    is exactly conserved. In Kerr, there are 2 conserved 
quantities, as for geodesics. Analogue of Carter’s constant??

Dpa

Dt
=

1

2
SbcR a

bcd żdt + F a

DSab

Dt
= 2p[ażb]t +Nab

<latexit sha1_base64="CE4clZW595dyUtlEHIHbeLLIoLc="></latexit>

In order to close the system of equations

we need equations of state to define the stresses and torques, as well as the 

“spin supplementary conditions” that fix the center-of-mass:

Sabpb = 0

<latexit sha1_base64="WsqRvWo6h2eqn/uxKg4hnNGHfqo=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibxr3PHSOrF6haJmOc2rZJZQR26lmpORUKsg2rQxFWKDeK7x3+xFJAhoqwrGUHduKlZtioRjhdJrvJpLGmIzwgHY0DXFApZtmR0/RsVb6yI+ErlChTP0+keJAykng6c4Aq6H87c3Ev7xOovyqm7IwThQNyXyRn3CkIjRLAPWZoETxiSaYCKZvRWSIBSZK55TXIXx9iv4nzZJpl03nulysXSziyMEhHMEJ2HAGNbiCOjSAwD08wBM8G2Pj0XgxXuetS8Zi5gB+wHj7BCPPkbo=</latexit>

Sabvb = 0

<latexit sha1_base64="I0l7MDWlQqao9Xy8uROI3/axDSs=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibzrueegcWb1C0TId59SySygjtlPNSMmpVJBtWhmKsEC9V3jv9iOSBDRUhGMpO7YVKzfFQjHC6TTfTSSNMRnhAe1oGuKASjfNjp6iY630kR8JXaFCmfp9IsWBlJPA050BVkP525uJf3mdRPlVN2VhnCgakvkiP+FIRWiWAOozQYniE00wEUzfisgQC0yUzimvQ/j6FP1PmiXTLpvOdblYu1jEkYNDOIITsOEManAFdWgAgXt4gCd4NsbGo/FivM5bl4zFzAH8gPH2CS0LkcA=</latexit>

Tulczyjew: (Other option: Mathisson:             )

Sa =
1

2µ
✏abcdp

bScd, µ2 ⌘ �papa

<latexit sha1_base64="YN//VG7yHQHfhZ13LFaVrWzE+xw="></latexit>

We can then define the intrinsic angular momentum:

As well as the spin length: S2 =
1

2
SabS

ab = SaSa

<latexit sha1_base64="AwJ+sfZfQcr28abiz/cli87LVc8="></latexit>

Proposition: If t is proper time, we can solve for    in terms of                        [Steinhoff, Puetzfeld, PRD 86, 044033 (2012)]żat

<latexit sha1_base64="FwCQH6X12GogGl7DY7eY7oVnWfo=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw0w70HZXdOOygn1gO5ZMmrahmcyQ3BHq0L9w40IRt/6NO//GdFpBRQ8EDufcQ+49QSy4Bsf5sFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yyJnAQrBMrRsJAsHYwuZj77TumNI/kNUxj5odkJPmQUwJGuukNIsD3t6QP/ULRsWuVWsmr4ox45dKClJwydm0nQxEt0egX3k2YJiGTQAXRuus6MfgpUcCpYLN8L9EsJnRCRqxrqCQh036abTzDp0YZ4GGkzJOAM/V7IiWh1tMwMJMhgbH+7c3Fv7xuAsOqn3IZJ8AkXXw0TASGCM/PxwOuGAUxNYRQxc2umI6JIhRMSXlTwtel+H/SKtmuZ9euvGL9fFlHDh2jE3SGXFRBdXSJGqiJKJLoAT2hZ0tbj9aL9boYXbGWmSP0A9bbJ+0ukSA=</latexit>

pa, Sab, F a, Nab

<latexit sha1_base64="j1OLYQlaM90rLTh/j+qL3Ektrqk=">AAACCnicdZDLSsNAFIYn9VbrLerSzWgRXEhI2kJb3BQFcSUV7QXatEymk3bo5MLMRCihaze+ihsXirj1Cdz5Nk7TCCr6w8DPd87hzPmdkFEhTfNDyywsLi2vZFdza+sbm1v69k5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzx2azeuiVc0MC/kZOQ2B4a+tSlGEmF+vp+2EPHsHsCr3sxcqaJPU/RZYL6et40quVqoVSBiSkVC3NTMIvQMsxEeZCq3tffu4MARx7xJWZIiI5lhtKOEZcUMzLNdSNBQoTHaEg6yvrII8KOk1Om8FCRAXQDrp4vYUK/T8TIE2LiOarTQ3Ikftdm8K9aJ5JuxY6pH0aS+Hi+yI0YlAGc5QIHlBMs2UQZhDlVf4V4hDjCUqWXUyF8XQr/N82CYZWM6lUpXztN48iCPXAAjoAFyqAGLkAdNAAGd+ABPIFn7V571F6013lrRktndsEPaW+fw0+YeA==</latexit>



