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Abstract

These are lecture notes of an advanced quantum field theory course intended for gradu-
ate students in theoretical high energy physics who are already familiar with the basics
of QFT. After a recap on the functional integral in quantum field theory, the first part
discusses the formulation and renomalization of non-abelian gauge theories, as well as
general renormalization theory. The second part gives an introduction to anomalies.
Starting from the simple abelian anomaly, we mainly discuss the chiral (gauge) anoma-
lies and end with a brief discussion of gauge and gravitational anomalies in arbitrary
dimensions, as well as their possible cancellation.
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Part I : Renormalization and non-abelian
gauge theories

1 Some elements of quantum field theory and the functional
integral

This section aims to give an overview of the functional integral formulation of quantum field theory

we will be using throughout these notes, and how it is related to the (perturbative) Feynman diagram

expansion. While this is standard material and can be found in many textbooks, the presentation

here will follow mostly [7].

1.1 Functional integrals

Functional integrals are the generalization to QFT of path integrals in ordinary QM. Although not

necessarily mathematically rigorous, functional integrals are a useful tool for many computations

whose accuracy can be confirmed by independent “proper” Feynman diagram computations. Our

signature is (−+++) and, of course, ℏ = c = 1.

1.1.1 Path integrals in QM

Let us first briefly introduce path integrals. We will be working in the Heisenberg picture and |q, t⟩
denotes the eigenstate of the position operator QH(t) at time t, corresponding to the eigenvalue q,

and similarly |p, t⟩ for the momentum operator PH(t) and eigenvalue p. For a small time interval ∆t,

we can approximate the scalar product by the following integral 1:

⟨q′, t+∆t |q, t⟩ = ⟨q′, t| e−i∆tH(Q,P ) |q, t⟩ ≃ ⟨q′, t|
(
1− i∆tH(Q,P )

)
|q, t⟩

=

∫
dp ⟨q′, t|

(
1− i∆tH(Q,P )

)
|p, t⟩ ⟨p, t |q, t⟩ =

∫
dp ⟨q′, t|

(
1− i∆tH(q′, p)

)
|p, t⟩ ⟨p, t |q, t⟩

≃
∫

dp

2π
e−i∆tH(q′,p)∆t+ip(q′−q) , (1.1)

where we assumed a certain operator ordering in H such that ⟨q′, t|H(Q,P ) |p, t⟩ = H(q′, p) e
ipq′
√
2π
.

For a finite time interval tf − ti, we proceed by dividing it into small chunks tf − ti = N∆t and let

tk = ti + k∆t (t0 = ti, tN = tf ). Repeating the previous process at each step yields the following

formula, where
∏

dqk ≃ Dq and
∏ dpk

2π
≃ Dp:

⟨qf , tf |qi, ti⟩ =
∫ ∏

dq1 . . . dqN−1⟨qf , tf |qN−1, tN−1⟩ . . . ⟨q1, t1 |qi, ti⟩

≃
∫ ∏

dq1 . . . dqN−1

∏ dp1
2π

. . .
dpN
2π

exp

{
−i

N∑
k=1

H(qk, pk)∆t+ i

N∑
k=1

pk(qk − qk−1)

}

≃
∫
q(ti)=qi, q(tf )=qf

DqDp exp
{
−i
∫ tf

ti

dτ H(q(τ), p(τ)) + i

∫ tf

ti

dτ p(τ)q̇(τ)

}
, (1.2)

1Note that H = H(QH(t), PH(t)) = H(Q,P ) does not depend on t.

Adel Bilal : Advanced Quantum Field Theory 1 Lecture notes - October 5, 2026



where in the last step we have taken the limit N → ∞, so that one integrates over all paths q(t) and

p(t) in phase space with the prescribed initial and final conditions.

This can easily be generalized to obtain the matrix elements of the time-ordered product of

operators Oa(Q(ta), P (ta)) constructed from the Heisenberg operators Q and P at times {ta}a:

⟨qf , tf |T
∏
a

Oa(Q(ta), P (ta)) |qi, ti⟩ =
∫ q(tf )=qf

q(ti)=qi

DqDp
∏
a

Oa(q(ta), p(ta)) e
i
∫ tf
ti

dτ
(
p(τ)q̇(τ)−H(q(τ),p(τ))

)
.

(1.3)

This formulation is called the Hamiltonian formulation. If the operators Oa do not depend on

momenta and the Hamiltonian is at most quadratic in the latter, the integration over Dp is Gaussian

and can be easily performed. This is the only case we will consider from here on out. Thus, one gets:

⟨q′, t′|T
∏
a

Oa(Q(ta)) |q, t⟩ = N
∫ q(tf )=qf

q(ti)=qi

Dq
∏
a

Oa(q(ta))
(
Det Â

)−1/2
ei

∫ tf
ti

dτ
(
p∗(τ)q̇(τ)−H(q(τ),p∗(τ))

)
,

(1.4)

where Â denotes the integral kernel of the Hamiltonian involving the momentum,2 p∗(t) the extremal

argument of the exponent and N a potentially infinite normalization constant. Eventually, we will be

interested in normalized quantities, i.e. quotients, and then this constant will drop out. It should be

noted that performing this Gaussian integration corresponds to doing the Legendre transformation

from the Hamiltonian to the Lagrangian, and yields the Lagrangian formulation of path integrals:

⟨q′, t′|T
∏
a

Oa(Q(ta)) |q, t⟩ =
∫
q(ti)=qi, q(tf )=qf

Dq
∏
a

Oa(q(ta))
(
Det Â

)−1/2
ei

∫ tf
ti

dτ L(q(τ),q̇(τ)) . (1.5)

If Â is independent of Q, Det Â will be absorbed into the normalization constant. If not, we will

rewrite this quantity as
(
Det Â

)−1/2
= exp(−1

2
log Det Â) = exp(−1

2
Tr log Â) and consider it an

additional contribution to the Lagrangian.

1.1.2 Functional integrals in QFT

In QFT, the quantities of interest are the vacuum expectation values of time-ordered products of

field operators (or functions of the field operators) and not so much transition amplitudes between

eigenstates of the field operators. This induces two major modifications in the integral formalism:

prescribed initial and final conditions become obsolete, and one needs to take the “vacuum wave

function” into account, which results in a purely imaginary, infinitesimally small contribution to

the Lagrangian. These are the iϵ-terms which will tell us that the propagators are the Feynman

propagators.

When generalizing path integrals to functional integrals, we will start with the Lagrangian for-

mulation and not preoccupy ourselves with its derivation from the Hamiltonian formulation. In

particular, when dealing with (non-abelian) gauge theories, the necessary gauge-fixing and ghost

terms will be added in when necessary. The Lagrangian (more precisely Lagrangian density) L at a

given space-time point x depends only on the fields ψl(x) and their derivatives ∂µψl(x) at the same

point. For brevity, we will simply denote it by L(ψ(x)). For bosonic fields, this yields the following

2More precisely, if the eigenvalues of the integral kernel are ak, one gets
∏
k

1
2π

√
2π
iak

=
(
Det

(
2πiÂ

))−1/2
. But we

include all the numerical factors into the normalization constant N and simply write
(
Det Â

)−1/2
.
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generic formula for expectation values between the in and out vacua 3 of time-ordered products of

Heisenberg-picture operators Oa(Ψ) (that only depend on the Heisenberg fields Ψl(x) and not on

their momenta Πl(x)):

⟨vac, out|T
{∏

a

Oa

(
Ψ(xa)

)}
|vac, in⟩

= N
∫ ∏

l

Dψl
(
DetÂ(ψ)

)−1/2
∏
a

Oa

(
ψ(xa)

)
exp

{
i

∫
d4xL(ψ(x))

}
, (1.6)

where the notation ψ (and Ψ) is used to indicate a dependence in all fields ψl (and Ψl), and Â is

again the integral kernel of the term in the Hamiltonian that is quadratic in the momentum fields.

In most theories, Â does not depend on the fields ψ, and its determinant is an irrelevant constant.

For anti-commuting Dirac fields ψ and ψ̄, the analogue of the bosonic formula (1.6) becomes the

following:

⟨vac, out| T
{∏

a

Oa

(
Ψ(xa),Ψ(xa)

) }
|vac, in⟩

= N
∫ ∏

l

DψlDψl
∏
a

Oa

(
ψ(xa), ψ(xa)

)
exp

{
i

[∫
d4xL(ψ, ψ)

]}
. (1.7)

Note that the normalization constant N depends on how exactly one defines the functional integral

measure, but does not depend on which operator insertions are present.

1.2 Propagators

The free propagators are defined as:

−i∆lk(x, y) = ⟨vac, out|T (Ψl(x)Ψk(y)) |vac, in⟩ |no interactions . (1.8)

In a free theory, Heisenberg and interaction pictures coincide. Free propagators are determined by

the free part of the action, i.e. the part of the Lagrangian density that is quadratic in the fields.

Hence, the computation of the propagators reduces, yet again, to computing a Gaussian integral. In

the bosonic case, the free action is of the form 4:∫
d4xL0 = −1

2

∫
d4x d4y

∑
l,l′

ψl(x)Dl,l′(x, y)ψl′(y) . (1.9)

For a hermitian scalar field, L0 = −1
2
∂µϕ∂

µϕ− m2

2
ϕ2, so that D(x, y) = (−∂µ∂µ +m2)δ(4)(x− y). In

the free theory the generic formula (1.6) becomes:

−i∆lk(x, y) = N
∫ ∏

l′

Dψl′ ψl(x)ψk(y) exp
{
i

∫
d4xL0

}
. (1.10)

3States with particle labels are hard to interpret in an interacting theory. This is why we define “in” and “out”
states: these are eigenstates of the Hamiltonian of the interacting theory which asymptotically (as t → −∞ for in-
states and t → +∞ for out-states) behave like a collection of non-interacting particles with the same labels. This
“asymptotic behavior” is, of course, to be understood with regards to time-dependent operators as the states themselves
are time-independent in the Heisenberg picture. We will define in and out states more precisely below in subsection
1.3.2.

4One should not confuse the kernel D(x, y) acting on ψ with the functional integral measure Dψ.
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In a free theory, the “in” and “out” states coincide and one has:

1 = ⟨vac, out |vac, in⟩ |no interactions = N
∫ ∏

l′

Dψl′ exp

{
i

∫
d4xL0

}
, (1.11)

which allows us to eliminate the normalization constant by rewriting (1.10) as

−i∆lk(x, y) =

∫ ∏
l′ Dψl′ ψl(x)ψk(y) exp

{
i
∫
d4xL0

}∫ ∏
l′ Dψl′ exp

{
i
∫
d4xL0

} . (1.12)

Let us now introduce the generating functional for the free theory:

Z0[J ] =

∫ ∏
l′

Dψl′ exp

{
i

∫
d4x

[
L0(x) + Jl(x)ψ

l(x)
]}

. (1.13)

One can then easily see that, in a free theory, the n-point function can be rewritten using the

functional integral and derivative formalism, as well as the generating functional, as 5:

⟨vac, out|T (Ψl1(x1) . . .Ψln(xn)) |vac, in⟩
∣∣∣
no interaction

=

∫ ∏
l′ Dψl′ ψl1(x1) . . . ψln(xn) exp

{
i
∫
d4xL0

}∫ ∏
l′ Dψl′ exp

{
i
∫
d4xL0

}
=
(
Z0[0]

)−1
(−i)n δ

δJl1(x1)
. . .

δ

δJln(xn)
Z0[J ]

∣∣∣∣∣
J=0

, (1.14)

One can then compute Z0[J ] as a Gaussian integral since L0 is quadratic. This is done by “completing

the square” in the exponent, and yields:

Z0[J ] = Z0[0] exp

(
i

2

∫
d4x d4y Jl(x)D−1

lk (x, y)Jk(y)

)
, (1.15)

where Z0[0] =
(
Det

[
iD̂
2π

])−1/2

. This formula yields a simple expression of the free propagator:

−i∆lk(x, y) = (−i)2
(
Z0[0]

)−1 δ

δJl(x)

δ

δJk(y)
Z0[J ]

∣∣∣∣∣
J=0

= −iD−1
lk (x, y) . (1.16)

We can now use the Fourier transform to determine this expression explicitly. Translation invari-

ance reduces the number of variables and allows us to write:

Dlk(x, y) ≡ Dlk(x− y) =

∫
d4p

(2π)4
eip(x−y)Dlk(p) (1.17)

The inverse operator (D−1)lk(x, y) is given by the Fourier transform of (D−1)lk(p), which is the inverse

matrix of Dlk(p):

∆lk(x, y) ≡ ∆lk(x− y) =

∫
d4p

(2π)4
eip(x−y)(D−1)lk(p) . (1.18)

For the example of the hermitian scalar field, with the replacement m2 → m2 − iϵ, we get

D(x, y) = (−∂µ∂µ +m2 − iϵ) δ(4)(x− y) =

∫
d4p

(2π)4
eip(x−y)(p2 +m2 − iϵ) ,

5For anticommuting, i.e. fermionic fields one has to be carful about the ordering as they may differ by a sign.
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with inverse

∆scalar(x− y) =

∫
d4p

(2π)4
eip(x−y)

1

p2 +m2 − iϵ
, (1.19)

so that the momentum space propagator is

−i
(2π)4

∆scalar(p) =
−i

(2π)4
1

p2 +m2 − iϵ
. (1.20)

Let us note that for fermions, i.e. for anti-commuting fields, Gaussian functional integrals can be

defined similarly as∫
DψDψ exp

(∫ (
ψKψ + ηψ + ψη

))
= N DetK exp

(
−
∫
ηK−1η

)
, (1.21)

which shows very analogously that the fermionic propagator is also given by the inverse of the kernel

of the quadratic part of the Lagrangian, i.e. for Dirac fields by (∂/ + m − iϵ)−1, or more explicitly

using the Fourier transform by

⟨0|T
(
ψ(x)ψ̄(y) |0⟩ = −i∆Dirac(x− y) =

∫
d4p

(2π)4
eip(x−y) (ip/+m− iϵ)−1

= −i
∫

d4p

(2π)4
eip(x−y)

−ip/+m

p2 +m2 − iϵ
, (1.22)

so that the momentum space propagator is

−i
(2π)4

∆Dirac(p) =
−i

(2π)4
(ip/+m− iϵ)−1 =

−i
(2π)4

−ip/+m

p2 +m2 − iϵ
. (1.23)

Note that in the fermionic Gaussian integral (1.21) the determinant of the kernel K appears with a

positive power.

1.3 Interactions and Feynman diagrams

We now go back to the full interacting theory and explain how to compute the vacuum expectation

values (1.6) of time-ordered Heisenberg-picture operators. Without much loss of generality, we will

assume that the products of the Oa(Ψ(xa)) are simply products of the Ψ(xb) (and Det Â = const).

Then, much as in (1.14), these vacuum expectation values ⟨vac, out|T (Ψl1(x1) . . .Ψlp(xp)) |vac, in⟩
can be obtained by multiple functional derivatives with respect to a source function J(x) of a gen-

erating functional

Z[J ] =

∫
Dψ exp

{
i

∫
d4x

[
L(x) + Jl(x)ψ

l(x)
]}

, (1.24)

where now the full Lagrangian is present in the exponent. Moreover, to eliminate the unknown

normalization constant N we take again a ratio with ⟨vac, out |vac, in⟩. Note that, contrary to the

free theory, the latter no longer equals one, since the in- and out-vacua now differ by a non-trivial

phase. Then the “normalized p-point function” is given by

⟨vac, out|T (Ψl1(x1) . . .Ψlp(xp)) |vac, in⟩
⟨vac, out |vac, in⟩

=
(
Z[0]

)−1
(−i)p δ

δJl1(x1)
. . .

δ

δJlp(xp)
Z[J ]

∣∣∣∣∣
J=0

. (1.25)
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1.3.1 Feynman diagrams from functional integrals

In order to relate this quantity to the sum of Feynman diagrams, we would like to do a perturbative

expansion in the coupling constant. Let us begin by separating the Lagrangian into its free - the

quadratic - part, and the interaction Lagrangian: L = L0 + Lint and proceed to develop ei
∫
Lint in a

Taylor series:

Z[J ] =

∫
Dψ ei

∫
d4x
(
L0(x)+Lint(x)+Jl(x)ψ

l(x)
)

=

∫
Dψ

∞∑
n=0

in

n!

[ ∫
d4xLint

(
ψ(x))

]n
ei

∫
d4x
(
L0(x)+Jl(x)ψ

l(x)
)

=
∞∑
n=0

in

n!

[ ∫
d4xLint

(
− i

δ

δJ(x)

)]n ∫
Dψ ei

∫
d4x
(
L0(x)+Jl(x)ψ

l(x)
)

=
∞∑
n=0

in

n!

[ ∫
d4xLint

(
− i

δ

δJ(x)

)]n
Z0[J ] , (1.26)

where Z0[J ] is the generating functional of the free theory as computed above in (1.15) with D−1
lk ≡

∆lk :

Z0[J ] = Z0[0] exp

(
1

2

∫
d4x d4y

(
iJl(x)

)(
− i∆lk(x, y)

)(
iJk(y)

))
. (1.27)

This expression allows us to give a diagrammatic interpretation of the generating functional Z[J ].

Each functional derivative −iδ/δJl(x) acting on Z0[J ] yields a propagator −i∆lk(x, y) attached to a

vertex at x and multiplied with a Jk(y), integrated over y (which reads
∫
d4y(−i∆lk(x, y)(iJk(y)))).

The number of propagators attached to each vertex is equal to the number of fields in the interaction

Lagrangian, which translates into the number of functional derivatives −iδ/δJ(x) applied to Z0[J ].

The number of vertices of a diagram coincides with the order of expansion n. Every propagator is

either attached to a vertex or a iJk(zi). Thus, Z[J ] can be interpreted as the sum of all Feynman

diagrams, with any number of external lines attached to a factor iJ(zi) (integrated d4zi), times Z0[J ].