Exercise

Sabpb = 0

<latexit sha1_base64="WsqRvWo6h2eqn/uxKg4hnNGHfqo=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibxr3PHSOrF6haJmOc2rZJZQR26lmpORUKsg2rQxFWKDeK7x3+xFJAhoqwrGUHduKlZtioRjhdJrvJpLGmIzwgHY0DXFApZtmR0/RsVb6yI+ErlChTP0+keJAykng6c4Aq6H87c3Ev7xOovyqm7IwThQNyXyRn3CkIjRLAPWZoETxiSaYCKZvRWSIBSZK55TXIXx9iv4nzZJpl03nulysXSziyMEhHMEJ2HAGNbiCOjSAwD08wBM8G2Pj0XgxXuetS8Zi5gB+wHj7BCPPkbo=</latexit>

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

Show that the Mathisson-Papapetrou equations reduced with the Tulczyjew condition where t is proper time 

lead to 

First derived by [Ehlers, Rudolph, GRG 8, 197 (1977)]

va = N


pa

µ
+

1

2µ2�
Sab p

c

µ
RbcdeS

de

�

<latexit sha1_base64="wNTyFqhN6Xxcy0ZfUKUQEqC5K+w="></latexit>

� = 1 +
1

4µ2
RabcdS

abScd

<latexit sha1_base64="TtPz3j6WbClVfa3T2+3/O87KPA8="></latexit>

N�2 = 1� 1

4�2µ4
SabpcSdeR

bcdeSafpgShiRfghi

<latexit sha1_base64="TVBJ2u66zv+7rV8H71wi3DUAbis="></latexit>

where

Hint: prove RabcdS
aeSbf =

1

2
RabcdS

abSef

<latexit sha1_base64="eaoTMmFQDCCdBIlKR1X6n2VJOQs="></latexit>



Solution

D

Dt
(Sabpb) = 0

<latexit sha1_base64="+RDgM9TjIHkPXYv/swupaQqO4dg=">AAACAnicdVDLSgMxFM3UV62vUVfiJliEuikZbW27EIp24bKitYV2LJk004ZmHiQZoQyDG3/FjQtF3PoV7vwb04egogcuHM65l3vvcULOpELow0jNzS8sLqWXMyura+sb5ubWtQwiQWiDBDwQLQdLyplPG4opTluhoNhzOG06w7Ox37ylQrLAv1KjkNoe7vvMZQQrLXXNnY4rMIlrSVxTSe7yJsZOEnadgxPUNbMoXymjYuEYTkjpCE1JEVnQyqMJsmCGetd87/QCEnnUV4RjKdsWCpUdY6EY4TTJdCJJQ0yGuE/bmvrYo9KOJy8kcF8rPegGQpev4ET9PhFjT8qR5+hOD6uB/O2Nxb+8dqTcsh0zP4wU9cl0kRtxqAI4zgP2mKBE8ZEmmAimb4VkgHUmSqeW0SF8fQr/J9eHeauQr1wUstXTWRxpsAv2QA5YoASq4BzUQQMQcAcewBN4Nu6NR+PFeJ22pozZzDb4AePtExXVl0I=</latexit>

va = �pbvb

µ2
pa � 1

2µ2
SabScdRcdfbv

f

<latexit sha1_base64="zDvpaJJgvcEDgBUvUda66xE1zdI="></latexit>

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

va ⌘ N

µ
pa +Ba

fv
f , Ba

f ⌘ � 1

2µ2
SabScdRcdfb

<latexit sha1_base64="QTQqdvsyVWhVoysIRsHj9452UmE="></latexit>

va =
N

µ

�
pa +Ba

fp
f
�
+Ba

fB
f
gv

g

<latexit sha1_base64="JGU8vIO1YS8WSq8VnOIro3R7sYc="></latexit>

Sabpb = 0

<latexit sha1_base64="WsqRvWo6h2eqn/uxKg4hnNGHfqo=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibxr3PHSOrF6haJmOc2rZJZQR26lmpORUKsg2rQxFWKDeK7x3+xFJAhoqwrGUHduKlZtioRjhdJrvJpLGmIzwgHY0DXFApZtmR0/RsVb6yI+ErlChTP0+keJAykng6c4Aq6H87c3Ev7xOovyqm7IwThQNyXyRn3CkIjRLAPWZoETxiSaYCKZvRWSIBSZK55TXIXx9iv4nzZJpl03nulysXSziyMEhHMEJ2HAGNbiCOjSAwD08wBM8G2Pj0XgxXuetS8Zi5gB+wHj7BCPPkbo=</latexit>

Sab = ✏abcdpcSd, paSa = 0

<latexit sha1_base64="KLePWNwVAk1mkDEozGxiRGCsPgA="></latexit>

S[abSc]d = 0

<latexit sha1_base64="t/NoVUQVbts9vKmjPh3sOZMTqSA=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWS0te1CKLpxWdHWwnQsmUzahmYeJJlCGeZP3LhQxK1/4s6/MZ1WUNEDl3s4515yc7yYM6kQ+jAKS8srq2vF9dLG5tb2jrm715FRIghtk4hHouthSTkLaVsxxWk3FhQHHqd33vhy5t9NqJAsCm/VNKZugIchGzCClZb6pnlznzrYy3Qjrp+do75ZRlajjqqVM5iT2imakyqyoW2hHGWwQKtvvvf8iCQBDRXhWErHRrFyUywUI5xmpV4iaYzJGA+po2mIAyrdNL88g0da8eEgErpCBXP1+0aKAymngacnA6xG8rc3E//ynEQN6m7KwjhRNCTzhwYJhyqCsxigzwQlik81wUQwfSskIywwUTqskg7h66fwf9I5seyK1biulJsXiziK4AAcgmNggxpogivQAm1AwAQ8gCfwbKTGo/FivM5HC8ZiZx/8gPH2CZZuk6o=</latexit>

✏abceS
abScd ⇠ (pcSe � peSc)S

cd = 0

<latexit sha1_base64="qAKDnm9cwHjLEAjA1YU9uKYfutk="></latexit>

RabcdS
aeSbf =

1

2
RabcdS

abSef

<latexit sha1_base64="eaoTMmFQDCCdBIlKR1X6n2VJOQs="></latexit>

Ba
fB

f
gv

g =
Bb

b

2
Ba

fv
f

<latexit sha1_base64="NJdNmeRbMYgu8/IonjhF+o/EJg8="></latexit>

va =
N

µ
(pa +Ba

fp
f

1X

n=0

(Bb
b)

n

2n
) =

N

µ
(pa +

Ba
fp

f

1�Bb
b/2

)

<latexit sha1_base64="8h1kNiUhq+BNs6dZXinn1ttKLLI="></latexit>

vava = �1

<latexit sha1_base64="n1SJyqC+t82xIJHK5QYQp6HlGVI=">AAAB83icdVDLSgNBEOz1GeMr6tHLYBC8uMxqYpKDEPTiMYJ5QLKG2clsMmT2wcxsIIT8hhcPinj1Z7z5N042EVS0oKGo6qa7y4sFVxrjD2tpeWV1bT2zkd3c2t7Zze3tN1SUSMrqNBKRbHlEMcFDVtdcC9aKJSOBJ1jTG17P/OaIScWj8E6PY+YGpB9yn1OijdQZ3RM06hJ0iU6dbi6P7UoZFwsXKCWlczwnRewgx8Yp8rBArZt77/QimgQs1FQQpdoOjrU7IVJzKtg020kUiwkdkj5rGxqSgCl3kt48RcdG6SE/kqZCjVL1+8SEBEqNA890BkQP1G9vJv7ltRPtl90JD+NEs5DOF/mJQDpCswBQj0tGtRgbQqjk5lZEB0QSqk1MWRPC16fof9I4s52CXbkt5KtXizgycAhHcAIOlKAKN1CDOlCI4QGe4NlKrEfrxXqdty5Zi5kD+AHr7RN+2ZC2</latexit>

Deduce N

We will solve for N later. 

R(abc)d = 0

<latexit sha1_base64="QXneJGbGYL80Vc4ckWfrs0/mZFM=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLa2nYhFN24rGIf0A4lk8m0oZnMkGSEMvQ33LhQxK0/486/MZ1WUNEDFw7n3Mu993gxZ0oj9GEtLa+srq3nNvKbW9s7u4W9/baKEkloi0Q8kl0PK8qZoC3NNKfdWFIcepx2vPHVzO/cU6lYJO70JKZuiIeCBYxgbaT+7SAtYY+c+NMLNCgUkV2voUr5HGakeobmpIIc6NgoQxEs0BwU3vt+RJKQCk04VqrnoFi7KZaaEU6n+X6iaIzJGA9pz1CBQ6rcNLt5Co+N4sMgkqaEhpn6fSLFoVKT0DOdIdYj9dubiX95vUQHNTdlIk40FWS+KEg41BGcBQB9JinRfGIIJpKZWyEZYYmJNjHlTQhfn8L/SfvUdsp2/aZcbFwu4siBQ3AESsABVdAA16AJWoCAGDyAJ/BsJdaj9WK9zluXrMXMAfgB6+0TUiiRQQ==</latexit>

see e.g.  [Susuki, Maeda, PRD 55(8), 4848 (1997)][Santos, Batista, PRD 101, 104049 (2020)]