In particular, the contribution from each vertex can be read from the “numerical factors” contained

in the corresponding interaction Lagrangian. These factors typically include some coupling constant

g, and the expansion then is an expansion in powers of g.

Furthermore, the additional functional derivatives in (1.25) act similarly, but replace a Jli(zi)

by an external point xi. Since in the end one is instructed to set J = 0, there cannot be left any

propagators with J ’s attached. This means that all propagators have their ends attached either to

a vertex or to an external point. Very similarly, the denominator Z[0] in (1.25) has all propagators

connected to vertices with no external points. This equals one plus the contribution from all so-called

vacuum bubble diagrams. Thus, the ratio (1.25) appears as the ratio of all Feynman diagrams with

p external lines and of all Feynman diagrams without external lines (one plus all vacuum bubbles).

Since the sum of all diagrams in the numerator can be organized as the product of (i) the sum of the

diagrams without vacuum bubbles and (ii) one plus all vacuum bubbles, we see that these vacuum

bubble diagrams cancel between the numerator and the denominator, and the normalized p-point

function (1.25) is given exactly by the sum of all Feynman diagrams with p external propagators and

containing no vacuum bubbles.

We should note that in (1.26) we have interchanged the order of the (convergent) sum for the

exponential series and of the functional integration. In general this cannot be justified and in most
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cases results in a divergent series. This means that Z[J ] ≡ Z[J ](g) considered as a function of

the coupling constant g is not Taylor expandable, and the corresponding series is a diverging one.

However, in many theories, if g is small enough, the sum truncated at low order still yields very

good approximations. Such series are known as asymptotic series.6 This is the case in particular in

QED where perturbation theory at order e9 (four loops) yields results for the magnetic moment of

the muon that are in impressive agreement with the experimental values.

1.3.2 Relation with Dyson’s formula and Wick’s theorem

We will now re-derive the previous result from a somewhat more conventional perspective, using

Dyson’s formula and Wick’s theorem. We begin with the relation between the Heisenberg-picture

fields Ψl(x) and the interaction-picture fields 7 ψl(x) which is

Ψl(t, x⃗) = eiHte−iH0t ψl(t, x⃗) e
iH0te−iHt = Ω(t) ψl(t, x⃗) Ω

−1(t) , Ω(t) ≡ eiHte−iH0t . (1.28)

The unitary operators Ω(t) provide the desired relation between the two pictures. They also allow

us to define the in- and out-states. Here we only need the in- and out-vacuum states :

|vac, in⟩ = lim
θ→−∞

Ω(θ) |0⟩ , |vac, out⟩ = lim
θ→+∞

Ω(θ) |0⟩ . (1.29)

Then, assuming x01 > x02 > . . . x0p without loss of generality, we have

⟨vac, out|T
{∏

a

Ψla(xa)
}
|vac, in⟩ = ⟨vac, out|Ψl1(x1)Ψl2(x2) . . .Ψlp(xp) |vac, in⟩

= ⟨0| Ω−1(+∞)Ω(t1)ψl1(x1)Ω
−1(t1)...ψlp(tp)Ω

−1(tp)Ω(−∞) |0⟩ (1.30)

= ⟨0| U(+∞, t1)ψl1(x1)U(t1, t2)ψl2(x2)...ψlp(xp)U(tp,−∞) |0⟩ ,

where U is the interaction picture evolution operator :

U(t, t′) = Ω−1(t)Ω(t′) = eiH0te−iH(t−t′)e−iH0t′ . (1.31)

It satisfies a simple differential equation and initial condition

i
d

dt
U(t, t′) = eiH0t(−H0 +H)eiH(t−t′)e−iH0t′ = eiH0tV e−iH0t U(t, t′) = VI(t) U(t, t′) , U(t, t) = 1 ,

(1.32)

VI(t) being the interaction Hamiltonian H −H0 in the interaction-picture. In quantum field theory,

VI is given by a space-integral of a local interaction Hamiltonian density VI(t) =
∫
d3xHint(t, x⃗).

The latter is given by a sum of products of interaction-picture fields (and possibly their derivatives).

The solution of (1.32) is then given by the time-ordered exponential

U(t, t′) = T exp
(
− i

∫ t

t′
dτVI(τ)

)
= T exp

(
− i

∫ t

t′
dτ

∫
d3xHint(τ, x⃗)

)
. (1.33)

6Probably the best-known asymptotic series is Stirling’s approximation for the Γ-function for large arguments.
7We use the same symbol ψl for the interaction picture fields as we used for the functional integration variables,

which should hopefully not cause any confusion.
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This evolution operator obeys the composition law U(t1, t2)U(t2, t3) = U(t1, t3). It is then easy to

see that (1.30) can be very simply rewritten as

⟨vac, out|T
{∏

a

Ψla(xa)
}
|vac, in⟩ = ⟨0|T

{
ψl1(x1)...ψlp(xp) exp (−i

∫
d4zHint(z))

}
|0⟩ , (1.34)

where the integral in the exponent is over all space and all times (from −∞ to +∞).

This can be evaluated in perturbation theory by expanding the exponential into a Taylor series 8

⟨vac, out|T
{∏

a

Ψla(xa)
}
|vac, in⟩

=
∞∑
n=0

(−i)n

n!
T
(∫

d4z1...d
4zn ⟨0|ψl1(x1)...ψlp(xp)Hint(z1)...Hint(zn) |0⟩

)
, (1.35)

and using Wick’s theorem. Wick’s theorem allows us to rewrite any product of interaction-picture

fields in terms of a sum of terms with an arbitrary number of pairs of fields “contracted” and the

remaining fields being in normal order. A normal-ordered expression of interaction-picture fields

(i.e. free fields) has all its annihilation operators a to the right and all its creation operators a† to

the left, so that its vacuum expectation value vanishes (since a |0⟩ = 0 and ⟨0| a† = 0). As a result,

the only terms that have a non-vanishing contribution are the ones with all fields contracted. Each

contraction between a field at yA and a field at yB (the y’s being either a xl or a zl) is given by the

time-ordered two-point function of interaction-picture fields. Since these interaction-picture fields

evolve with the free Hamiltonian H0 they are free fields and the two-point function

⟨0|Tψl(yA)ψk(yB) |0⟩ = −i∆lk(yA − yB) (1.36)

coincides with the propagator as determined above. These propagators are all connected either to an

external point xi or to an internal point zj which are again the vertices of the corresponding Feyn-

man diagram. In the simplest quantum field theories, the interaction Hamiltonian and interaction

Lagrangian are simply related as Hint = −Lint, and then it is not too difficult to convince oneself that

Wick’s theorem applied to Dyson’s formula (1.35) exactly generates the same Feynman diagrams as

the expansion from the functional integral above (1.26).9

1.4 Generating functional for connected Green functions

The p-point Green function Ĝ(p)(x1, . . . , xp) without vacuum-bubbles is a sum of connected and dis-

connected pieces. The connected p-point Green functions GC
(p)(x1, . . . , xp) can be recursively defined

as : GC
(1)(x) ≡ Ĝ(1)(x) and G

C
(2)(x1, x2) ≡ Ĝ(2)(x1, x2)−GC

(1)(x1)G
C
(1)(x2), etc.

10 GC
(p)(x1, . . . , xp) then

is the sum of the corresponding connected Feynman diagrams.

8Note that we again interchange the order of the sum and of computing the matrix elements.
9If the interaction Hamiltonian contains derivatives of the fields, there are some subtleties, but we will not discuss

this any further.
10For the general p-point function one needs to consider all non-trivial partitions P of (x1, . . . xp) and subtract∑
P(±)GC . . . GC from G(p)(x1, , . . . xp), where the possible minus signs take into account the exchange of fermionic

labels.
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This recursive relation can also be rewritten as a relation between generating functionals. We

denote iW [J ] the generating functional of connected Green functions:

iW [J ] = iW [0] +
∞∑
p=1

1

p!

∫
d4x1 . . . d

4xp G
C, l1...lp
(p) (x1, . . . , xp) iJl1(x1) . . . iJlp(xp) . (1.37)

The term of order 0, namely iW [0], corresponds to connected 0-point Green function, i.e. to connected

vacuum-bubbles. It is worth noting that, for any p ≥ 1, GC
p cannot contain vacuum-bubbles.

One can show that this generating functional W [J ] of all connected Green’s functions relates to

the generating functional Z[J ] of all Green’s functions in the fully interacting theory as follows:

Z[J ] = exp
(
iW [J ]

)
. (1.38)

1.5 Quantum effective action

We define the functional Γ[φ] as the Legendre transform of W [J ]. For simplicity, we suppress again

all labels on the fields. First, let

ϕJ(x) ≡ δ

δJ(x)
W [J ] = −i δ

δJ(x)
logZ[J ] =

1

Z[J ]

(
− i

δ

δJ(x)
Z[J ]

)
. (1.39)

The expression on the r.h.s. is similar to the one-point Green function without vacuum bubbles (which

is the connected one-point function) Ĝ(1)(x) ≡ GC
(1)(x) but computed with J ̸= 0, thus keeping the

additional interaction terms ϕJ in the Lagrangian. We see that ϕJ(x) is the connected one-point

function in the presence of the additional interactions generated by the sources.

The relation ϕJ(x) = δ
δJ(x)

W [J ] can be inverted to get J(x) as a function of ϕ(x). We denote

jφ(x) the function such that ϕJ(x) = φ(x) if J(x) = jφ(x). We can now use φ as variable and define

the Legendre transform of W as

Γ[φ] = W [jφ]−
∫

d4xφ(x)jφ(x) . (1.40)

It can be shown (cf the remark below) that this is the generating functional of one-particle-irreducible

diagrams, also called 1PI, which are connected diagrams that do not become disconnected when a

single line is cut. More specifically, if one develops Γ[φ] in powers of the φ(xi), just as we developed

W [J ] in powers of the J(xi), the coefficients Γ(p)(x1, . . . , xp) are the 1PI p-point functions which are

given by the sum of all corresponding 1PI Feynman diagrams with p external points at xi, i = 1, . . . p.

Γ[φ] also bears the name of quantum effective action because its tree level contribution coincides

with the classical action. As a matter of fact, let us introduce a loop-counting parameter λ by

replacing the action as S → 1
λ
S and the sources as J → 1

λ
J . This means that all vertices are

multiplied by 1
λ
and all propagators by λ. External lines get an overall factor λ0 since they get a

factor λ from the propagator and a 1
λ
from the sources. The overall factor of a diagram is λI−V ,

where I denotes the number of internal lines and V the number of vertices. We also denote L the

number of loops and C the number of connected components. Using the diagrammatic identity

I − V = L− C , (1.41)
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the overall factor can also be written as λL−C . Since C is fixed, λ is a loop-counting parameter. We

look at connected components, i.e. C = 1. Thus, taking the limit λ → 0 amounts to isolating the

tree level contribution. One can then write the following loop expansions

W [J, λ] =
∑
L≥0

λL−1WL[J ] , Γ[φ, λ] =
∑
L≥0

λL−1ΓL[φ] , (1.42)

where W0[J ] and Γ0[φ] correspond to the classical limit 11 (tree-level contributions), and the WL[J ]

and ΓL[φ] for L ≥ 1 to L-loop contributions, which can be interpreted as quantum corrections.

We will now proceed by approximating the generating functional W [J, λ] in the classical limit

λ→ 0 using the saddle point method. We have, cf (1.38),

exp
{
iW [J, λ]

}
= Z[J, λ] =

∫
Dψ exp

{
i

λ

(
S[ψ] +

∫
d4x J(x)ψ(x)

)}
. (1.43)

If we let λ→ 0, the integral is dominated 12 by the ψJ that solve δS
δψ

+ J = 0. It follows that, at tree

level,

W0[J ] = S[ψJ ] +

∫
d4xJ(x)ψJ(x) , (1.44)

is the Legendre transform of the classical action. On the other hand, since W [J ] is the inverse

Legendre transform of Γ[φ], we conclude that in the classical limit the quantum effective action

equals the classical action :

Γ0[φ] = S[φ] . (1.45)

Since the ΓL[φ] for L ≥ 1 correspond to loop corrections, Γ represents indeed a (quantum corrected

or) quantum effective action.

One can show [7, 23] by a similar saddle-point argument, that doing the functional integral, with

S[ψ] replaced by Γ[φ], generates at tree-level the full generating functional Z[J ] = eiW [J ]. This shows

that all Feynman diagrams are generated as tree diagrams with (full) propagators that follow from

the quadratic part of Γ and with effective vertices that follow from the non-quadratic parts of Γ.

Since a given diagram is obtained in only one way from 1PI-vertices and full propagators this means

that these effective vertices are 1PI, and this is why Γ is the generating functional of 1PI diagrams.

We will not go into further detail.

1.6 Loop diagrams: regularization and renormalization

We have shown above how to obtain the Feynman rules to compute a generic n-point Green func-

tion Ĝ(n)(x1, . . . , xn) without vacuum bubbles, or the corresponding connected n-point function

GC
(n)(x1, . . . , xn). If one further restricts to 1PI n-point diagrams, one obtains the 1PI n-point func-

tion Γ(n)(x1, . . . , xn). In practice one is more interested in the (four-dimensional) Fourier transforms,

e.g.

Γ(n)(p1, . . . , pn) =

∫
d4x1 . . . d

4xn exp
(
i

n∑
r=1

(pr)µx
µ
r

)
Γ(n)(x1, . . . , xn) , (1.46)

11If we did not use units such that ℏ = 1, we would have e
i
ℏS and ℏ would act as the loop-counting parameter λ.

This is why λ→ 0 is the classical limit.

12For λ → 0 we have the saddle-point approximation eiW0/λ = (Det iD2π )
−1/2ei

(
S(ψJ )+

∫
JψJ

)
/λ, or taking the loga-

rithm, W0

λ = 1
λ (
(
S(ψJ) +

∫
JψJ

)
+ i

2 logDet iD2π . As expected, the determinant only contributes at order λ0 which
corresponds to one loop.
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where all momenta are counted as flowing into the diagram. It follows from invariance under trans-

lations xµi → xµi + aµ that one of the integrations simply yields a δ(4)(
∑
pi) of overall 4-momentum

conservation.

Tree diagrams are always well-defined finite expressions of the external momenta pr. In particular,

all momenta carried by the external and internal propagators are perfectly determined by four-

momentum conservation at each vertex.

On the other hand, for a diagram containing L loops, I internal lines and V vertices, one has

I internal momenta, constrained by conservation at V vertices. One of these constraints only re-

produces the overall conservation of the external momenta, and hence there are I − (V − 1) = L

unconstrained momenta : there is exactly one unconstrained momentum per loop, also referred to

as the loop momenta. The integrations over these loop four-momenta kµi may be divergent at large

values of |kµi |. For example, if there is a single loop containing N internal scalar lines, i.e. N scalar

propagators, and if the vertices contain no momentum factors (interactions without derivatives) then

the loop integrand will behave for large k as d4k (k2)−N . There is a standard procedure to replace

k0 by ik0E, called the Wick rotation, which makes the loop momentum a Euclidean 4-momentum

and provides a factor of i from the change of variables. For large Euclidean k one can then use

4-dimensional spherical coordinates, so that d4k = k3dk d3Ω and the integrand behaves as dk k3−2N .

One sees that this is logarithmically divergent for N = 2 and convergent for N ≥ 3. On the other

hand, if the N internal lines are fermionic lines with Dirac propagators that behave as 1
k
, the large

k behavior now is d4k k−N ∼ dk k3−N . This is then divergent for N ≤ 4 and convergent for N ≥ 5.

These divergent integrals must be regularized. There are various ways to proceed. One may

artificially “improve” the large momentum behavior of the propagators in one way or the other.

The Pauli-Villars regularization to be discussed in section 4 essentially does this. Another very

convenient regularization is the dimensional regularization which formally continues the integrand

to an arbitrary complex value d of the dimension. The integral then appears as a meromorphic

function of the space-time dimension d = 4− ϵ which has a pole at d = 4 (if the original integral was

divergent), i.e. at ϵ = 0. Unfortunately, dimensional regularization does not work in the presence of

structures that are specific to 4 dimensions, like the ϵµνρσ-tensor or the Dirac matrix γ5.

Of course, once one removes the regulator, the loop expressions will diverge again. But in general,

one has a clear separation between the diverging piece, i.e. the polar part ∼ 1
ϵr
, r = 1, 2, . . ., and

the finite part. One can then add the so-called counterterms to the Lagrangian that are of higher

order in the coupling constant(s) and that are ∼ 1
ϵr

with exactly the right coefficients, so that

they produce a tree-level vertex that cancels the diverging piece of the corresponding loop diagram.

Allowed counterterms must be local expressions in the fields involving finitely many derivatives,

corresponding to counterterm vertices that are polynomial in the momenta. It is thus important

that the divergences from the loop diagrams have a corresponding structure. Instead of adding these

counterterms “by hand”, one can also consider that the original Lagrangian was made from so-called

bare fields and bare masses and bare coupling constants, and then split this Lagrangian into a finite

Lagrangian plus these same counterterms. Rather than discussing the procedure in general, we will

work out an example in the next subsection.
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1.7 An example : vacuum polarization in QED

The QED Lagrangian is given by

L = −1

4
FµνF

µν + Lmatter + Lgauge fixing . (1.47)

Of course, Fµν = ∂µAν − ∂νAµ and Lmatter = −ψ̄(D/+m)ψ with Dµ = ∂µ + ieAµ being the covariant

derivative.13 The gauge-fixing Lagrangian can be chosen to be Lgauge fixing = −α
2
(∂µA

µ)2, but this is

not important for the present computation, as we will not need the photon propagator.