Note: instead of proper time, one could fix               which results in another N [Dixon, 1970]
<latexit sha1_base64="12edzcITQUfJU/p5D3NGryPuDgg=">AAAB9XicdVBNS8NAEJ34WetX1aOXxSJ4MSS20noQil48VrAf0KZls920SzebsLuplNL/4cWDIl79L978N27bCCr6YODx3gwz8/yYM6Ud58NaWl5ZXVvPbGQ3t7Z3dnN7+3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+MPrmd8YUalYJO70OKZeiPuCBYxgbaTOqINR3MXoEp22w6Sbyzv2RblQKhbQgrjFlBRc5NrOHHlIUe3m3tu9iCQhFZpwrFTLdWLtTbDUjHA6zbYTRWNMhrhPW4YKHFLlTeZXT9GxUXooiKQpodFc/T4xwaFS49A3nSHWA/Xbm4l/ea1EB2VvwkScaCrIYlGQcKQjNIsA9ZikRPOxIZhIZm5FZIAlJtoElTUhfH2K/if1M9s9t53bYr5ylcaRgUM4ghNwoQQVuIEq1ICAhAd4gmfr3nq0XqzXReuSlc4cwA9Yb59x0pHY</latexit>

vapa = �µ



Exercise

va = N


pa

µ
+

1

2µ2�
Sab p

c

µ
RbcdeS

de

�

<latexit sha1_base64="wNTyFqhN6Xxcy0ZfUKUQEqC5K+w="></latexit>

prove that                 as well as                     are conserved.             S2 ⌘ 1

2
SabS

ab

<latexit sha1_base64="hSCTFm7xATdG5wMOhOUWUQz98e0="></latexit>

Sabpb = 0

<latexit sha1_base64="WsqRvWo6h2eqn/uxKg4hnNGHfqo=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibxr3PHSOrF6haJmOc2rZJZQR26lmpORUKsg2rQxFWKDeK7x3+xFJAhoqwrGUHduKlZtioRjhdJrvJpLGmIzwgHY0DXFApZtmR0/RsVb6yI+ErlChTP0+keJAykng6c4Aq6H87c3Ev7xOovyqm7IwThQNyXyRn3CkIjRLAPWZoETxiSaYCKZvRWSIBSZK55TXIXx9iv4nzZJpl03nulysXSziyMEhHMEJ2HAGNbiCOjSAwD08wBM8G2Pj0XgxXuetS8Zi5gB+wHj7BCPPkbo=</latexit>

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

Using the Mathisson-Papapetrou equations reduced with the Tulczyjew condition 

µ2 ⌘ �pap
a

<latexit sha1_base64="DqkFIlGU+S7tgBBU76wSLBunfnI=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgxpDU1ra7ohuXFewDmjRMppN26OThzKRQQsFfceNCEbd+hzv/xmlaQUUPXDiccy/33uPFjAppmh/a0vLK6tp6biO/ubW9s6vv7bdElHBMmjhiEe94SBBGQ9KUVDLSiTlBgcdI2xtdzfz2mHBBo/BWTmLiBGgQUp9iJJXk6od2kPSK0CZ3CR3Ds9hFMO4hVy+YRq1qlksXMCOVc3NOyqYFLcPMUAALNFz93e5HOAlIKDFDQnQtM5ZOirikmJFp3k4EiREeoQHpKhqigAgnzc6fwhOl9KEfcVWhhJn6fSJFgRCTwFOdAZJD8dubiX953UT6VSelYZxIEuL5Ij9hUEZwlgXsU06wZBNFEOZU3QrxEHGEpUosr0L4+hT+T1pFwyoZtZtSoX65iCMHjsAxOAUWqIA6uAYN0AQYpOABPIFn7V571F6013nrkraYOQA/oL19Ak5plRs=</latexit>



Solution

va = N


pa

µ
+

1

2µ2�
Sab p

c

µ
RbcdeS

de

�

<latexit sha1_base64="wNTyFqhN6Xxcy0ZfUKUQEqC5K+w="></latexit>

prove that                 as well as                     are conserved.             S2 ⌘ 1