It is interesting to briefly discuss the simplest one-loop diagram in QED which is the vacuum

polarization diagram. This is the 1PI two photon function14 Πµν(q). At one loop, there is a single

Feynman diagram that contributes at order e2 as shown in Fig. 1. The Feynman rule for the Dirac

ν

k

k−q

q q

µ

Figure 1: The one-loop vacuum polarization diagram in QED

propagator was already given in (1.23). The vertex follows from the expression of the covariant

derivative in Lmatter = −ψ̄(∂/ + m)ψ + Lint with Lint = −ieψ̄γµψAµ. Thus, the electron-electron-

photon vertex contributes i(2π)4 × (−ieγµ) = (2π)4eγµ. Then we get for this diagram

i(2π)4Πµν
loop,e2(q) = −

∫
d4k tr

{
(−i)
(2π)4

−ik/+m

k2 +m2 − iϵ
(2π)4eγµ

(−i)
(2π)4

−i(k/− q/) +m

(k − q)2 +m2 − iϵ
(2π)4eγν

}
,

(1.48)

where the overall minus sign is due to the fermion loop.

Before doing the actual computation of this diagram, let us comment on a few properties. First

of all, one sees that for large loop-momentum k the integrand behaves as d4k k−2, so that one expects

this diagram to diverge quadratically, i.e. as Λ2, if one cuts off the loop-momentum at |k| ≤ Λ. One

also says it has superficial degree of divergence 2. One must then regularize this expression in one

way or another. For example, in dimensional regularization to be discussed below, we let d = 4− ϵ,

so that for a finite regulator ϵ ̸= 0 the integral is actually finite. One can then split this expression

into a diverging part which is ∼ 1
ϵ
and a finite part, which has a finite limit when ϵ → 0. If one

takes a derivative of this regularized integral (1.48) with respect to the external momentum q this

changes the large-momentum behavior of the integrand into d4k k−3, so that the superficial degree

of divergence has been lowered from 2 to 1. Taking 2 more derivatives yields a degree of divergence

−1, i.e. a convergent integral. But this means that 3 derivatives have annihilated the diverging part,

so the latter must be a polynomial of degree 2 in the external momentum. Indeed, the explicit

computation below will yield

Πµν
loop,e2(q) = (q2ηµν − qµqν)

(
− e2

6π2

1

ϵ
+ f(q2) +O(ϵ)

)
, (1.49)

13The covariant derivative is Dµ = ∂µ − iqAµ. But for the electron, q = −e, where e > 0 is the elementary charge.
14Somewhat more precisely, the 1PI 2-point function is Γµν(2)(q, q

′) = δ(4)(q − q′)Πµν(q).
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where f(q2) is some finite, non-polynomial function of q2 (and m2 and some additional scale one

needs to introduce in dimensional regularization to keep the coupling constant e dimensionless). The

overall factor (q2ηµν − qµqν) actually is dictated by gauge-invariance which implies that one must

have qµΠ
µν(q) = 0 = qνΠ

µν(q).

As mentioned above, the diverging piece can be cancelled by a corresponding (polynomial) coun-

terterm which one can either add to the initial Lagrangian “by hand” or more elegantly obtain in

the following way. One considers that the fields appearing in the Lagrangian are so-called bare fields

AµB and ψB, and that the coupling constant and mass also are a bare coupling eB and bare mass mB.

The bare fields, bare couplings and bare masses are related to the renormalized Aµ, ψ, e and m by

so-called renormalization constants Z2 and Z3 (and δm)

ψB =
√
Z2ψ , AµB =

√
Z3A

µ , eB =
1√
Z3

e , mB = m− δm . (1.50)

In the absence of interactions, there is no need to renormalize and then the Z factors are all 1 and

δm = 0. Hence (Z2 − 1), (Z3 − 1) and δm must all be at least of order e. Actually, they are power

series’ in e2 with the lowest order being of order e2. The fact that the Z-factors of Aµ and e are

opposite implies that the covariant derivative ∂µ + ieBA
B
µ = ∂µ + ieAµ remains unchanged which is

again a consequence of gauge invariance. In particular, we can then rewrite the original Lagrangian

as (FB
µν = ∂µA

B
ν − ∂νA

B
µ )

−1

4
FB
µνF

µν
B − ψ̄B

(
γµ(∂µ + ieBA

B
µ ) +mB

)
ψB = −1

4
FµνF

µν − ψ̄
(
γµ(∂µ + ieAµ) +m

)
ψ + Lct , (1.51)

where the counterterm Lagrangian is

Lct = −1

4
(Z3 − 1)FµνF

µν − (Z2 − 1)ψ̄(∂/+m)ψ + Z2δmψ̄ψ − (Z2 − 1)ieψ̄A/ψ . (1.52)

While this looks like a trivial rewriting of the Lagrangian, the point is to consider the terms on

the right-hand side of (1.51) which are not in Lct as the “classical” Lagrangian which defines the

Feynman rules, and consider Lct as a higher-order term that provides extra interactions, called the

conterterms. These extra interactions may correspond to vertices with only two legs as is the case for

the first three terms in Lct, or a vertex with three legs as is the case for the last term. In particular,

one easily figures out that the term −1
4
(Z3 − 1)FµνF

µν contributes

Πµν
ct,e2 = −(Z3 − 1)(q2ηµν − qµqν) (1.53)

to the vacuum polarization at order e2.

The full order e2 contribution to the vacuum polarization then is

Πµν
e2 (q) = Πµν

loop,e2(q) + Πµν
ct,e2 = (q2ηµν − qµqν)

(
− e2

6π2

1

ϵ
+ f(q2)− (Z3 − 1)

)
. (1.54)

The a priori unknown constant Z3 is fixed by some physical requirement, referred to as a renormal-

ization condition. If we require that the photon propagator has its pole at q2 = 0 so that the photon

remains massless, and that the residue at the pole has the same form as expected at tree level, then

the term multiplying the (q2ηµν − qµqν) must vanish at q2 = 0. This fixes

Z3 − 1 = − e2

6π2

1

ϵ
+ f(0) , (1.55)
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so that

Πµν
e2 (q) = (q2ηµν − qµqν)

(
f(q2)− f(0)

)
, (1.56)

which is now a well-defined finite function of the momentum.

Let us now explicitly do the computation of the loop diagram. We choose dimensional regularization.
This means that we work with Feynman rules that would follow from the corresponding d-dimensional
Lagrangian. In particular all momenta become d-dimensional, and so does the loop integration. The
non-trivial fact is that one may “analytically continue” to complex values of d with the integrals being
meromorphic functions of d with poles at various integer values of d. While in 4 dimensions the coupling
e is a dimensionless quantity, this is not so in arbitrary d. Indeed, in d dimensions, the Dirac fields have
engineering dimension d−1

2 while the photon field has dimension d−2
2 (just as scalars). Then the interaction

ψ̄γµψAµ has dimension 3
2d− 2 = d+ d−4

2 and only if we replace the coupling e by eµ̃(4−d)/2 the coupling e

is still dimensionless. This means that the vacuum polarization gets an additional factor µ̃4−d.
Once we have dimensionally regularized our integral, it is a finite (converging) expression, and we can

perform the usual manipulations such as shifting the intgration variable. Applying Feynman’s formula
1
AB =

∫ 1
0 dx 1

[xA+(1−x)B]2
allows to rewrite

Πµν
loop,e2

(q) =
−i e2

(2π)4
µ̃4−d

∫ 1

0
dx

∫
ddk

tr [. . .]

[(k − xq)2 +m2 + x(1− x)q2 − iϵ]2
. (1.57)

The Dirac trace can still be evaluated as in 4 dimensions15 so that

tr [. . .] = 4
[
−kµ(k − q)ν − kν(k − q)µ + k(k − q)ηµν +m2ηµν

]
. (1.58)

Shifting the integration variable k − xq → k this becomes

Π∗µν
loop,e2

(q) =
−4i e2

(2π)4
µ̃4−d

∫ 1

0
dx

∫
ddk
[
− (k + xq)µ(k − (1− x)q)ν − (k + xq)ν(k − (1− x)q)µ

+(k + xq)(k − (1− x)q)ηµν +m2ηµν
] 1

[k2 +m2 + x(1− x)q2]2
. (1.59)

Now one can do the Wick rotation which amounts to the change of variables k0 = ik0E , so that kµkµ = k2E
(recall that our Lorentz signature is (−+++)) and ddk = iddkE . In order for this to make sense one must
also continue the external qµ to a Euclidean qµE . Furthermore, due to rotational symmetry, terms in the

numerator that are linear in kµ don’t contribute to the integral, while terms kµ kν can be replaced by 1
d η

µνk2

which become 1
d η

µνk2E after the continuation. Hence

Πµν
loop,e2

(qE) =
−4i e2

(2π)4
µ̃4−d

∫ 1

0
dx i

∫
ddkE

[
m2 − x(1− x)q2E + (1− 2

d)k
2
E

]
ηµν + 2x(1− x)qµEq

ν
E[

k2E +m2 + x(1− x)q2E
]2 . (1.60)

Next we use the formula ∫
ddkE (k2E)

s

(k2E +R2)N
= πd/2

Γ(d2 + s)Γ(N − d
2 − s)

Γ(d2)Γ(N)
(R2)

d
2
+s−N , (1.61)

for s = 0 and s = 1 with R2 = m2 + x(1− x)q2E . This yields

Πµν
loop,e2

(qE) =
4e2

(2π)4
µ̃4−d

∫ 1

0
dx

{[[
m2 − x(1− x)q2E

]
ηµν + 2x(1− x)qµEq

ν
E

]
πd/2 Γ

(
2− d

2

)
(R2)

d
2
−2

+
(
1− 2

d

)
ηµν πd/2

Γ(d2 + 1)Γ(1− d
2)

Γ(d2)
(R2)

d
2
−1

}
. (1.62)

15All one needs is that {γµ, γν} = 2ηµν1 and the only issue concerns tr1 which can be chosen to be 2d/2 = 4×2−ϵ/2

or just 4. The ambiguity consisting in an overall 2−ϵ/2 is of the same type as the ambiguity in choosing to continue
also the factors 1

(2π)4 to 1
(2π)d

. In the end this only changes the renormalization constants Zi by finite amounts and

does not affect the renormalized Π∗ or Σ∗.
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Observing that (1− 2
d)

Γ( d
2
+1)Γ(1− d

2
)

Γ( d
2
)

= (1− 2
d)

d
2 Γ(1−

d
2) = (d2 − 1)Γ(1− d

2) = −Γ(2− d
2) we get

Πµν
loop,e2

(qE) =
4e2

(2π)4
Γ
(
2− d

2

)
πd/2

∫ 1

0
dx
[ [
m2 − x(1− x)q2E −R2

]︸ ︷︷ ︸ ηµν + 2x(1− x)qµEq
ν
E

](R2

µ̃2

) d
2
−2

−2x(1− x)q2E

=
8e2

(2π)4
Γ
(
2− d

2

)
πd/2

(
qµEq

ν
E − q2Eη

µν
) ∫ 1

0
dxx(1− x)

[
m2 + x(1− x)q2E

µ̃2

] d
2
−2

. (1.63)

Next one sets d = 4− ϵ and expands the result in ϵ. Recall that

Γ(2− d

2
) = Γ(

ϵ

2
) =

2

ϵ
− γ +O(ϵ) , (1.64)

and also aϵ = eϵ log a = 1 + ϵ log a+O(ϵ2), so that

Γ
(
2− d

2

)
πd/2−2 [. . .]

d
2
−2 =

(2
ϵ
− γ +O(ϵ)

)(
1− ϵ

2
log π − ϵ

2
log[. . .] +O(ϵ2)

)
=

2

ϵ
− γ − log π − log[. . .] +O(ϵ) . (1.65)

Since
∫ 1
0 dxx(1− x) = 1

6 , and reverting back to Minkowski signature, we finally get

Πµν
loop,e2

(q2) =
(
q2ηµν − qµqν

) e2
6π2

(
−1

ϵ
+
γ + log π

2
+ 3

∫ 1

0
dxx(1− x) log

[
m2 + x(1− x)q2

µ̃2

]
+O(ϵ)

)
.

(1.66)

We indeed see the diverging term
(
q2ηµν − qµqν

)(
− e2

6π2
1
ϵ

)
, as anticipated in eq. (1.49), and we can read off

the finite function f(q2). In particular,

f(q2)− f(0) =
e2

2π2

∫ 1

0
dxx(1− x) log

[
1 + x(1− x)

q2

m2

]
. (1.67)

1.8 Exercises

1.8.1 Linear operators on L2(R4)

Quite often one has to manipulate linear operators Â acting on functions f ∈ L2(R4). These are not

operators acting in the Hilbert space of quantum field theory but in a “much smaller” Hilbert space.

A typical example are differential operators. In general one can write

(Âf)(x) =

∫
d4y A(x, y)f(y) . (1.68)

It is very convenient to use the notation A(x, y) = ⟨x| Â |y⟩ where |x⟩ is the ket of the non-

normalisable basis of L2(R4) such that X̂µ |x⟩ = xµ |x⟩ (eigenstate of the position operator). One

also uses the non-normalisable eigenstates |p⟩ of P̂ µ. Recall that

1 =

∫
d4x |x⟩ ⟨x| =

∫
d4p |p⟩ ⟨p| , ⟨x| p⟩ = eipx

(2π)2
. (1.69)

a) Show that an nth order differential operator such that (Âf)(x) = ∂
∂xµ1

. . . ∂
∂xµn

f(x), corresponds

to A(x, y) = (−)n ∂
∂yµ1

. . . ∂
∂yµn

δ(4)(x− y) = ∂
∂xµ1

. . . ∂
∂xµn

δ(4)(x− y). Show that for this same operator

one also has A(p, p̃) ≡ ⟨p| Â |p̃⟩ = in pµ1 . . . pµnδ
(4)(p− p̃).
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b) Show that for any Â, the matrix elements A−1(x, y) ≡ ⟨x| Â−1 |y⟩ of the inverse operator satisfy∫
d4z A−1(x, z)A(z, y) = δ(4)(x− y) . (1.70)

Write the analogous relation for A−1(p, p̃) = ⟨p| Â−1 |p̃⟩ and A(p̃, p′).

c) Show that if A(x, y) only depends on the difference x− y (translation invariance), then

⟨p| Â |p̃⟩ = A(p) δ(4)(p− p̃) with A(x, y) =

∫
d4p

(2π)4
eip(x−y)A(p) , (1.71)

and that in this case the matrix elements of the inverse operator simply are

⟨p| Â−1 |p̃⟩ = 1

A(p)
δ(4)(p− p̃) ⇒ A−1(x, y) =

∫
d4p

(2π)4
eip(x−y)

1

A(p)
. (1.72)

More generally, show that for such operators one has for a “general” function F of Â:

⟨x|F (Â) |y⟩ =
∫

d4p

(2π)4
eip(x−y)F (A(p)) . (1.73)

d) Use these results to show that the inverse of the Feynman propagator of a scalar field A(x, y) =

∆F (x− y) is given by A−1(x, y) =
[
− ∂

∂xµ
∂
∂xµ

+m2 − iϵ
]
δ(4)(x− y). Deduce the differential equation

satisfied by the Feynman propagator.

f) We will also have to compute traces of certain operators on L2(R4). By definition

Tr Â =

∫
d4x ⟨x| Â |x⟩ =

∫
d4xA(x, x) . (1.74)

Explicitly show that this is equivalent to Tr Â =
∫
d4p ⟨p| Â |p⟩ =

∫
d4pA(p, p). Show that for an

operator invariant under translations (cf (1.71)) formally one has

TrF (Â) = δ(4)(0)

∫
d4pF (A(p)) . (1.75)

Interpret δ(4)(0) as ⟨p| p⟩ and argue that if one replaces R4 by a hypercube of volume L4, this factor

would be replaced according to δ(4)(0) →
(
L
2π

)4
.

1.8.2 Green’s function and generating functional in 0 + 1 dimensions

Consider the 0 + 1 dimensional quantum “field” theory (this is actually quantum mechanics) with

action

S0[ϕ] =

∫ ∞

−∞
dt

1

2

[
ϕ̇2 − ω2ϕ2

]
, (1.76)

where ϕ̇ = ∂ϕ
∂t

≡ ∂tϕ.

a) Determine the corresponding Green’s functions G(t) as the solutions of(
∂2t + ω2

)
G(t) = δ(t) , (1.77)
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by first solving this equation for all t ̸= 0 and then matching solutions to get the correct discontinuity

at t = 0 to reproduce the δ-singularity.

b) Obtain Feynman’s Green’s function from the Fourier transform with the iϵ prescription:

GF (t) =

∫ ∞

−∞

dp0

2π

e−ip
0t

−(p0)2 + ω2 − iϵ
, (1.78)

and compare with the results from a).

c) Define the generating functional as

Z0[J ] =

∫
Dϕ exp

[
iS0[ϕ] + i

∫
dt J(t)ϕ(t)

]
(1.79)

and compute Z0[J ]/Z0[0]. Explicitly convince yourself that

1

Z0[0]

δ

δJ(t1)
. . .

δ

δJ(t4)
Z0[J ]

∣∣∣
J=0

(1.80)

gives the functional integal representation of the (free) four-point function ⟨T [ϕ(t1) . . . ϕ(t4)]⟩0.

d) Now add to the action S0 an interaction term S = S0 + Sint with Sint =
∫∞
−∞ dt g

6
ϕ3. Define Z[J ]

as Z0[J ] but with S0 replaced by S. Compute Z[J ] and Z[0] to second order in g. Give the graphical

representation of the terms you find.

e) Deduce the full 2-point function as

⟨T [ϕ(t1)ϕ(t2)]⟩ = − 1

Z[0]

δ

δJ(t1)

δ

δJ(t2)
Z[J ]

∣∣∣
J=0

. (1.81)

Discuss the graphical representation of the terms you get and observe that the vacuum bubbles have

cancelled.

1.8.3 Effective action from integrating out fermions in QED

a) Show that in spinor quantum electrodynamices, the functional integral representation of time-

ordered expectation values of operators that do not involve the matter fields can be done in two

steps, where the first step involves doing the functional integral over the fermions only. This amounts

to computing

Svac,vac[A] = ⟨vac, out |vac, in⟩A

= |N |2
∫ ∏

l

DψlDψl exp

{
−i
∫

d4xψ(x)
(
∂/+m+ ieA/(x)

)
ψ(x)

}
. (1.82)

b) Compute this integral exactly in terms of an appropriate functional determinant. Of course, this

determinant is ill-defined and needs regularization. (One could e.g. replace Det [. . .] =
∏

n λn by∏N
n=0 λn and let N → ∞ in the end, or replace it by

∏
n λne

−ϵn2
and let ϵ → 0 in the end.) Once

regularized, it can be manipulated as an ordinary determinant. Show that

Svac,vac[A]

Svac,vac[0]
= Det

[
1 +

(
∂/+m

)−1
ieA/(x)

]
. (1.83)
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Use Det (1 +M) = exp(Tr log(1 +M)) and the power series expansion of log(1 + x) to get

Svac,vac[A]

Svac,vac[0]
= exp

{
−Tr

∞∑
n=1

1

n

[(
∂/+m

)−1
(−ie)A/(x)

]n}
, (1.84)

and give a Feynman diagram interpretation of each term in the sum.

Hint : Recall Tr (. . .) =
∫
d4p ⟨p| trD(. . .) |p⟩ where trD indicates a trace over the Dirac matrices and

⟨p|
(
∂/ + m

)−1 |x⟩ =
(
ip/ + m

)−1⟨p |x⟩ =
(
ip/ + m

)−1 e−ipµxµ

(2π)2
, as well as the definition of the Fourier

transform f̃(q) =
∫
d4x e−iqµx

µ
f(x) and f(x) =

∫
d4p
(2π)4

eiqµx
µ
f̃(q).

c) One can show that each term in the sum in the exponent is purely imaginary which allows to write

Svac,vac[A] = Svac,vac[0] exp

{
i

∫
d4x L1−loop

eff [A]

}
, (1.85)

where L1−loop
eff [A] is the effective action obtained by integrating out the fermions. Show that by taking

functional derivatives with respect to Aµi(xi) of Svac,vac[A] one generates time-ordered (connected)

correlation functions of the electromagnetic current operators Jµi(xi) = −ieψ̄(xi)γµiψ(xi).

1.8.4 An example of asymptotic series

a) Let

f(g) =
1√
π

∫ ∞

−∞
dx e−x

2−gx4 . (1.86)

Compute f(0) and show that f is a well-defined monotonously decreasing function for g > 0. What

happens for g < 0 ?

b) In order to try to compute f in perturbation theory, expand e−gx
4
in a (converging !) power series.

Truncate this series at order N . We let

fN(g) =
1√
π

∫ ∞

−∞
dx e−x

2
N∑
n=0

1

n!

(
− gx4

)n
. (1.87)

Since this is a finite sum, exchange the order of the sum and the integration and explicitly compute

the integrals for each term so as to obtain the coefficients an in

fN(g) =
N∑
n=0

ang
n . (1.88)

c) Compute an
an+1

and deduce that the limit N → ∞ does not exist or, in other words, that the

corresponding infinite series has a vanishing radius of convergence. Explain this fact in terms of the

behaviour of f(g) for negative g.

d) Numerically evaluate f(g) for small g > 0, say g = 0.01, and compute fN(g) for N = 0, 1, 2, 3, 4.

What do you observe ? Repeat the same procedure for g = 0.3.
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2 General renomalization theory

As we have seen in the example of the vacuum polarization, but also more generally, the notion

of renormalization arises in order to keep correctly normalized full propagators, with their poles at

the physical masses. This requirement is independent of any divergences arising in loop integrals.

However, the one-loop contributions typically are divergent and have to be regulated. Then, at

least in QED, after performing the renormalization, according to the renomalization conditions, the

renormalized quantities turn out to be finite (i.e. have finite limits even if the regulator is removed).

The purpose of the general renormalization theory is to show that this is no accident but remains

valid to all orders in perturbation theory, at least for so-called renormalizable theories as QED or

scalar ϕ4-theory in four dimensions.

2.1 Degree of divergence

The superficial degree of divergence D characterizes the behaviour of the momentum integral∫
d4k1 . . . d

4kL[. . .] when all |ki| → ∞ with a common k → ∞. More precicely: if the integral

behaves as ∼
∫
kD−1dk then D is the superficial degree of divergence. An integral with D ≥ 0 is

called superficially divergent, and one with D < 0 is called superficially convergent. This does not

necessarily mean the integral really diverges or converges, but we will see that the superficial degree

of divergence D nevertheless plays an important role. Often, we will talk somewhat loosely about

the superficial degree of divergence D of a diagram, meaning the D of the associated integral. To

determine D let

• If be the number of internal lines of the field f ,

• Ef be the number of external lines of the field f ,

• Ni the number of vertices of type i with di derivatives and nif fields f attached.

Now, for large momenta the propagators behave as ∆f (k) ∼ k−2+2sf , were

• for scalars: sf = 0,

• for spin 1/2: sf = 1/2,

• for massive spin 1: sf = 1 since ∆(q)µν ∼ 1
q2

(
ηµν − qµqν

m2

)
• and for photons or gravitons: sf = 0, since: ∆(q)µν ∼ 1

q2

(
ηµν − ξ q

µqν

q2

)
.

It follows that

D = 4L+
∑
i

Nidi +
∑
f

If (−2 + 2sf ) . (2.1)

Now use the relation L = I − V + 1 =
∑

f If −
∑

iNi + 1 to obtain

D = 4 +
∑
i

Ni(di − 4) +
∑
f

If (2 + 2sf ) . (2.2)
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Use further
∑
Ninif = 2If + Ef to get

D = 4 +
∑
i

Ni

(
(di − 4 +

∑
f

nif (sf + 1)
)
−
∑
f

Ef (sf + 1) , (2.3)

or

D = 4−
∑
f

Ef (sf + 1)−
∑
i

Ni∆i , (2.4)

with

∆i = 4− di −
∑
f

nif (sf + 1) . (2.5)

One can repeat this argument in an arbitrary space-time dimension d. One simply has to replace

4L→ dL in (2.1). The final formula then is modified as

D = d−
∑
f

Ef

(
sf +

d− 2

2

)
−
∑
i

Ni∆i (2.6)

∆i = d− di −
∑
f

nif

(
sf +

d− 2

2

)
. (2.7)

Note that scalar theories in d = 2 have the particularity that the superficial degree of divergence does

not depend on the number of external lines. Indeed, in this case one simply has D = 2 −
∑

iNi∆i

and ∆i = 2 − di. Nonlinear sigma models have di = 2 and hence ∆i = 0, so all diagrams have

D = 2, independently of the external lines. On the other hand, a simple ϕ4-theory in 2 dimensions

has ∆ = 2 and only loop diagrams with a single vertex can be (superficially) divergent.

There is an alternative way to determine the ∆i of a given interaction, which works easily as

long as only scalars, spin 1
2
particles, photons or gravitons are involved (no massive spin 1). The

engineering (mass) dimension Df of a given field can be read from the kinetic term in the Lagrangian.

In d dimensions one gets Df =
d−2
2

for scalars, photons or gravitons, and Df =
d−1
2

for spin 1
2
fields.

This coincides with Df = sf +
d−2
2
. (This does not work for massive spin 1 fields that have sf = 1

but engineering dimension 1 - it is the explicit appearence of the mass m which messes up the

argument.) Then any interaction of type i involving nif fields f and di derivatives has dimension

di +
∑

f nifDf . Since the Lagrangian must have dimension d, the coupling constant gi must have

dimension [gi] = d− di −
∑

f nifDf or

[gi] = ∆i , (2.8)

so that the value of ∆i can be directly read from the (mass) dimension of the coupling constant. As

an example, in Table 2, we consider the various interactions in QED in four dimensions, where one

has Dψ = 3
2
and DAµ = 1 and one indeed verifies that the ∆i coincide with the dimensions of the

coupling constants.

One can similarly assign ∆comp
a to composite operators Oa(x) inserted in a diagram. ∆comp

a is the

same as one would define for the corresponding interaction, and eq. (2.4) would be replaced by

D = 4−
∑

f EfDf −
∑

iNi∆i −
∑

aNa∆
comp
a .

The importance of the notion of superficial degree of divergenceD resides in the following remarks:
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−ieψ̄A/ψ ∆ = 4− 2× 3
2
− 1 = 0

(Z3 − 1)FµνF
µν ∆ = 4− 2− 2 = 0

(Z2 − 1)ψ̄∂/ψ ∆ = 4− 2× 3
2
− 1 = 0

[−(Z2 − 1)m+ Z2δm]ψ̄ψ ∆ = 4− 2× 3
2
= 1

Table 1: The values of ∆ for the various interactions in QED

• If ∆i ≥ 0 for all i then only Green’s functions with d −
∑

f EfDf ≥ 0 can have D ≥ 0 and,

since Df > 0 (except for sf = 0 in d = 2 dimensions) there are only finitely many superficially

divergent Green’s functions (finitely many values of Ef ). Note that, unless ∆i > 0, ∀i, these
are still infinitely many diagrams (arbitrary Ni for fixed Ef ).

• Interactions with ∆i ≥ 0 are called renormalizable interactions. Theories with only renormaliz-

able interactions are called renormalizable theories. In such theories only finitely many Green’s

functions are superficially divergent. We will see that in such theories all Green’s functions

can be rendered finite by a finite number of counterterms corresponding to the redefinition of

a finite number of physical constants (couplings and masses) and the (re)normalizations of the

fields.

• If ∆i < 0 for some interaction, then an infinite number of Green’s functions (arbitrary numbers

Ef of external fields) are superficially divergent. In general, one then needs an infinite number

of counterterms to make them finite. Such theories are called non-renomalizable.

The importance of the notion of superficial divergence is partly due to the following

Theorem (Weinberg): If D < 0 for the complete integration and any sub-integration (i.e. holding

some linear combination of momenta fixed) then the integral is really convergent.

In particular, at one-loop, there are no sub-integrations and, hence, by this theorem, any one-loop

integral with D < 0 is convergent. Note also that this theorem does not say anything about the

divergence of integrals with D > 0. We have seen examples in QED where the integrals are less

divergent than expected. The vacuum polarization diagram e.g. had D = 2, but gauge invariance

allows one to “pull out” two factors of external momentum by writing Πµν = (q2ηµν − qµqν)π(q
2)

with π1−loop(q
2) only logarithmically divergent (D = 0). More generally, symmetries may result in

cancellations between the divergences arising from individual diagrams yielding less divergent or even

finite Green’s functions.

2.2 Structure of the divergences

Suppose an integral has D < 0, i.e. it is superficially convergent. This means that if all k are

simultaneously taken to be large the integral converges. Thus the only possibility for this integral not

to converge is that it diverges if some combination of momenta is held fixed and the divergence is due

to the sub-integration over the other momenta. This must necessarily correspond to a subdiagram.

Hence a superficially convergent diagram can only be divergent due to a diverging subdiagram (with

D′ ≥ 0), as shown e.g. in Fig. 2. However, such subdiagrams are of lower order in perturbation

theory. If they have already been rendered finite by the addition of appropriate conterterms at the

lower order in perturbation theory, one no longer has to worry about such diverging subdiagrams
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any more. Henceforth, we will assume that such diverging subdiagrams have been taken care of and

that superficially convergent diagrams are convergent.

Figure 2: A superficially convergent diagram containing a divergent vacuum-polarization subdiagram.

In the following we will argue a lot about the diverging and finite parts of a diagram. One should

keep in mind that we always work with regularized expressions, and by a diverging expression we

mean one that does diverge once we remove the regulator. In dimensional regularization in particular,

one can also make a clear distinction between the diverging and the finite parts of an expression, the

former involving inverse powers of ϵ (the “polar part”) and the latter involving no or positive powers

of ϵ.

If an integral I(pi) depending on external momenta pi has superficial degree of divergence D ≥ 0,

then by differentiating with respect to the external momenta lowers D by one unit since

∂

∂pµi

1

(k + pi)2 +m2 − iϵ
=

−2(k + pi)µ
[(k + pi)2 +m2 − iϵ]2

. (2.9)

(There is a caveat to this argument to be discussed soon.) Differentiating D + 1 times results in

an integral having degree of divergence −1, i.e. which is superficially convergent. According to the

above remarks it is then convergent. Hence

∂

∂pµ1i1 . . . ∂p
µ1+1

iD+1

I(pi) = J(pi) , (2.10)

where J(pi) is convergent. Upon integrating with respect to the external momenta pi we get

I(pi) = PD(pi) + Î(pi) , (2.11)

with PD(pi) a polynomial of order D in the external momenta with (a priori) divergent coefficients

and Î(pi) a convergent integral. Obviously, the diverging part PD(pi) is entirely contained in the

first D + 1 terms in a Taylor expansion of I(pi). We may then rephrase this by saying that I(pi)

minus the first D + 1 terms in a Taylor expansion in the external momenta is finite. We have seen

this in our one-loop computations of the vacuum polarization, see e.g. (1.49) and (1.54) which one

can rewrite as

Πµν
1−loop(q) =

(
q2ηµν − qµqν

)
π1−loop(0) +

(
q2ηµν − qµqν

)
π(q2) . (2.12)

The first terms ∼ π1−loop(0) indeed constitute a second-order polynomial in the external momentum

which are the first terms in a Taylor expansion of Πµν
loop(q) around q = 0, while the last term ∼ π(q2)

is the renormalized finite vacuum polarization.
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It is very important that the divergent part of the integral I(pi) is a polynomial in the external

momenta since it is precisely such divergences that can be cancelled by local counterterms. Indeed,

a local counterterm is of the form∏
f

Ef∏
i=1

(∂µi,f )
di,ff(x) ,

∑
di,f = d , (2.13)

being the product of Ef fields of type f with a total number of d derivatives. Such a counterterm

gives a (tree-level) contribution to the diagram with Ef external lines of type f which is a polynomial

of order d in the momenta. Thus, to cancel the diverging PD(pi) one can always find a sum of such

local counterterms involving up to D derivatives. Now, such a counterterm will also appear as a

new vertex in loop diagrams and it is important to check that it does not render the theory less

renormalizable. Indeed, with at most D derivatives, we have ∆c.t. ≥ 4 −
∑

f EfDf − D. But in

a renormalizable theory the possible values of D are constrained by D ≤ 4 −
∑

f EfDf so that

4−
∑

f EfDf −D ≥ 0 and ∆c.t. ≥ 0, so the counterterm is part of the finitely many renormalizable

interactions. Moreover, if one includes all (finitely many) renormalizable interactions in the bare

Lagrangian, then all possible counterterms are necessarily of the same form as the terms already

present, and they just renormalize the couplings, masses and wave-functions

ν
q q

p+q

p p’

p’+q

p−p’µ

Figure 3: A two-loop diagram with overlapping divergences: two divergent subdiagrams share a
common propagator.

There is a caveat in the argument that taking a derivative with respect to the external momenta

lowers the superficial degree of divergence by one unit and which has to do with so-called overlapping

divergences. An overlapping divergence occurs if two divergent subdiagrams share a common line

(propagator), see e.g. the two-loop contribution to the vacuum polarization shown in Fig. 3. Then

taking a derivative with respect to an external momentum typically results in a sum of terms with

the large momentum behaviour in one of the sub-loops improved in one term but not in the other,

and vice versa for the other sub-loop. To be specific, for the example of Fig. 3 one has (neglecting

the electron mass for simplicity)

Π∗overlap
µν (q) ∼

∫
d4p d4p′

(p− p′)2
tr

[
1

p/′
γν

1

p/′ + q/
γρ

1

p/+ q/
γµ

1

p/
γρ
]
. (2.14)

Taking a derivative with respect to the external momenum q gives a sum of two integrals:

∂

∂qσ
Π∗overlap
µν (q) =

∫
d4p d4p′

(p− p′)2
tr

[
− 1

p/′
γν

(p/′ + q/)γσ(p/′ + q/)

[(p′ + q)2]2
γρ

1

p/+ q/
γµ

1

p/
γρ (2.15)

− 1

p/′
γν

1

p/′ + q/
γρ

(p/+ q/)γσ(p/+ q/)

[(p+ q)2]2
γµ

1

p/
γρ

]
. (2.16)
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In the first term the large p′ behavior is improved but not the large p behaviour, while in the second

term things are reversed. Of course, the superficial degree of divergence is lowered by one unit, and

taking two more derivatives would result in a sum of terms all with a D′ = −1, but the criteria of

the theorem cited above are not satisfied and one cannot conclude that up to a divergent subgraph

the integral is convergent. Although this is true for each individual term in the sum, the trouble is

that for each term the diverging subgraph is a different one. For example, in a given term in the

sum, the divergence may be traced to a divergent p sub-integration corresponding to the divergent

subgraph γ1 in Fig. 4, while in another term the divergence would be due to the p′ sub-integration

corresponding to the subdiagram γ2 in Fig. 4.

3

γ 1 γ 2
γ

Figure 4: The nested sequences of subdiagrams used in the BPHZ construction: γ1 ⊂ γ3 and γ2 ⊂ γ3.

Although such overlapping divergences are more complicated, the previous discussion shows that

one still has a sum of divergences associated with the various subdiagrams. To deal with such overlap-

ping divergences in a systematic way and show that the usual counterterms are exactly sufficient to

cancel these divergences, too, was the achievement of Bogoliubov, Parasiuk, Hepp and Zimmermann

(BPHZ).