2
SabS

ab

<latexit sha1_base64="hSCTFm7xATdG5wMOhOUWUQz98e0="></latexit>

Sabpb = 0

<latexit sha1_base64="WsqRvWo6h2eqn/uxKg4hnNGHfqo=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBA8LbsxxOxBCHrxGNE8IFnD7GQ2GTL7cGY2EJZ8hxcPinj1Y7z5N042EVS0oKGo6qa7y4s5k8qyPoyl5ZXVtfXcRn5za3tnt7C335RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q581tjKiSLwls1iakb4EHIfEaw0pJ7c5dibxr3PHSOrF6haJmOc2rZJZQR26lmpORUKsg2rQxFWKDeK7x3+xFJAhoqwrGUHduKlZtioRjhdJrvJpLGmIzwgHY0DXFApZtmR0/RsVb6yI+ErlChTP0+keJAykng6c4Aq6H87c3Ev7xOovyqm7IwThQNyXyRn3CkIjRLAPWZoETxiSaYCKZvRWSIBSZK55TXIXx9iv4nzZJpl03nulysXSziyMEhHMEJ2HAGNbiCOjSAwD08wBM8G2Pj0XgxXuetS8Zi5gB+wHj7BCPPkbo=</latexit>

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

Using the Mathisson-Papapetrou equations reduced with the Tulczyjew condition 

We have Rabcdp
cpd = 0

<latexit sha1_base64="AXXflkgM741sfH3e2hhZpqZ10Uw=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwVTLa2nYhFN24rGIf0MeQyWTa0ExmSDJKGfspblwo4tYvceffmD4EFT1w4XDOvdx7jxtxpjRCH1ZqaXlldS29ntnY3NreyeZ2myqMJaENEvJQtl2sKGeCNjTTnLYjSXHgctpyRxdTv3VLpWKhuNHjiPYCPBDMZwRrIznZ3LWTYJd4k6hPYNT3zpCTzaNCtYJKxVM4I+UTNCclZEO7gGbIgwXqTva964UkDqjQhGOlOjaKdC/BUjPC6STTjRWNMBnhAe0YKnBAVS+ZnT6Bh0bxoB9KU0LDmfp9IsGBUuPANZ0B1kP125uKf3mdWPuVXsJEFGsqyHyRH3OoQzjNAXpMUqL52BBMJDO3QjLEEhNt0sqYEL4+hf+T5nHBLhaqV8V87XwRRxrsgwNwBGxQBjVwCeqgAQi4Aw/gCTxb99aj9WK9zltT1mJmD/yA9fYJ9L6T1g==</latexit>

XaS
abXb = 0

<latexit sha1_base64="4rgguBZa5VmQisotJFBmHg2uNP4=">AAAB+nicdVDLSgMxFM34rPU11aWbYBFcDRltbbsQim5cVrQPaMchk2ba0MyDJKOUsZ/ixoUibv0Sd/6N6bSCih64cDjnXu69x4s5kwqhD2NhcWl5ZTW3ll/f2NzaNgs7LRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RudTv31LhWRReK3GMXUCPAiZzwhWWnLNQsfF8Oomxd6k43rwFCLXLCKrVkXl0gnMSOUYzUgZ2dC2UIYimKPhmu+9fkSSgIaKcCxl10axclIsFCOcTvK9RNIYkxEe0K6mIQ6odNLs9Ak80Eof+pHQFSqYqd8nUhxIOQ483RlgNZS/van4l9dNlF91UhbGiaIhmS3yEw5VBKc5wD4TlCg+1gQTwfStkAyxwETptPI6hK9P4f+kdWTZJat2WSrWz+Zx5MAe2AeHwAYVUAcXoAGagIA78ACewLNxbzwaL8brrHXBmM/sgh8w3j4B1vaTHQ==</latexit>

Xa ⌘ Rabcdp
bScd

<latexit sha1_base64="w31biVoGFjjEolb8O8BfetWBRac=">AAACBnicdZDLSsNAFIYn9VbrLepShMEiuAqJtrbdFd24rJdeoE3DZDJth04uzkwKJXTlxldx40IRtz6DO9/GaVpBRX8Y+PjPOZw5vxsxKqRpfmiZhcWl5ZXsam5tfWNzS9/eaYgw5pjUcchC3nKRIIwGpC6pZKQVcYJ8l5GmOzyf1psjwgUNgxs5jojto35AexQjqSxH3285CHbIbUxH8MpJkIu9SdR14XU3UeToedOolM1i4RSmUDoxZ1A0LWgZZqo8mKvm6O8dL8SxTwKJGRKibZmRtBPEJcWMTHKdWJAI4SHqk7bCAPlE2El6xgQeKseDvZCrF0iYut8nEuQLMfZd1ekjORC/a1Pzr1o7lr2yndAgiiUJ8GxRL2ZQhnCaCfQoJ1iysQKEOVV/hXiAOMJSJZdTIXxdCv+HxrFhFYzKZSFfPZvHkQV74AAcAQuUQBVcgBqoAwzuwAN4As/avfaovWivs9aMNp/ZBT+kvX0CKluY/A==</latexit>