2.3 Bogoliubov-Parasiuk-Hepp-Zimmermann prescription and theorem

One defines a forest U as a family of nested (sub)graphs γi: if γ1 ∈ U and γ2 ∈ U then either

γ1 ⊂ γ2 or γ2 ⊂ γ1 or γ1 ∩ γ2 = 0/. For the diagram of Fig. 4 e.g., γ1 and γ2 cannot be in the same

forest. More generally, overlapping loops cannot be in the same forest. On the other hand, in Fig. 2

the vacuum polarization subdiagram and the whole diagram can be in the same forest. Hence the

notion of forest is exactly what one needs to distinguish overlapping subdiagrams (divergences) from

non-overlapping ones. Again, in Fig. 4 the list of all forests is:

U0 = 0/ , U1 = {γ1} , U2 = {γ2} , U3 = {γ3} , U4 = {γ1, γ3} , U5 = {γ2, γ3} . (2.17)

For each diagram G one then considers such a family F(G) of all forests of G. Then we have the

BPHZ prescription: For each forest Ui ∈ F(G) consider the nested sequence γa ⊂ γb ⊂ . . . of the

(sub)graphs in Ui. Starting with the innermost γa, one defines a subtraction term S(Ui) by replacing

the integrand Ib of each subdiagram γb (in the nested sequence) with superficial degree of divergence

Db by the first Db + 1 terms in its Taylor expansion (e.g. around 0) in the momenta flowing into

(or out of) this subdiagram. Since at each step one only keeps a polynomial in the corresponding

momenta, the final subtraction term is still a polynomial in the external momenta.
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To see how this works, consider the diagram of Fig. 3, resp. Fig. 4:

• U0 = 0/ : no subtraction, S(U0) = 0.

• U1 = {γ1} : This subdiagram is just the vertex function eΓµ1−loop(p
′ + q, p′) and a one-loop

computation shows that eΓµ1−loop(p
′ + q, p′) = eLγµ + eΓµfinite(p

′ + q, p′), with Γµfinite(p
′ + q, p′)

being the finite (renormalized) vertex function and L = −(Z2 − 1)e2 . This subdiagram has

D = 0 and hence the corresponding subtraction term is just the first term in the Taylor

expansion: S(U1) = −e[(Z2−1)e2 + c]γ
µ with c = −Γµfinite(0, 0) and (Z2−1)e2 = − e2

8π2
1
ϵ
+finite.

Obviously, this corresponds to a counterterm ∼ Aµψ̄γ
µψ.

• U2 = {γ2} : This similarly gives the same subtraction term S(U2) = −e[(Z2 − 1)e2 + c]γµ.

• U3 = {γ3} : This is just the full diagram we want to study. It has D = 2 and thus the

subtraction term must be a second-order polynomial in the q. By gauge invariance this must

be of the form (ηµνq
2 − qµqν)C with C = πoverlap(q

2 = 0). We are not claiming that this is the

only divergence of this diagram, but BPHZ tell us that this is the subtraction term for this

forest: S(U3) = (ηµνq
2 − qµqν)× πoverlap(q

2 = 0). This corresponds to an order e4 contribution

to Z3.

• U4 = {γ1, γ3} : Here we must first replace the integrand of the γ1-part by S(U1) as defined

above, so that the integrand for the γ3 part is the same as for Πµν
1−loop but with eγµ in the

left vertex replaced by e[−(Z2 − 1)e2 − c]γµ. Then the subtraction term is S(U4) = (q2ηµν −
qµqν)[−(Z2 − 1)e2 − c](Z3 − 1)e2 . This also corresponds to an order e4 contribution to Z3.

• U5 = {γ2, γ3} : same subtraction term as for U4.

BPHZ theorem: The original (regularized) diagram minus the sum of all subtraction terms is finite.

The latter is exactly generated by the (usual) counterterms.

We will not give the proof of this theorem, but just mention that it proceeds by recursion. One

assumes that all diagrams at order N are made finite by the counterterms. Then one finds a recursion

relation for the large momentum behavior at the next order N + 1 (including on subspaces p′µ||pµ,
etc, as relevant for overlapping divergences). The solution to this recurrence relation uses the sum

over forests. It can then be shown that the original diagram minus the sum of all subtraction terms

is indeed finite.

2.4 Summary of the renormalization program and proof

• ∆i is the (mass) dimension of the coupling gi (provided one only deals with scalars, spin-1
2
,

photons or gravitons). Renormalizable interactions have ∆i ≥ 0, a renormalizable theory only

has interactions with ∆i ≥ 0. The superficial degree of divergence (divergence in the region

where all ki → ∞) is D = 4 −
∑

f EfDf −
∑

iNi∆i. In a renormalizable theory only a finite

set of Ef gives D ≥ 0. Diagrams with D < 0 are superficially convergent.

• A superficially convergent diagram can be divergent only due to divergent subdiagrams. Then

the same counterterms that render finite these subdiagrams also make the whole diagram finite.

Thus we only have to deal with superficially divergent diagrams, i.e. only with finitely many

Ef if the theory is renormalizable.
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• Ignoring overlapping divergences for the moment, a superficially divergent diagram with D ≥ 0

is made superficially convergent by D + 1 derivatives with respect to the external momenta.

This implies that its diverging part is a polynomial in the external momenta and this can

be subtracted by a local counterterm. In a renormalizable theory, even though at each order

in perturbation theory there are new diverging diagrams, for fixed Ef , the degree D cannot

increase and the structure of the polynomial, i.e. of the counterterms remains the same, only

the coefficients (the Z’s) get higher and higher order contributions. Since D ≥ 0 only for

finitely many Ef , only finitely many counterterms are needed. Adding these counterterms

renders all these diagrams finite to all orders in perturbation theory. On the other hand, in

a non-renormalizable theory, at every order in perturbation theory, diagrams with more and

more external lines become divergent and one needs an infinite number of counterterms to

render them all finite.

• To deal with overlapping divergences, BPHZ define the forests with nested boxes (subdiagrams)

γa of degree Da = D(γa), each forest giving a subtraction term obtained by replacing each

subdiagram in the nested sequence by its Da+1 first terms in a Taylor series in the “external”

momenta. This corresponds to the same counterterms as defined above. BPHZ show that

this procedure renders also finite these diagrams with overlapping divergences to all orders in

perturbation theory. Again, in a renormalizable theory, finitely many counterterms make all

diagrams finite.

2.5 The criterion of renormalizability

Renormalizability restricts interactions to those with ∆i = 4 − di −
∑

f nif (1 + sf ) = 4 − di −∑
f nifDf ≥ 0 only. For a finite number of fields these are only finitely many interactions. Of

course, there are also other restrictions on the possible interactions like Lorentz invariance or other

symmetries one might want to preserve.

If the regulator preserves a given symmetry then the finite and the diverging parts of any Green’s

function (not necessarily of individual diagrams) at any order in perturbation theory must also

preserve this symmetry. Hence the counterterms also respect this symmetry.

What if one allowed to include non-renormalizable interactions, like e.g. adding a term ψ̄γµνψF
µν

to the QED Lagrangian? This interaction indeed has dimension 5 so that ∆ = −1 and it is non-

renormalizable. For dimensional reasons its coupling constant must be of the form ρ
M

with dimen-

sionless ρ and some mass scale M . Such a term would change the magnetic moment of electrons by

an additional amount ∼ ρ me

M
which would thus become an adjustable parameter. From experiment

we know that this quantity must be extremely small. Said differently, if we take ρ of the same order

as e, the mass scale M must be very large compared to me.

More generally, a non-renormalizable interaction has ∆i < 0 and coupling constants of dimension

∆i = −|∆i|. Write gi =
g̃i

M |∆i|
. Then non-renormalized diagrams have divergences that behave as

(g̃i)
N ( Λ

M

)|∆i|N at order N in perturbation theory, Λ being some UV cutoff. Also, infinitely many

Green’s functions are divergent and we need infinitely many counterterms, possibly with an arbitrary

number of derivatives. However, once these divergences are cancelled, we have renormalized Green’s

functions G(pi), and at order N in perturbation theory (in gi) they will behave as (g̃i)
N ( pj

M

)|∆i|N .

Thus, as long as |pj| ≪M one can neglect the effect of these non-renormalizable interactions.
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Theories like QED are presently thought to be only effective theories, in the sense that they

provide the effective description of electromagnetic interactions at energies that are low compared

to some scale at which new physics could be expected, like e.g. the grand unification scale of 1015

GeV or even the Planck scale of 1019 GeV. Such an effective theory then has an effective Lagrangian

obtained by “integrating out” the very heavy additional fields that are present in such theories.

This necessarily results in the generation of (infinitely) many non-renormalizable interactions in this

effective Lagrangian with couplings g̃i
M |∆i|

,M being e.g. the grand unification scale. From the previous

argument it is then clear that at energies well below this scale these additional non-renormalizable

interactions are completely irrelevant, and this is why we only “see” the renormalizable interactions.

Our “low-energy” world is described by renormalizable theories like QED not because such theories

are somehow better behaved, but because these are the only relevant ones at low energies:

Renormalizable interactions are those that are relevant at low energies, while non-renormalizable

interactions are irrelevant at low energies.

This is also the teminology in statistical mechanics where one studies infrared physics at scales

|p| ≪ 1
a
≡ Λ, where a is the lattice spacing.

2.6 Exercices

2.6.1 Yukawa theory

Consider a 4-dimensional quantum field theory of a massive Dirac fermion ψ coupled to a massive

scalar field ϕ via a Yukawa coupling gψ̄ψϕ.

a) Determine whether this theory is renormalizable. Let Γn,m be the one-particle irreducible n +m

point function with n external fermions and m external scalars. Determine which Γn,m are super-

ficially divergent and which ones are superficially convergent. Draw the one-, two-, and three-loop

contributions to Γ0,2 and Γ2,1 and explicitly (by looking at the propagators and integrations) deter-

mine their superficial degree of divergence.

b) What happens if one replaces the Yukawa coupling by a derivative coupling g′ψ̄γµψ∂µϕ ? Study

the superficial degree of divergences of Γ4,0 at one, two and three loops.

2.6.2 Quantum gravity

The Einstein-Hilbert action for gravity in d ≥ 3 dimensions is

SEH =
1

κ2

∫
ddx

√
g R[g] (2.18)

where R[g] is the scalar (Ricci) curvature computed from the metric gµν and
√
g denotes the square-

root of the determinant of the metric. In perturbative quantum gravity one lets gµν = ηµν+hµν with

“small” hµν and does a perturbative expansion of the action. Show that gµν = ηµν − hµν + O(h2)

where one raises and lowers indices on h with η. Also show that
√
g = 1 + 1

2
hµµ. (Hint: use the

formula det g = exp( tr log g). Recall the formula for the Christoffel symbols and show that

2Γρµν = ∂µh
ρ
ν + ∂νh

ρ
µ − ∂ρhµν − hρσ(∂µhνσ + ∂νhµσ − ∂σhµν) +O(h2∂h) . (2.19)

Recall that

Rρ
νλµ = ∂λΓ

ρ
µν − ∂Γρλν + ΓρλσΓ

σ
µν − ΓρµσΓ

σ
λν , Rνµ = Rρ

νρµ , R = gµνRνµ , (2.20)
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and argue without keeping track of the indices that ∂Γ ∼ ∂2h+ h∂2h+ (∂h)2 + h2∂2h+ h(∂h)2 + . . ..

Give the corresponding expansions (still without keeping track of the indices) of Rρ
νλµ, R and finally

of
√
gR. Deduce the large momentum behaviour of the h-propagator as well as the dimensions of

the various interactions in space-time dimension d. Discuss whether this theory is renormalizable in

d dimensions? What happens in d = 2 dimensions ?

2.6.3 Non-renormalizable interactions from integrating out a massive field

Consider a theory of two scalars φ and ϕ with masses m and M where M ≫ m. Let their action be

S[φ, ϕ] =

∫
d4x
(
− 1

2

)[
(∂φ)2 +m2φ2 + (∂ϕ)2 +M2ϕ2 + gmφϕ2

]
. (2.21)

(We have defined the coupling as g ×m to have a dimensionless g.) Define the effective action for

the light field φ as

eiSeff [φ] =

∫
Dϕ eiS[φ,ϕ] . (2.22)

Show that the resulting determinant can be interpreted as a sum of one-loop diagrams with N ϕ-

propagators and N external φ attached at the vertices. Compute the determinant by neglecting the

ϕ momenta with respect to M and show that this results in infinitely many new couplings for φ of

the form
∞∑
N=1

(−)N

N
Λ4
(m g

M2

)N
φN , (2.23)

where Λ is some large UV-cutoff which one can take of the order of M . Discuss the role of these new

interactions for N ≤ 4 and for N > 4.
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3 Non-abelian gauge theories: formulation and quantiza-
tion

Gauge invariance, and in particular non-abelian gauge invariance, plays a most important role in the

formulation of the quantum field theories that seem to describe (almost?) all of the particle physics as

it is known today: quantum electrodynamics to begin with and its embedding into the electro-weak

theory based on the gauge group SU(2) × U(1), as well as the theory of strong interactions based

on the gauge group SU(3). Here, we will briefly show how to construct (classical) actions that are

invariant under non-abelian gauge symmetries. Then we will discuss how to quantize these theories

using the functional integral approach. This will involve the issues of gauge-fixing, Faddeev-Popov

procedure and the appearance of so-called ghost fields. The gauge-fixed action no longer is gauge

invariant but instead has a new symmetry, the BRST-symmetry which we will identify. This BRST

symmetry will play a crucial role when showing that these gauge theories are renormalizable.

3.1 Non-abelian gauge transformations and gauge invariant actions

Recall from quantum electrodynamics that the classical action is invariant under the following gauge

transformation:

ψl(x) → ψ′
l(x) = eiα(x)qlψl(x) , Aµ(x) → A′

µ(x) = Aµ(x) + ∂µα(x) = Aµ(x) +
i

ql
eiα(x)ql∂µ e

−iα(x)ql .

(3.1)

This is often called a U(1) gauge invariance because obviously g(x) = eiα(x)ql ∈ U(1). There seems

to be a different g(x) for every different charge ql, but note that ql is the eigenvalue of the charge

operator Q when acting on ψl. Hence we can write g(x) = eiα(x)Q. Using this g(x) we can rewrite

the transformations (3.1) as

ψ(x) → ψ′
l(x) = g(x)ψ(x) , QAµ(x) → QA′

µ(x) = QAµ(x) + ig(x)∂µ g(x)
−1 . (3.2)

Of course, gauge invariant terms then are built from covariant derivatives, i.e.

Dµψ = (∂µ − iQAµ)ψ , (3.3)

since this transforms as

Dµψ → D′
µψ

′ =
(
∂µ − iQAµ + (g∂µg

−1)
)
gψ = g

(
∂µψl + (g−1∂µg)− iQAµ + (∂µg

−1g)
)
ψ

= g
(
∂µ − iQAµ

)
ψ = gDµψ. (3.4)

Indeed, since g is just a phase, |Dµψ|2 obviously is invariant.

We have rewritten the simple U(1) gauge transformation of the electromagnetic (gauge) field

Aµ and of the matter fields ψ, as well as the definition of the covariant derivative, in a way that

makes their generalization to other gauge groups almost obvious. Let us now consider the case

where the abelian U(1) group is replaced by some, generally non-abelian Lie group G, called the

gauge group. In general this can be a product of so-called simple groups and U(1) factors, like e.g.

SU(3)×SU(2)×U(1) for the standard model of electro-weak and strong interactions, or even some
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more exotic groups like e.g. E8. For simplicity, one might simply think of SU(N), the group of

unitary N × N matrices with unit determinant. The structure of a Lie group is almost entirely

captured by the commutators of its generators: the group elements close to the identity are always

of the form eiθ
ata with dimG small parameters θa and dimG generators ta. The latter must satisfy

closed (Lie algebra) commutation relations

[tα, tβ] = iCγ
αβtγ , (3.5)

with real structure constants Cγ
αβ which satisfy the Jacobi identity Cδ

[αβC
ϵ
γ]δ = 0. It may happen

that several groups like e.g. SU(2) and SO(3) have the same Lie algebra. In this case the groups

are locally identical but not globally. We will be not so much concerned with the group elements

themselves but rather with their representations. If we use a specific representation R we write tRα
or (tRα )

l
k for the dimR × dimR matrices of this representation. For compact Lie algebras (i.e. if

tr tαtβ is positive-definite), all finite dimensional representations are hermitian. This is the case of

most interest in gauge theories and, hence, (tRα )
† = tRα . Of course, the corresponding representations

of the group then are unitary. In this case one can also find a basis for the generators for which the

Cγ
αβ are antisymmetric in all 3 indices and one may then drop the distinction between upper and

lower indices. Note that the Jacobi identity implies that the

(tadjα )βγ = −iCαβγ (3.6)

satisfy the algebra (3.5). This special representation is called the adjoint representation.