pa
Dpa

dt
= 0

<latexit sha1_base64="nhUVuXS4+rwiMzzHhHz/cbyTV6c=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWjrW0XQlEXLivYB7S1ZNJMG5rJDElGKMOAv+LGhSJu/Q53/o3ptIKKHrhwOOde7r3HDTlTGqEPK7OwuLS8kl3Nra1vbG7Z2ztNFUSS0AYJeCDbLlaUM0EbmmlO26Gk2Hc5bbnji6nfuqNSsUDc6ElIez4eCuYxgrWR+vZe2Mew60lM4svwFifxQCdnqG/nUaFaQaXiKUxJ+QTNSAk50CmgFHkwR71vv3cHAYl8KjThWKmOg0Ldi7HUjHCa5LqRoiEmYzykHUMF9qnqxen5CTw0ygB6gTQlNEzV7xMx9pWa+K7p9LEeqd/eVPzL60Taq/RiJsJIU0Fmi7yIQx3AaRZwwCQlmk8MwUQycyskI2yy0CaxnAnh61P4P2keF5xioXpdzNfO53FkwT44AEfAAWVQA1egDhqAgBg8gCfwbN1bj9aL9TprzVjzmV3wA9bbJ18blcs=</latexit>

Sab
DSab

dt
= 0

<latexit sha1_base64="5sX2EB2yJbbyUY57X/GgN6WGS/I=">AAACBHicdVDLSgMxFM3UV62vqstugqXgqmS0te1CKOrCZaX2Ae1YMmmmDc08SDJCGWbhxl9x40IRt36EO//GTFtBRQ9cODnnXnLvsQPOpELow0gtLa+srqXXMxubW9s72d29tvRDQWiL+NwXXRtLyplHW4opTruBoNi1Oe3Yk/PE79xSIZnvXatpQC0XjzzmMIKVlgbZXHMQYTuGfUdgEl00b5JXHA1VfIoG2Twq1qqoXDqBM1I5RnNSRiY0i2iGPFigMci+94c+CV3qKcKxlD0TBcqKsFCMcBpn+qGkASYTPKI9TT3sUmlFsyNiWNDKEDq+0OUpOFO/T0TYlXLq6l0LLlZj+dtLxL+8XqicqhUxLwgV9cj8IyfkUPkwSQQOmaBE8akmmAimd4VkjHUcSueW0SF8XQr/J+2jolkq1q5K+frZIo40yIEDcAhMUAF1cAkaoAUIuAMP4Ak8G/fGo/FivM5bU8ZiZh/8gPH2CTcOmIE=</latexit>

because

because

µ2 ⌘ �pap
a

<latexit sha1_base64="DqkFIlGU+S7tgBBU76wSLBunfnI=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovgxpDU1ra7ohuXFewDmjRMppN26OThzKRQQsFfceNCEbd+hzv/xmlaQUUPXDiccy/33uPFjAppmh/a0vLK6tp6biO/ubW9s6vv7bdElHBMmjhiEe94SBBGQ9KUVDLSiTlBgcdI2xtdzfz2mHBBo/BWTmLiBGgQUp9iJJXk6od2kPSK0CZ3CR3Ds9hFMO4hVy+YRq1qlksXMCOVc3NOyqYFLcPMUAALNFz93e5HOAlIKDFDQnQtM5ZOirikmJFp3k4EiREeoQHpKhqigAgnzc6fwhOl9KEfcVWhhJn6fSJFgRCTwFOdAZJD8dubiX953UT6VSelYZxIEuL5Ij9hUEZwlgXsU06wZBNFEOZU3QrxEHGEpUosr0L4+hT+T1pFwyoZtZtSoX65iCMHjsAxOAUWqIA6uAYN0AQYpOABPIFn7V571F6013nrkraYOQA/oL19Ak5plRs=</latexit>



Stress-energy tensor
“Skeletization”: reduce the stress-tensor to its lowest multipole 
moments on the worldline:

va ⌘ dxa
⇤(⌧)