Consider a collection of matter fields ψl, l = 1, . . . r transforming in some r-dimensional repre-

sentation R of G:

ψl(x) → ψ′
l(x) = UR(g(x)) k

l ψk(x) , (3.7)

where UR(g(x)) is the r × r matrix associated to the group element g(x) ∈ G in the representation

R. For G = SU(N), the simplest example is the so-called fundamental (or “vector”)) representation

for which U(g(x)) j
i = g(x) j

i with i and j running simply from 1 to N . In the following, we will not

write the indices explicitly so that we simply write

ψ(x) → ψ′(x) = UR(g(x)) ψ(x) , (3.8)

with the understanding that ψ is a dimR-dimensional column vector of matter fields. We want to

construct a covariant derivative Dµ involving ∂µ and some gauge field Aµ. In the abelian case the

relevant combination was AµQ with Q the generator of the U(1) group. Let us try

Aµ = Aαµt
R
α ≡ AR

µ , (3.9)

since this can act on the dimR-dimensional column vector of matter fields ψ, and a definition of the

covariant derivative as

DR
µ ψ =

(
∂µ − iAR

µ

)
ψ . (3.10)

One often drops the superscript R on Dµ or Aµ, but one should remember that these quantities

take values in the representation R of the gauge group determined by the matter fields. We want

to determine the gauge transformation properties of Aµ in such a way that the covariant derivative

simply transforms as

Dµ ψ → D′
µψ

′ = UR(g)Dµψ . (3.11)
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First, we look at the transformation of ∂µψ. To further simplify the notation we will simply assume

that the representation is the fundamental representation where UR(g(x)) = g(x), but one could

replace everywhere g by UR(g). Also we will drop the arguments x, although g, ψ and Aµ all depend

on x. One has

∂µψ → ∂µψ
′ = ∂µ(gψ) = g∂µψ + (∂µg)ψ = g

(
∂µ +

(
g−1∂µg

))
ψ (3.12)

On the other hand,

−iAµψ → −iA′
µψ

′ = −iA′
µgψ = −ig

(
g−1A′

µg
)
ψ . (3.13)

It is then obvious that the covariant derivative will transform covariantly, i.e. as in (3.12) provided Aµ
transforms as −ig−1A′

µg + g−1∂µg = −iAµ, i.e. A′
µ = gAµg

−1 − i∂µgg
−1. Since ∂µg

−1 = −g−1∂µgg
−1

one has −∂µgg−1 = g∂µg
−1 so that one gets

A′
µ = gAµg

−1 + ig∂µg
−1 = g

(
Aµ + i∂µ

)
g−1 . (3.14)

Note that for G = U(1) and g = eiαQ and the replacement Aµ → QAµ one gets back (3.1). For a

general matter representation one simply has

ψ′ = UR(g)ψ , A
′R
µ = UR(g)

(
AR
µ + i∂µ

)
UR(g−1)

DR
µ = ∂µ − iAR

µ ,
(
DR
µ ψ
)′
= UR(g)DR

µ ψ .

(3.15)

For a unitary representation, (Dµψ)
†Dµψ then is obviously invariant. This will be the ingredient to

write gauge invariant matter kinetic terms.

It is often enough and simpler to consider only infinitesimal gauge transformations with g(x) =

eiϵ
αtα or UR(g) = eiϵ

α(x)tRα . It is convenient to define ϵR = ϵαtRα . Then the previous equations yield

δψ = ψ′ − ψ = iϵRψ
δAR

µ = A
′R
µ − AR

µ = ∂µϵ
R − i

[
AR
µ , ϵ

R] .
(3.16)

The latter equation reads in components

δAαµ = ∂µϵ
α + C α

βγ A
β
µϵ
γ , (3.17)

which shows that, of course, the transformation of the gauge field components does not depend on

the representation R of the matter fields. Using the generators of the adjoint representation (3.6)

one may also write this as

δAαµ = (Dadj
µ )αγ ϵ

γ . (3.18)

We still need to define the field strength Fµν . Since Dνψ transforms exactly as ψ, taking a further

covariant derivative Dµ is defined in exactly the same way:

DR
µ D

R
ν ψ = (∂µ − iAR

µ )(∂ν − iAR
ν )ψ = ∂µ∂νψ − i(∂µA

R
ν )ψ − iAR

ν ∂µψ − iAR
µ ∂νψ − AR

µA
R
ν ψ . (3.19)
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Antisymmetrizing in µ and ν eliminates all terms with a derivative of ψ. Hence

[DR
µ , D

R
ν ]ψ = −iFR

µνψ , (3.20)

with

FR
µν = ∂µA

R
ν − ∂νA

R
µ − i[AR

µ , A
R
ν ] , (3.21)

or with FR
µ,ν = Fα

µνt
R
α :

Fα
µν = ∂µA

α
ν − ∂νA

α
µ + C α

βγ A
β
µA

γ
ν . (3.22)

It follows from (3.20) that Fµν transforms covariantly:

FR
µν → F

′R
µν = UR(g)FR

µν U
R(g−1) or δFR

µν = −i[FR
µν , ϵ

R] (3.23)

Obviously then, a gauge invariant scalar density is trFR
µνF

Rµν . For compact groups we can choose

a basis of generators such that

tr tRα t
R
β = CR δαβ ⇒ trFR

µνF
Rµν = CRF

α
µνF

αµν . (3.24)

With the appropriate normalization, this will be the gauge kinetic term, generalizing −1
4
FµνF

µν .

Note that, contrary to the abelian gauge theory of QED, in the non-abelian case, Fα
µνF

αµν contains

cubic and quartic terms in the gauge fields. This will lead to cubic and quartic vertices involving

only gauge boson lines.

In QED, the coupling constant is given by the electric charge, i.e. the eigenvalue of the charge

operator Q. By analogy we may include the Yang-Mills coupling constant gYM in the generators

tα and their representations tRα . In this case CR ∼ g2YM and C α
βγ ∼ gYM. This is what [7] does,

and we will follow this convention. Alternatively one can use conventionally normalized Lie algebra

generators (where the CR do not include any factors of gYM). Then a factor of gYM does appear

explicitly in front of the Aµ in the covariant derivative, and similarly in front of the quadratic term

in Fµν . These explicit factors of gYM can then be removed by rescaling AR
µ → 1

gYM
AR
µ . The only

appearance of the coupling then is a factor 1
gYM

in front of every Fµν . If the gauge group is simple,

there is only a single coupling constant gYM. However, in the general case where the gauge group is a

product of simple and U(1) factors, every simple or U(1) factor can have its own coupling constant.

The unique Lorentz and gauge invariant Lagrangian quadratic in the field strength then is

Lgauge[Fµν ] = −1
4
Fα
µνF

αµν . Of course, there is one more possibility, θαβϵ
µνρσFα

µνF
β
ρσ but this is a

total derivative. Hence the Lagrangian for matter and gauge fields is

L[Aµ, ψ] = −1

4
Fα
µνF

αµν + Lmatter[ψ,Dµψ] , (3.25)

where we collectively denoted all matter fields by ψ. If temporarily ψ denotes spin 1
2
fields and ϕ

scalars, an example of Lmatter would be

Lmatter[ψ,Dµψ, ϕ,Dµϕ] = −ψ̄(γµDµ +m)ψ − (Dµϕ)
†Dµϕ− m̃2ϕ†ϕ− V (ϕ†ϕ) . (3.26)

We only need the fact that the matter Lagrangian is gauge invariant. This will be the case if

Lmatter[ψ, ∂µψ, ϕ, ∂µϕ] is invariant under global (rigid) transformation by elements of G.
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3.2 Quantization

Just as with QED, direct canonical quantization does not work due to the presence of constraints,

in particular one has Πµ
α = F µ0

α and hence Π0
α = 0 which is a primary constraint. Together with a

secondary constraint which does not involve A0 these are first class constraints. As usual, they have

to be eliminated by a gauge choice. In the non-abelian case, a convenient choice is the axial gauge

Aα3 = 0 . (3.27)

Then Aα1 and Aα2 become canonical variables, while Aα0 is given by the solution of the secondary

constraint. One can then go through the canonical formulation of the functional integral in Hamil-

tonian form, as we also outlined for QED. To begin with one only integrates over the canonical

fields Aαi , i = 1, 2 and their conjugate fields Πα
i , and after a few Gaussian integrations and some

rewritings,16 one ends up with a Lagrangian version of the functional integral as

⟨T
(
Oa . . .ON

)
⟩vac =

∫
DAαµ Dψl

∏
x,α

δ(Aα3 ) Oa . . .ON ei
∫
d4xL[Aµ,ψ] (3.28)

where one integrates over all 4 components with the manifestly gauge invariant action
∫
d4xL[Aµ, ψ].

Of course, There is also some irrelevant (infinite) normalization constant which we have suppressed.

Now, the integration over Aα3 is effectively suppressed by the functional δ(Aα3 ) which imposes our

gauge choice. Note that the derivation ensures that this gives a manifestly unitary theory. On the

other hand, Lorentz invariance is not manifest.

One is usually interested in computing the vacuum expectation values of (time-ordered) gauge

invariant operators O1, . . .ON , although, at intermediate stages one may also compute and use

non-gauge invariant objects as e.g. the gauge field propagator ⟨T
(
Aαµ(x)A

β
ν (y)

)
⟩vac. Note that the

measure DAαµ is gauge invariant: It is easy to show that the Jacobian for the gauge transformation

(3.17) equals one.17 In the absence of (massless) chiral fermions one can also show that the matter

measure is gauge invariant. However, if chiral fermions are present this is no longer guaranteed. If

the matter measure is not invariant, one has a so-called anomaly, and the entire following discussion

breaks down. It is thus important that, if present, gauge anomalies cancel between the contributions

of the different chiral matter fields.

3.2.1 Faddeev-Popov method

We want to show that one can rewrite the expectation values (3.28) in different equivalent ways,

corresponding to different gauge choices. First it is useful to rewrite (3.28) as

⟨T
(
Oa . . .ON

)
⟩vac =

∫
DAαµ

∏
x,α

δ(Aα3 ) G[A
α
µ] with G[Aαµ] =

∫
Dψl

∏
a

Oa[Aµ, ψ] e
i
∫
d4xL[Aµ,ψ] ,

(3.29)

the important point being that G[Aαµ] is gauge invariant. Indeed, with a gauge invariant matter

measure and gauge invariant Oi we have G[A
′α
µ ] =

∫
Dψl

∏
Oa[A

′
µ, ψ] e

i
∫
d4xL[A′

µ,ψ]. Upon changing

16As before, in this section, we will simply write ⟨(. . .)⟩vac instead of ⟨vac, out| (. . .) |vac, in⟩.
17Jαµx,βνy =

δA
′α
µ (x)

δAβ
ν (y)

= δ(4)(x − y) δµν

[
δαβ + C α

βγ ϵ
γ(x)

]
, and due to the antisymmetry of the structure constants

C α
αγ = 0 and DetJ = expTr log J = exp(O(ϵ2)).
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the integration variable from ψl to the gauge transformed ψ′
l and using the gauge invariance of the

measure and of the Oa this is

G[A
′α
µ ] =

∫
Dψ′

l

∏
a

Oa[A
′
µ, ψ

′] ei
∫
d4xL[A′

µ,ψ
′] =

∫
Dψl

∏
a

Oa[Aµ, ψ] e
i
∫
d4xL[Aµ,ψ] = G[Aαµ] . (3.30)

The expression of eq. (3.29) is of the general form

IG =

∫
DAµ B

[
f [Aµ]

]
DetF [Aµ] G[Aµ] , Fα

β(x, y) =
δfα[A′(x)]

δϵβ(y)

∣∣∣
ϵ=0

, (3.31)

where A′ denotes the gauge field A, gauge transformed with parameter ϵ. Indeed, if we choose

fα[A] = Aα3 and B[f ] =
∏

x,α δ(f
α(x)), we have A

′α
3 = ∂3ϵ

α (since A3 = 0) so that Fα
β(x, y) =

δαβ
∂
∂x3

δ(4)(x− y) and then DetF is just an irrelevant constant.

We want to show that IG does not depend on the choice of the gauge-fixing function f or on

B. Intuitively, what happens is the following: due to the gauge invariance of G[Aµ] there are many

gauge-equivalent configurations and integrating over all Aµ would result in an infinite factor equal

to the “volume” of a “gauge slice”. The gauge-fixing condition restricts the functional integration to

exactly one configuration among the gauge equivalent ones. There are many different ways to do this

and the factor DetF ensures the independence of the specific choice of f or B. This is the functional

analogue of the well known fact that
∫
dx δ(f(x))f ′(x)g(x) = g(x0) does not depend on f , as long

as f has a single root x0.

Faddeev-Popov theorem : For gauge invariant G[Aµ], the functional integral IG is independent of the

gauge-fixing function f and depends on B only through an irrelevant overall factor.

To prove this theorem we first change variables from Aµ to some A′
µ ≡ Agµ which we identify with

Aµ gauge transformed by some g(x) ∈ G. Using the invariance of the measure and of G[Aµ] we get

IG =

∫
DAµ B

[
f [Agµ]

]
DetF [Agµ] G[Aµ] . (3.32)

Since we only introduced g by a change of variables, this cannot depend on g. We multiply both

sides by some weight function ρ[g] such that
∫
Dg ρ[g] = C0 is finite: 18

C0 IG =

∫
DAµ G[Aµ]H[Aµ] , H[Aµ] =

∫
Dg ρ[g]B

[
f [Agµ]

]
DetF [Agµ] . (3.33)

where now

Fα
β[A

g
µ](x, y) =

δfα[(Ag)′(x)]

δϵβ(y)

∣∣∣
ϵ=0

. (3.34)

Here (Ag)′ is the result of gauge transforming Aµ first with g = eiθ
αtα and then with eiϵ

αtα . Since

the gauge transformations form a group this amounts to gauge transforming Aµ with g̃ = eiθ̃
αtα =

eiϵ
αtαeiθ

αtα . Thus

Fα
β[A

g
µ](x, y) =

δfα[Ag̃(g,ϵ)(x)]

δϵβ(y)

∣∣∣
ϵ=0

=

∫
d4z

δfα[Ag̃(x)]

δθ̃γ(z)

∣∣∣
θ̃=θ

× δθ̃γ(z)

δϵβ(y)

∣∣∣
ϵ=0

. (3.35)

18This is a tricky point. The integration over the full gauge group, i.e. the functional integration over all g(x)
typically would produce an infinite result C0. Instead, one should regulate this by discretizing space-time and working
in finite volume and with a finite time interval so that Dg becomes a finite product of integrations over the group at
finitely many space-time points

∏
i dg(xi).
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We let G[g]γβ(z, y) =
δθ̃γ(z)
δϵβ(y)

∣∣∣
ϵ=0

. This can be computed from the Baker-Campbell-Haussdorf formula

for iθ̃αtα = log
(
eiϵ

αtαeiθ
αtα
)
in which one only needs to keep the terms linear in ϵ:

G[g]αβ(z, y) = δ(4)(z − y)
[
δαβ − 1

2
Cαβγθ

γ +
1

12
CακδCδγβθ

κθγ +O(θ3)
]
. (3.36)

Obviously, this only depends on the θα(x) i.e. on g(x). One has

logDetG = Tr log G = δ(4)(0)

∫
d4x
[ 1
12
CακδCαδγθ

κθγ − 1

2

(1
2

)2
Cαδγθ

γCδακθ
κ +O(θ3)

]
= δ(4)(0)

∫
d4x
[Cadj

24
θαθα +O(θ3)

]
≃ Λ4

(2π)4

∫
d4x
[Cadj

24
θαθα +O(θ3)

]
, (3.37)

where we used CαγδCβγδ = Cadjδαβ and the fact that δ(4)(0) = δ(4)(x − x) =
∫

d4p
(2π)4

. One can work

out the form of the higher-order terms in θ and show that ρ[g] =
(
DetG

)−1
yields a reasonable weight

function. With this choice, (3.33) yields (Dg ≃ Dθ)

H[Aµ] =

∫
Dg ρ[g]B

[
f [Agµ]

]
Det

δf [Agµ]

δθ
DetG =

∫
Dθ B

[
f [Agµ]

]
Det

δf [Agµ]

δθ
=

∫
DfB[f ] ≡ CB .

(3.38)

Obviously, this is independent of the choice of f and depends on B only through the constant

CB. Substituting this result into the first equation (3.33), the same is also true for IG, i.e IG/CB
is independent of f and B, which was to be shown. Actually, there is an obvious problem here.

Since H[Aµ] doesn’t depend on Aµ, one sees that C0 IG =
∫
DAµ G[Aµ]H[Aµ] = CB

∫
DAµ G[Aµ]

is actually infinite as it overcounts all the gauge-equivalent configurations. The reason is that, as

already noted in the previous footnote, the C0 is also infinite since our G[g] yields a finite integral

as we integrate over the group at fixed x, but we still get an infinite factor from the infinitely many

space-time points. To do things properly, we should define the gauge group on a finite space-time

lattice. This makes the integral over the gauge group finite. In particular it also gives a natural

momentum cutoff Λ as already used above.

Since for the special choice fα[Aµ] = Aα3 and B[f ] =
∏

x,α δ(f) (in this case CB = 1) the integral

IG equals (3.29), the theorem tells us that the vacuum expectation value of a time-ordered product

of gauge invariant operators can be evaluated with any choice of gauge-fixing function and function

B, provided
∫
Df B[f ] converges and f indeed fixes the gauge:

⟨T
(
Oa . . .ON

)
⟩vac =

∫
DAµ B

[
f [Aµ]

]
DetF [Aµ]

∫
Dψl

∏
a

Oa[Aµ, ψ] e
i
∫
d4xL[Aµ,ψ] , (3.39)

where, as usual, we dropped all irrelevant constant normalization factors. This also shows that one

can proceed in two steps : first do the functional integral over the matter fields without worrying

about the gauge-fixing procedure and only then in the second step when doing the functional integral

over the gauge field one needs to insert the gauge-fixing factors and Faddeev-Popov determinant.19

19Of course, this is only true if, as we assumed, the gauge-fixing function f only depends on Aµ and not on the
matter fields.
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3.2.2 Gauge-fixed action, ghosts and Feynman rules

Let us now make a convenient choice of gauge-fixing function f and function B which, in particular,

will be manifestly Lorentz invariant:

fα = ∂µA
µ
α , B[f ] = exp

[
− i

2ξ

∫
d4x fα(x)fα(x)

]
. (3.40)

As one can see from (3.39), the factor B[f ] just contributes an extra term

Lg.f. = − 1

2ξ
fαfα (3.41)

to the classical Lagrangian. One can then read off the gauge boson propagator −i∆αµ,β,n(p) from

the quadratic part of L+ Lg.f. and finds

∆αµ,β,ν(p) = δαβ

(
ηµν + (ξ − 1)

pµpν
p2

)
1

p2 − iϵ
. (3.42)

Except for the extra δαβ this is just like the photon propagator, which should not be surprising, given

our choice of fα.

Next, we must evaluate F and compute its determinant. Since a fermionic gaussian integral

equals the determinant of the quadratic form, it is a convenient trick to rewrite DetF as

DetF =

∫
DωDω∗ exp

[
i

∫
d4x d4y ω∗

α(x)Fα,β(x, y)ωβ(y)

]
, (3.43)

where ωα and ω∗
α are anticommuting, i.e. fermionic fields. On the other hand, given the nature of

F we will soon see that they cannot be spin 1
2
fields but must be scalars. Moreover, ωα and ω∗

α are

independent real scalars. They do not obey the usual spin statistics relation and hence are named

ghosts. However, this is not a problem since we do not want to obtain any Lorentz invariant S-matrix

for scattering of these ghost fields. More precisely, ωα is called a ghost and ω∗
α an anti-ghost. Note that

the ghost and anti-ghost carry an index α just like the gauge field Aµ. One sometimes says that they

are in the adjoint representation of G, just as Aµ. One has fα[A
′
µ] = fα[Aµ] + ∂µ

(
∂µϵα + C α

γβ A
γ
µϵ
β
)

and hence

Fα,β(x, y) =
δfα[A

′
µ](x)

δϵβ(y)
=

∂

∂xµ

(
∂

∂xµ
δαβ + C α

γβ A
γ
µ(x)

)
δ(4)(x− y) . (3.44)

Using (3.43) we get

DetF =

∫
DωDω∗ exp

[
i

∫
d4xLghost(x)

]
, Lghost = −∂µω∗

α∂
µωα − C α

γβ ∂µω
∗
αA

µ
γωβ . (3.45)

Thus the effect of the so-called Faddeev-Popov determinant DetF is to add the ghost Lagrangian

Lghost and the gauge-fixing Lagrangian Lg.f. to the classical Lagrangian L :

Lmod = L+ Lg.f. + Lghost . (3.46)

Note that for an abelian theory like QED, the structure constants C α
βγ vanish and the ghosts do

not couple to any of the other fields. Equivalently then, their functional integral only leads to the

Adel Bilal : Advanced Quantum Field Theory 36 Lecture notes - October 5, 2026



determinant of ∂µ∂
µ which is an irrelevant constant. This is why we did not have to bother about

the ghosts in QED. In the non-abelian gauge theory, with our choice of gauge-fixing function, the

ghosts do couple to the gauge fields and do make important contributions to loop diagrams.20 Their

propagator −i
(2π)4

∆αβ(p) can be read off from (3.46) to be the same as for a massless spin-0 fermion:

∆αβ =
δαβ

p2 − iϵ
, (3.47)

while the ghost - anti-ghost - gauge field vertex involves the structure constant C α
βγ as well as a

factor of momentum. More precisely, taking all momenta as incoming (q for the ghost with label β,

p for the anti-ghost with label α and k for the gauge boson with labels µ and γ), one reads from

(3.45) that this vertex contributes

i(2π)4δ(4)(p+ q + k) ipµCαβγ . (3.48)

We already gave the gauge boson propagator. The cubic and quartic gauge boson couplings simply

follow from the cubic and quartic terms in −1
4
FµνF

µν . Again, with all momenta taken as incoming,

the vertex for the coupling of three gauge bosons with (p, µ, α), (q, ν, β) and (k, ρ, γ) is

i(2π)4δ(4)(p+ q + k) (−iCαβγ)
[
pνηµρ − pρηµν + qρηνµ − qµηνρ + kµηρν − kνηρµ

]
, (3.49)

while the vertex for the coupling of four gauge bosons (the fourth one having (l, λ, δ)) is

i(2π)4δ(4)(p+ q + k + l)
[
−CϵαβCϵγδ(ηµρηνλ − ηµληνρ)

−CϵαγCϵδβ(ηµληρν − ηµνηλρ)

−CϵαδCϵβγ(ηµνηρλ − ηµρηλν)
]
. (3.50)

Note that the Lagrangian preserves the ghost-number which translates into the fact that every vertex

with one incoming ghost line also has exactly one outgoing ghost line.

3.2.3 BRST symmetry

One can now start computing Feynman diagrams and generating functionals using the Lagrangian

Lmod = L+Lg.f.+Lghost of (3.46) and integrating over the matter fields, gauge and ghost fields. Note

that Lmod no longer is gauge invariant: this was the whole point about gauge-fixing. All terms in Lmod

have ∆ = 0 and hence this Lagrangian is renormalizable by power-counting as discussed in section

2: there are only finitely many divergent Green’s functions and they are made finite by the addition

of finitely many counterterms with their coefficients fixed at any given order in perturbation theory.

Moreover, these counterterms themselves all have ∆ct ≥ 0 and do not upset the renormalizability.

However, we want more than this: the counterterms should be of the form of the initial terms in

the Lagrangian. In particular, one should still be able to interpret Lmod + Lct as arising from the

gauge-fixing of some gauge invariant Lagrangian, but now with renormalized parameters. We must

find out what is the remnant of the gauge invariance of the original classical Lagrangian. This turns

out to be the BRST-symmetry.

20Of course, in axial gauge, A3 = 0, one finds Fαβ(x, y) = δ
δx3 δ

(4)(x − y)δαβ and the ghost Lagrangian simply is
−∂3ω∗

αωα so that the ghosts again decouple.
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Let us first do one more rewriting of our Lagrangian. Introducing an auxiliary field hα we can

rewrite the gauge-fixing term as ξ
2
hαhα+hαfα since doing the gaussian integration over hα reproduces

− 1
2ξ
fαfα. Thus, our starting point is

Lnew = L+
ξ

2
hαhα + hαfα + ω∗

αρα , (3.51)

where

ρα(x) = ∂µ∂
µωα(x) + C α

βγ ∂µ(A
µ
β(x)ωγ(x)) =

∫
d4yFαβ(x, y)ωβ(y) . (3.52)

The BRST symmetry is defined to act on the “ordinary” fields, i.e. the matter and gauge

fields, just like an ordinary infinitesimal gauge transformation but with the (real) parameter ϵα
replaced by the (real) ghost field ωα. It is thus a fermionic symmetry that increases the ghost-number

by one unit. To begin with, we simply set ϵα(x) = θωα(x) with θ an anticommuting parameter

(θω = −ωθ, θAµ = Aµθ, etc, and θθ = 0). Then

δθA
α
µ = θ

(
∂µω

α + C α
βγ A

β
µω

γ
)

δθψ = i θ ωαtRα ψ

δθψ
† = −iθ ωαψ†tRα = iθ ψ† tRα ω

α . (3.53)

This is conveniently rewritten by defining a fermionic operator s such that for any functional F we

simply let

δθF = θ sF . (3.54)

Consistency with the fermionic character requires

s(FG) = (sF )G± F sG , (3.55)

with a minus sign if F is fermionic (contains an odd number of anticommuting fields). We write

furthermore ωR = ωαtRα , so that we can reformulate (3.53) as sAR
µ = Dµω

R and s ψ = iωRψ or,

dropping the superscript R, simply

sAµ = ∂µω − i[Aµ, ω]

s ψ = i ω ψ , s ψ† = iψ†ω .
(3.56)

Note that sψ† is not the hermitian conjugate of sψ, but rather (sψ)† = (iωψ)† = −iψ†ω = −sψ†.

More generally, one sees that (sF )† = ∓sF † with a minus sign if F is fermionic. Let us complete

(3.56) by the rules how s acts on the ghosts, chosen in such a way that s is a nilpotent operation,

i.e. s2 = 0 on all fields. Choosing

s ω = iω ω , s ω∗ = −h , s h = 0 , (3.57)
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where h is the auxiliary field introduced above, we have

s2Aµ = s
(
∂µω − i[Aµ, ω]

)
= ∂µ(sω)− i(sAµ)ω − iAµsω + i(sω)Aµ − iωsAµ

= i∂µ(ωω)− i(∂µω − iAµω + iωAµ)ω − iAµiωω − ωωAµ − iω(∂µω − iωAµω + iωAµ) = 0 ,

s2ψ = s(iωψ) = i(sω)ψ − iω sψ = −ωωψ + ωωψ = 0 ,

s2ω = s(iωω) = i(sω)ω − iω(sω) = −ωωω + ωωω = 0 ,

s2ω∗ = s(−h) = 0 , (3.58)
which shows that the BRST operator s is nilpotent:

s2 = 0 . (3.59)

It is now easy to show that Lnew is BRST invariant. First note that on functionals of Aµ and the

matter fields ψ only the BRST transformation is simply a gauge transformation with ϵ replaced by

ω. Thus any gauge invariant functional of the gauge and matter fields only automatically also is

BRST invariant. Hence

sL = 0 . (3.60)

Next note that Fϵ was defined as the gauge variation of f (which only depends on Aµ) and hence

ρα = sfα ⇒ sρ = 0 . (3.61)It follows that

sLnew = s
(ξ
2
hαhα + hαfα + ω∗

αρα
)
= hαsfα + (sω∗

α)ρα = hαρα − hαρα = 0 . (3.62)

Actually one has
Lnew = L+ sΨ , Ψ = −ω∗

αfα −
ξ

2
ω∗
αhα , (3.63)

with L being the gauge invariant Lagrangian of the gauge and matter fields only. In this form, BRST

invariance is obvious. This also suggests how to obtain more general gauge-fixings: Any Lnew of this

form with an arbitrary functional Ψ of ghost-number −1 will provide a BRST invariant starting point

for quantizing the gauge theory (provided the quadratic term in the gauge fields is non-degenerate

so that one can define a propagator). The most general local Ψ of ghost number −1, dimension 3

(and invariant under Lorentz and global “gauge” transformations21 ) necessarily is of the form

Ψ = −ω∗
aβ

ab∂µA
µ
b − c1ω

∗
aha − c2αabcω

∗
aωbωc . (3.64)

with some globally G-invariant tensors βab and αabc.

Below, we will use this BRST invariance to show that all conterterms also must respect this BRST

invariance (but with a renormalized coupling constant which we had hidden in the normalization of

the Lie algebra generators). Hence

Lnew + Lct = L̃+ sΨ̃ , (3.65)

respects the same symmetries as the original Lnew with a renormalized Yang-Mills coupling constant

and yields finite Green’s functions.

21Global gauge transformations or, more precisely, global G-transformations correspond to gauge transformations
with constant ϵa, and invariance under such global G-transformations just means that all gauge group indices a, b, . . .
are contracted with G-invariant tensors, in particular with δab. Note that the Dirac matter fields cannot appear since
the Lorentz invariant of lowest dimension is ψ̄ψ which already has dimension 3 but ghost number 0. With scalar
matter fields ϕ, however, one could e.g. have a term ω∗

aϕ
†taϕ, corresponding to a gauge-fixing function fa = ϕ†taϕ

(“unitary gauge”).
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3.3 BRST cohomology

We already noted that the BRST symmetry is nilpotent, i.e. s2 = 0. Obviously also, it increases the

ghost-number by one unit.

At an algebraic level, this is quite similar to the behavior of the exterior derivative d = dxµ∂µ acting on

differential forms22 of degree p and yielding a differential form of degree p + 1. As is well known, one has

d2 ≡ dd = 0 (which just states that ∂µ∂ν = ∂ν∂µ). A p-form ξ(p) is called closed if dξ(p) = 0. If there exists

a (globally well-defined) (p− 1)-form ζ(p−1) such that ξ(p) = dζ(p−1) then ξ(p) is called exact. Since d2 = 0,

obviously every exact form is also closed. It is then interesting to find out which p-forms are closed without

being exact. As an example consider a space-time with space being just the two-dimensional sphere with

coordinates θ and ϕ defined in the usual way. Then dϕ is well-defined everywhere except at θ = 0 or θ = π

(north and south pole), and the 2-form Ω = sin θ dθ ∧ dϕ is well-defined everywhere. One has dΩ = 0, so

it is closed. Although one has Ω = d(− cos θ dϕ) or Ω = d(− sin θ dθ ϕ), neither cos θ dϕ nor sin θ dθ ϕ are

well-defined everywhere on the sphere and one finds that Ω ̸= dζ(1). Hence Ω is closed but not exact. Up

to multiplication by a constant23 this is the only closed and non-exact 2-form on the sphere. Actually, Ω

is the volume-form on the sphere, and the volume form on any compact manifold is always closed but not

exact. For a given (compact) manifold M, the vector space of closed p-forms that are not exact is called

the pth de Rham cohomology and is denoted H(p)(M).

Similarly, one defines the classes of BRST-closed functionals and BRST-exact functionals as

follows:

The functional F [Aµ, ψ, ω, ω
∗, h] is BRST closed if s F = 0,

it is BRST exact if there exists a functional G such that F = sG.
(3.66)

Of course, a BRST-closed functional is a BRST invariant functional. Moreover, the ghost-number of

a given monomial of the fields is defined as the number of ghost-fields minus the number of anti-ghost

fields. The Lagrangian Lnew e.g. has ghost-number zero. The BRST operator s always increases

the ghost-number by one unit. Since one cannot have cancellations between terms of different ghost-

numbers it follows that one can define the space of BRST-closed functionals of a fixed ghost-number

and, similarly the space of BRST-exact functionals of a fixed ghost-number. Hence, the ghost-

number plays a role analogous to the degree p of the differential forms. In particular, one defines the

BRST-cohomology classes at ghost-number n :

The BRST-cohomology at ghost-number n is given by

the BRST-closed functionals of ghost-number n, modulo the BRST-exact functionals.
(3.67)

We have seen above that the gauge invariant Lagrangian L[A,ψ] is BRST invariant, i.e. sL[A,ψ] = 0,

so it is BRST closed. Moreover, it is of ghost-number zero. The gauge-fixing and ghost terms are

22In exterior calculus, one defines an antisymmetric “wedge product” so that dxµ ∧ dxν = −dxν ∧ dxµ. For every
rank-p antisymmetric tensor field ξµ1µ2...µp(x) one can then define a p-form as ξ(p) = 1

p!ξµ1µ2...µpdx
µ1 ∧dxµ2 ∧ . . . dxµp .

In d dimensions, the maximal degree of a form is p = d.
23For example, cos θΩ = cos θ sin θ dθ ∧ dϕ = dα with a = 1

2 sin
2 θ dϕ a well-defined one-form. Hence cos θΩ is

exact.
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of the form sΨ with Ψ of ghost-number −1, i.e. are BRST-exact terms. Since correlation functions

of gauge invariant operators do not depend on Ψ (as long as it provides some gauge-fixing), the

physics determined by Lnew = L[A,ψ] + sΨ depends only on the BRST-closed L and is independent

of the BRST-exact terms sΨ: it only depends on the BRST cohomology class of Lnew. Later-on we

will show that the BRST-cohomology at ghost-number zero is precisely given by the gauge invariant

functionals of Aµ and ψ (and ψ†) only, i.e. independent of the ghost, anti-ghost and h-fields.

BRST-charge :

One can introduce a fermionic BRST charge operator (acting on a “Hilbert space”) by demanding

that for any (Heisenberg picture) field operator Φ one has

δθΦ(x) = i[θQ,Φ(x)] . (3.68)

The right-hand-side equals iθ[Q,Φ(x)]∓, i.e. a commutator if Φ is bosonic and an anti-commutator if

Φ is fermionic, while the left-hand-side equals θsΦ(x). Hence the BRST-charge operator must have

the following (anti)commutation relations with the field operators:

sΦ(x) = i[Q,Φ(x)]∓ . (3.69)

By taking the hermitian conjugate of either (3.68) (θ is real) or (3.69) and comparing with the

corresponding relations for Φ†, one sees that Q† = −Q. This then implies (θQ)† = Q†θ = −Qθ = θQ

as expected for a symmetry generator. Using the Jacobi identity, one finds that

0 = −s sΦ = −is[Q,Φ]∓ = [Q, [Q,Φ]∓]± =
1

2
[[Q,Q]+,Φ]− = [Q2,Φ]− ∀ Φ . (3.70)

An operator that commutes with all fields is either the identity or has to vanish. Since Q increases

the ghost-number by one, the first option is excluded and one concludes

Q2 = 0 . (3.71)

The “Hilbert space” on which Q acts is some “big” space of states which must include the

Hilbert space of physical states, but also states including an arbitrary number of ghost and anti-

ghost excitations, as well as non-physical polarization states of the gauge bosons. This is the space

which naturally arises upon the Faddeev-Popov quantization of the gauge theory. In particular, this

is not a Hilbert space in the strict mathematical sense since the inner product cannot be positive

definite: for any state |γ⟩ ≠ 0 the state Q |γ⟩ has zero norm. One must then characterize the

Hilbert space of physical states. This can be conveniently done using this BRST charge as follows.

Matrix elements between physical states must be gauge invariant, i.e. independent of the “gauge-

fixing functional” Ψ. Hence, under an infinitesimal variation Ψ(x) → Ψ(x) + δΨ(x), the gauge-fixed

Lagrangian changes by δLnew = sδΨ(x) and any matrix element changes by

δ⟨α |β⟩ = i ⟨α| s δΨ |β⟩ = −⟨α| [Q, δΨ]+ |β⟩ = −⟨α|QδΨ |β⟩ − ⟨α| δΨQ |β⟩ . (3.72)

If ⟨α| and |β⟩ are physical states this should vanish. Since δΨ(x) is arbitrary one concludes Q |β⟩ = 0

and ⟨α|Q = 0. Hence, physical states |phys⟩ must obey

Q |phys⟩ = 0 . (3.73)
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Also, changing |β⟩ → |β⟩+Q |γ⟩ does not change ⟨α |β⟩ if ⟨α| is physical since ⟨α|Q |γ⟩ = 0. Moreover,

a physical state should have ghost-number zero. In conclusion, physical states are determined by

Q |phys⟩ = 0 subject to the equivalence relation |phys⟩ ≃ |phys⟩+Q |γ⟩ and the condition of having

ghost-number zero:

Physical states are given by the ghost-number zero cohomology class of the BRST-operator Q.