d⌧

<latexit sha1_base64="RPkeR2uAsLt9iJ31KTK4g++wBRM="></latexit>

Exercise rbT
ab = 0

<latexit sha1_base64="BCYFBrXlSVoC07ZKHMXzZ3+Q7f4=">AAAB+3icdVDLSgNBEJz1GeMrxqOXwSB4CpsHJDkIQS8eI+QFyRp6J7PJkNnZZWZWDMv+ihcPinj1R7z5N042EVS0oKGo6qa7yw05U9q2P6y19Y3Nre3MTnZ3b//gMHeU76ogkoR2SMAD2XdBUc4E7WimOe2HkoLvctpzZ1cLv3dHpWKBaOt5SB0fJoJ5jIA20iiXHwpwOYxc3L6NwU0usD3KFexio9YoV+s4JdVKeUnKdgWXinaKAlqhNcq9D8cBiXwqNOGg1KBkh9qJQWpGOE2yw0jREMgMJnRgqACfKidOb0/wmVHG2AukKaFxqn6fiMFXau67ptMHPVW/vYX4lzeItFd3YibCSFNBlou8iGMd4EUQeMwkJZrPDQEimbkVkylIINrElTUhfH2K/yfdcrFULTZuqoXm5SqODDpBp+gclVANNdE1aqEOIugePaAn9Gwl1qP1Yr0uW9es1cwx+gHr7RNX5JQH</latexit>

Prove that              is equivalent to the Mathisson-
Papapetrou equations

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

<latexit sha1_base64="Zjq2rMFIY1yDy90mMo8Frzw8oSo="></latexit>

T ab(x) =

Z 1

�1
d⌧


p(avb)

�(4)(x� x⇤(⌧))p
�g

�rc

✓
Sc(avb)

�(4)(x� x⇤(⌧))p
�g

◆�

[Mathisson, 1937] [Tulczyjew, 1959][Schwartz, Théorie des distributions, 1950]

[Dixon, 1973]

Trick: use an arbitrary test vector �a

<latexit sha1_base64="jp4Er4Qisfb5iU4TX4jqKcolCPk=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgKiR9YLMrunFZwT6gDWUynbRjJ5MwMxFK6T+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJleZ37mnUrFY3OppQv0IjwQLGcHaSO1+MmYDPCiWHNvzyvWahzJScao1tFTcCnJtZ4ESrNAcFN/7w5ikERWacKxUz3US7c+w1IxwOi/0U0UTTCZ4RHuGChxR5c8W187RmVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcpeR0MmKdF8aggmkplbERljiYk2ARVMCF+fov9Ju2y7Vdu7qZYal6s48nACp3AOLlxAA66hCS0gcAcP8ATPVmw9Wi/W67I1Z61mjuEHrLdPHwGPhw==</latexit>

0 =

Z
d4x

p
�gra(T

ab�b) =

Z
d4x

p
�graT

ab�b +

Z
d4x

p
�gT abr(a�b)

<latexit sha1_base64="gTkaua9NRIJYLzPxQ0VDQOEpDv4="></latexit>



[Special thanks to Harte, private communication]

0 =

Z
d4x

p
�gT abr(a�b) =

Z
d⌧

⇣
p(avb)ra�b + Sc(avb)rcra�b

⌘

<latexit sha1_base64="p0vK/HiDqHPOlZiqLLQhTGgtQ2Y="></latexit>

Z
d4x

p
�gT abr(a�b) = �1

2

Z
d⌧


2(

Dpa

D⌧
� 1

2
SbcvdR a

bcd)�a + (
DSab

D⌧
� 2p[avb])r[a�b]

�

<latexit sha1_base64="iq1CXHgtCeSu2tUO8FDSnUpaTqE="></latexit>

Dpa

Dt
=

1

2
SbcR a

bcd vd

DSab

Dt
= 2p[avb]

<latexit sha1_base64="NRWPuO5skvzGFlhuYFBNAXfjd4o="></latexit>

Trick: use an arbitrary test vector �a

<latexit sha1_base64="jp4Er4Qisfb5iU4TX4jqKcolCPk=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgKiR9YLMrunFZwT6gDWUynbRjJ5MwMxFK6T+4caGIW//HnX/jpK2gogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJleZ37mnUrFY3OppQv0IjwQLGcHaSO1+MmYDPCiWHNvzyvWahzJScao1tFTcCnJtZ4ESrNAcFN/7w5ikERWacKxUz3US7c+w1IxwOi/0U0UTTCZ4RHuGChxR5c8W187RmVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcpeR0MmKdF8aggmkplbERljiYk2ARVMCF+fov9Ju2y7Vdu7qZYal6s48nACp3AOLlxAA66hCS0gcAcP8ATPVmw9Wi/W67I1Z61mjuEHrLdPHwGPhw==</latexit>

p(avb) = p[avb] + vapb, Scarcra�b =
1

2
R d

cab �

<latexit sha1_base64="s8ISJveeUiBs9V4HuN2IW4Ugh+E="></latexit>

0 =

Z
d4x

p
�gra(T

ab�b) =

Z
d4x

p
�graT

ab�b +

Z
d4x

p
�gT abr(a�b)

<latexit sha1_base64="gTkaua9NRIJYLzPxQ0VDQOEpDv4="></latexit>

Therefore, conservation of the stress-tensor is equivalent to

Use and integrate by parts to get
1

2
ScaR d

cab �d

<latexit sha1_base64="clhAgpTt+ogjC0Qe7UfW6SmTQt0="></latexit>

vara =
D

D⌧

<latexit sha1_base64="PcuznNj1BnHo7/Zoeb6AXHtvTEk=">AAACB3icdVBNS8NAEN34WetX1aMgi0XwVBKt2B6Eoh48KthWaGKZbDft0s0m7G4KJfTmxb/ixYMiXv0L3vw3btoKKvpg4PHeDDPz/JgzpW37w5qZnZtfWMwt5ZdXVtfWCxubDRUlktA6iXgkb3xQlDNB65ppTm9iSSH0OW36/bPMbw6oVCwS13oYUy+ErmABI6CN1C7sDG4BuwJ8Dm3AJ9gNJJD0fJSeuxqSUbtQtEvV6kHlqIozcmiXj/BEcQ6xU7LHKKIpLtuFd7cTkSSkQhMOSrUcO9ZeClIzwuko7yaKxkD60KUtQwWEVHnp+I8R3jNKBweRNCU0HqvfJ1IIlRqGvukMQffUby8T//JaiQ4qXspEnGgqyGRRkHCsI5yFgjtMUqL50BAgkplbMemBSUKb6PImhK9P8f+kcVByyqXqVblYO53GkUPbaBftIwcdoxq6QJeojgi6Qw/oCT1b99aj9WK9TlpnrOnMFvoB6+0Tv3qZTQ==</latexit>

This is therefore equivalent to 

�̃a = �a +ra�, r[a�b] = r[a�̃b]

<latexit sha1_base64="1lScykTUEadt7LKuIZEFvkPt6Tw="></latexit>

� = ↵(t) + �i(t)x
i

<latexit sha1_base64="4UhrxjCvk0pWAuI50D7mUMsxaOI=">AAACCHicdVDLSgNBEJyN7/iKevTgYBAiQtjViMlBEL14VDAayK5L72SSDJl9MNMrhpCjF3/FiwdFvPoJ3vwbJw9BRQsaiqpuuruCRAqNtv1hZSYmp6ZnZuey8wuLS8u5ldVLHaeK8SqLZaxqAWguRcSrKFDyWqI4hIHkV0HnZOBf3XClRRxdYDfhXgitSDQFAzSSn9twWVvQQ+qCTNpQwO0dN+AIvjCU3l4LP5e3i5XKbnm/Qgdkzy7t05Hi7FGnaA+RJ2Oc+bl3txGzNOQRMgla1x07Qa8HCgWTvJ91U80TYB1o8bqhEYRce73hI326ZZQGbcbKVIR0qH6f6EGodTcMTGcI2Na/vYH4l1dPsVn2eiJKUuQRGy1qppJiTAep0IZQnKHsGgJMCXMrZW1QwNBklzUhfH1K/yeXu0WnVKycl/JHx+M4Zsk62SQF4pADckROyRmpEkbuyAN5Is/WvfVovVivo9aMNZ5ZIz9gvX0CwsiYmA==</latexit>

The two test                   are independent on the worldine: �a, r[a�b]

<latexit sha1_base64="V/3do9Gh5nn8Lbo0w89ccc/AtXA=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4kDLTB7a7ohuXFewDOkO5k6ZtaCYzTTJCGfoBbvwVNy4UcesHuPNvTB+Cih4IHM45l5t7/IgzpW37w0qtrK6tb6Q3M1vbO7t72f2DpgpjSWiDhDyUbR8U5UzQhmaa03YkKQQ+py1/dDnzW7dUKhaKGz2JqBfAQLA+I6CN1M3m3GjIunDmjscx9LArwOfQTTowxXMn8b2pSdn5arVQKVfxjBTtUhkvFKeInbw9Rw4tUe9m391eSOKACk04KNVx7Eh7CUjNCKfTjBsrGgEZwYB2DBUQUOUl82Om+MQoPdwPpXlC47n6fSKBQKlJ4JtkAHqofnsz8S+vE+t+xUuYiGJNBVks6scc6xDPmsE9JinRfGIIEMnMXzEZggSiTX8ZU8LXpfh/0izknVK+el3K1S6WdaTRETpGp8hB56iGrlAdNRBBd+gBPaFn6956tF6s10U0ZS1nDtEPWG+fWI+b3g==</latexit>

Fermi normal coordinates



Remarks

Quadrupole and higher multipoles are not 
constrained by stress-tensor conservation, but by the 
internal dynamics [Dixon,1980]


Dynamics of a spinning particle in Schwarzschild or 
Kerr is chaotic [Susuki,Maeda,1997][Hartl,2003]