(3.74)

Of course, we have only shown that this cohomology class contains the physical Hilbert space, i.e.

that the above conditions are necessary. However, one can also show that they are sufficient and thus

(3.74) exactly defines the physical Hilbert space. Note that in any covariant quantization, the modes

of the fields Aa0, when acting on the vacuum, generate states of negative norm (since η00 = −1). One

can then also show that the space of physical state as defined by (3.74) has a positive definite norm.

Remarks :

• The Faddeev-Popov procedure always leads to a Lagrangian Lnew that is bilinear in the ghost

and anti-ghost fields. (Recall that the ghosts appeared from expressing the Faddeev-Popov

determinant DetF as an integral over ω and ω∗ of ei
∫
ω∗Fω.) Then, calling these fields the bare

fields and rewriting Lnew in terms of renormalized fields will generate various counterterms

of the same form as the original terms contained in Lnew. In particular, one will only get

counterterms that are at most bilinear in the ghost and anti-ghost fields. This turns out to be

sufficient with the gauge choice fα = ∂µA
µ
α, but for more general choices of fα one might need

counterterms that involve two ghost and two anti-ghost fields. Although one does not have

to worry about diagrams with 4 external (anti)ghost lines, such diagrams can well appear as

divergent subgraphs, requiring a corresponding counterterm.

• One can consider more general gauge-fixing functionals that do not rely on the Faddeev-Popov

procedure. As we have seen, all that is needed for BRST invariance is to define some BRST-

operation s such that s acts on Aµ and ψ as a gauge transformation with the parameter replaced

by a ghost field, and with the action on the ghost and other fields (anti-ghost, h-field, and pos-

sibly others) defined such that s2 = 0. Then for any Ψ̃ of ghost-number −1 and gauge invariant

L, a BRST-invariant Lagrangian is L̃new = L+ sΨ̃. Then just as before, there is a correspond-

ing BRST charge Q that defines the physical states as the zero ghost-number cohomology class

and matrix elements between physical states (in particular also vacuum expectation values of

time-ordered products of gauge invariant operators) do not depend on the choice of Ψ̃. In

particular, they are the same as with the Ψ from the Faddeed-Popov procedure and thus the

same as in axial gauge.

• One can prove independently of comparison with any particular gauge, that the space of phys-

ical states, defined as the zero ghost-number cohomology of Q, has a positive definite norm,

contains no ghosts or anti-ghosts and has a unitary S-matrix.

• Finally let us just mention that this BRST formalism can be rather straightforwardly extended

to other local symmetries as appear e.g. in general relativity or in string theory. If the natural
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formulation of these symmetries is “too large” in the sense that one has introduced too many

“gauge” parameters and actually not all symmetries are independent, one has to introduce

“ghosts of ghosts”. In all these setting, the BRST operator always increases the ghost-number

by one unit.

We have already mentioned that the BRST invariant functionals of ghost-number zero are just the

gauge invariant functionals of Aµ and the matter fields, up to adding BRST-exact terms. Let us now

prove this result.

Cohomology theorem :

The zero ghost-number cohomology consists of gauge invariant functionals of Aµ and ψ (and ψ†)

only, i.e. the most general BRST invariant functional of ghost-number zero is of the form I =

I0[Aµ, ψ] + sΨ[Aµ, ψ, ω, ω
∗, h].

The proof is relatively simple: suppose sI = 0. Write I =
∑∞

N=0 IN where IN contains all terms

that have a total number of fields ω∗ and h equal to N . (Of course, we do not allow negative powers

of the fields.) Since s ω∗ = −h and s h = 0, s does not change this total number N and one cannot

have any cancellations between the different sIN . Hence sIN = 0 for all N separately. Introduce

t = ω∗
α

δ
δhα

. One may similarly write s = −hβ δ
δω∗

β
+ . . . where the unwritten terms do not involve ω∗

or h. It follows that st+ ts = −N̂ where N̂ = ω∗
α
δ
ω∗
α
+ hα

δ
δhα

is such that N̂IN = NIN . Thus

−NIN = −N̂IN = (s t+ t s)IN = s t IN , (3.75)

and we conclude that for every N ̸= 0 one has IN = s
(
− 1

N
t IN), i.e. IN is BRST-exact. Hence,

I = I0+ sΨ with Ψ =
∑∞

N=1

(
− 1

N
t IN). Now, I0 contains no h and no ω∗ and, having ghost-number

zero, it cannot contain any ω either. Thus I0 = I0[Aµ, ψ], as was to be proven. Finally, I0 cannot

be BRST exact. Indeed, it is easy to see that a BRST exact functional of ghost number zero must

contain at least either h or ωω∗.

3.4 Exercices

3.4.1 Some one-loop vertex functions

Use the action and Feynman rules as given above.

a) Draw all Feynman diagrams contributing to the 1PI gauge-boson-ghost-antighost vertex function

Γµαβγ(p1, p2, p3) at one loop (2 diagrams). For each diagram determine the superficial degree of

divergence.

b) Same question for the 1PI three gauge-boson vertex function Γµνραβγ(p1, p2, p3) at one loop. (There

are 8 diagrams if one counts as different diagrams two fermion loops with opposite orientations of

the arrows.)

c) Same question for the 1PI vertex function for two ghosts and two antighosts Γαβγδ(p1, p2, p3, p4).

(There are 4 diagrams. Pay attention to the relative signs between these diagrams.)
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3.4.2 More general gauge-fixing functions

Instead of the gauge-fixing function fα = ∂µA
αµ now choose fα = (DµA

µ)α.

a) Give the explicit form of the corresponding Lgf + Lgh and deduce the corresponding vertices

involving the ghost and antighost fields. In particular give the vertex between the ghost, antighost

and two gauge bosons.

b) Show that, in addition to the diagrams present in c) of the previous exercice, there are new

types of Feynman diagrams contributing to the one-loop 4-point 2 ghost- 2 antighost vertex function

Γαβγδ(p1, p2, p3, p4). Determine their superficial degrees of divergence. Does it come as a surprise if

you find the same answer as in c) of the previous exercice?

3.4.3 Two ghost - two antighost counterterms

In the Lagrangian used in exercice 3.4.1 there are no terms ∼ ω∗ω∗ωω, and thus we expect that one

should not need such counterterms either. This would mean that the vertex function Γαβγδ(p1, p2, p3, p4)

given in c) of this exercice should not be divergent, although it had a superficial degree of divergence

equal to 0. Write the expressions for the 4 corresponding Feynman diagrams and try to argue that

there are cancellations between the diagrams.
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4 Renormalization of non-abelian gauge theories

4.1 Slavnov-Taylor identities and Zinn-Justin equation

4.1.1 Slavnov-Taylor identities

Recall that the vacuum expectation values of time-ordered products of field operators can be obtained

from the generating functional

Z[J ] =

∫
DAµDψDψDωDω∗Dh exp

[
i

∫
d4x (Lnew + χ̃nJn)

]
, (4.1)

where, to simplify the notation, χ̃n stands collectively for any of the fields Aµ, ψ, ψ, ω, ω
∗ or h.

Of course, we do not really need to compute ghost correlation functions to get S-matrix elements

between physical states, but they certainly can and do appear in subdiagrams. Also, the form of Lnew

originally was derived only for time-ordered products of gauge invariant operators, but we can take

(4.1) as a definition for the gauge-dependent vacuum expectation values of time-ordered products

of the gauge non-invariant field operators. We have seen in the last subsection that the BRST

invariance implies that in the end matrix elements between gauge invariant states do not depend on

the gauge-fixing functional. We will now derive the implications of BRST invariance of the action

(and measure) for the generating functional Z[J ] as defined in (4.1). These are the Slavnov-Taylor

identities.

As usual, we define Z[J ] = eiW [J ], as well as χn = δRW [J ]
δJn

= ⟨χ̃noperator⟩ with Jn,χ being the solution

of this equation for given χn. Then the Legendre transform is Γ[χ] = W [Jχ] −
∫
d4xχnJn,χ. Note

that, since χn can be either bosonic or fermionic (i.e. anticommuting), one must specify whether

functional derivatives should act from the left (L) or from the right (R). Indeed, for fermionic χn one

has δLΓ
δχn = − δRΓ

δχn .

The invariance of
∫
Lnew and of the functional integral measure under

δθχ
n = θ∆n , ∆n = s χn , (4.2)

(dropping the tilde on the χn) implies the Slavnov-Taylor identity∫
d4x ⟨∆n(x)⟩Jχ

δLΓ

δχn(x)
= 0 . (4.3)

Of course, invariance of the functional integral measure under BRST transformations is not guaran-

teed and needs to be verified. This will be discussed at the end of this subsection. The conclusion

will be that the measure is indeed invariant under BRST transformations provided the measure for

the matter fields is gauge invariant, i.e. there are no gauge anomalies. For now, we assume that this

is the case and the Slavnov-Taylor identity (4.3) does hold. For a linear symmetry (∆n = cnmχ
m) one

would have ⟨∆n(x)⟩Jχ = cnm ⟨χm(x)⟩Jχ = cnm χ
m, and then the Slavnov-Taylor identity just states

that Γ is invariant under this symmetry. At present, however, the BRST symmetry is non-linear,

e.g. sψ = iωω, etc, and the Slavnov-Taylor identity (4.3) does not tell us that the effective action Γ

is also BRST invariant.
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4.1.2 Zinn-Justin equation

In order to nevertheless exploit the content of the Slavnov-Taylor identity, one uses the trick to also

introduce sources for the “composite” fields ∆n. (This is somewhat similar to what we did when

discussing the renormalization of composite operators and the Callan-Symanzik equations for vertex

functions Γ(n) with l additional insertions of some composite operator like e.g. ϕ2.) To begin with,

one defines

Z[J,K] ≡ eiW [J,K] =

∫
Dχn exp

[
i

∫
d4x (Lnew + χnJn +∆nKn)

]
. (4.4)

The Kn are like additional (position-dependent) coupling constants. In particular,

δRW [J,K]

δKn(x)
= ⟨∆n(x)⟩J,K . (4.5)

Note that the addition of ∆nKn = s(χnKn) amounts just to a modification of the gauge fixing

functional Ψ. In particular, the exponent in (4.4) is still BRST invariant. The effective action

Γ[χ,K] is obtained by performing the Legendre transformation with respect to the sources Jn only,

while keeping these extra couplings Kn:

Γ[χ,K] = W [Jχ,K , K]−
∫

d4xχn(x)Jnχ,K(x) , (4.6)

where Jnχ,K is the solution of
δRW [J,K]

δJn
= χn (4.7)

for given χn. (For obvious notational reasons, we write Jnχ,K rather than (Jn)χ,K .) Note that these

definitions imply on the one hand, that χn and Jn have the same statistics (both bosonic or both

fermionic) and ∆n and Kn also have the same statistics. On the other hand, any field from the first

group (χn or Jn) has opposite statistics from the corresponding field of the second group (∆n or Kn).

Through the usual manipulations one finds from (4.6)

δRΓ[χ,K]

δKn(x)
=
δRW [J,K]

δKn(x)

∣∣∣
J=Jχ,K

+

∫
d4y

δRW [J,K]

δJm(y)

∣∣∣
J=Jχ,K

δRJ
m
χ,K(y)

δKn(x)
−
∫

d4y χm(y)
δRJ

m
χ,K(y)

δKn(x)
. (4.8)

The last two terms cancel by (4.7) while, by (4.5), the first term is just ⟨∆n(x)⟩Jχ,K ,K . Hence

δRΓ[χ,K]

δKn(x)
= ⟨∆n(x)⟩Jχ,K ,K . (4.9)

It is completely straightforward to generalize the Slavnov-Taylor identity to the case where the

additional couplings ∼ ∆nKn are present:∫
d4x ⟨∆n(x)⟩Jχ,K ,K

δLΓ[χ,K]

δχn(x)
= 0 . (4.10)

Using (4.9), we get the Zinn-Justin equation:

∫
d4x

δRΓ[χ,K]

δKn(x)

δLΓ[χ,K]

δχn(x)
= 0 . (4.11)
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4.1.3 Antibracket

The Zinn-Justin equation displays a nice symmetry between the roles of Kn and χn. This is further

emphasized by introducing the notion of antibracket. The antibracket of two (bosonic) functionals24

F [χ,K] and G[χ,K] depending on two sets of arguments χn and Kn having opposite statistics is

defined as

(F,G) =

∫
d4x

(
δRF [χ,K]

δχn(x)

δLG[χ,K]

δKn(x)
− δRF [χ,K]

δKn(x)

δLG[χ,K]

δχn(x)

)
. (4.12)

This is somewhat similar to the definition of the Poisson bracket but, as we will see, it is symmetric

rather than antisymmetric under the exchange of F and G. Since the χn always have the opposite

statistics from the Kn, one of the two functional derivatives in the definition of the antibracket

always yields an anticommuting expression while the other is commuting. Since exchanging a left

with a right derivative yields a minus sign for an anticommuting expression, we can flip left and right

derivatives in either of the two terms in (4.12) provided we include one extra minus sign. Thus

(F,G) =

∫
d4x

(
δRF [χ,K]

δχn(x)

δLG[χ,K]

δKn(x)
+
δLF [χ,K]

δKn(x)

δRG[χ,K]

δχn(x)

)
=

∫
d4x

(
δRF [χ,K]

δχn(x)

δLG[χ,K]

δKn(x)
+
δRG[χ,K]

δχn(x)

δLF [χ,K]

δKn(x)

)
= −

∫
d4x

(
δRG[χ,K]

δKn(x)

δLF [χ,K]

δχn(x)
+
δRF [χ,K]

δKn(x)

δLG[χ,K]

δχn(x)

)
. (4.13)

This shows that the antibracket is symmetric under the interchange of F and G:

(F,G) = (G,F ) . (4.14)

As is obvious from the last line in (4.13), the Zinn-Justin equation (4.11) can then be written as

(Γ,Γ) = 0 . (4.15)

4.1.4 Invariance of the measure under the BRST transformation

Let us now come back to the question of whether the functional integral measure is invariant under

the BRST transformation or not. Clearly, even if the measure is invariant under gauge transfor-

mations, this does not immediately imply invariance under BRST transformations. The reason is

that the latter are non-linear transformations of the fields Aµ, ψ, ψ, ω, ω
∗, h while the former are lin-

ear transformations of Aµ, ψ and ψ only. A further technical complication appears since the BRST

transformation mixes commuting and anticommuting field variables. Nevertheless, we will now show

that the relevant Jacobian equals unity provided the measure for the matter fields alone is gauge

invariant.

24A bosonic functional is a sum of terms each of which contains an even number of anticommuting fields. Hence it
is commuting. Similarly, a fermionic functional is made from terms containing an odd number of anticommuting fields
and hence is anticommuting.
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We want to compute the Jacobian for a change of integration variables of the form χn → χ
′n =

χn + θ∆n ≡ χn + θsχn where χn stands for the various commuting and anticommuting fields and θ

is a single anticommuting parameter satisfying θ2 = 0. Although the ∆n depend non-linearly on the

χr, the fact that θ2 = 0 will simplify the Jacobian enormously. We let

Jnr(x, y) =
δLχ

′n(x)

δχr(y)
= δnr δ

(4)(x− y) +
δL
(
θ∆n(x)

)
δχr(y)

≡ δnr δ
(4)(x− y) +Rn

r(x, y) . (4.16)

Note that R is linear in θ, i.e. R ≡ θR̂, and hence R2 = 0, so that log(1 +R) = R. We can then use

the standard relation between the determinant and the trace of the logarithm to get

Det J = exp
(
Tr log(1+R)

)
= exp

(
TrR

)
= 1 + TrR , (4.17)

where Tr includes a sum over the different field types of functional traces for every field. Now, for

anticommuting χr (i.e. the ghost, antighost or matter fermions), one has δLθ∆
n

δχr = −θ δL∆n

δχr . It follows

that one has

TrR = θ Str R̂ , (4.18)

where Str is a functional “supertrace” which is just an ordinary functional trace but with minus signs

inserted for the anticommuting fields. With obvious notations we have

StrR̂ = Tr R̂A − Tr R̂ψ − Tr R̂ψ + Tr R̂h − Tr R̂ω − Tr R̂ω∗ . (4.19)

Recall that A′
µ = Aµ + θsAµ = Aµ + θ(∂µω − i[Aµ, ω]) so that ∆Aµ = (∂µω − i[Aµ, ω]). Similarly,

∆ω = iωω and ∆ω∗
= −h, as well as ∆ψ = iωψ and ∆h = 0. Obviously then, Tr R̂ω∗ = Tr R̂h = 0.

Also (R̂ω)αβ(x, y) = Cαβγω
γ(x)δ(4)(x − y) so that its trace vanishes (after an appropriate gauge

invariant regularization). Similarly,

(R̂A)
µ
αβν(x, y) =

δ∆µ
α(x)

δAνβ(y)
= δµν Cαβγ ω

γ δ(4)(x− y) . (4.20)

This is again antisymmetric and its trace vanishes (after an appropriate gauge invariant regular-

ization). Actually, this is the same operator as the one we encountered when we discussed the

invariance of the gauge field measure under gauge transformations (except that now ϵ → ω). Ob-

viously, Tr R̂A = 0 is equivalent to the statement that the gauge field measure is gauge invariant.

Finally, one has to study TrRψ and TrRψ. Once more, the vanishing of the trace is equivalent to

the gauge invariance of the matter measure. Although formally this trace vanishes, just as for the

other fields, here we may encounter a problem if it is not possible to regularize the trace in a gauge

invariant way. This is precisely the case for chiral fermions and one has a so-called anomaly as we

will extensively discuss in the next section.

We conclude that in the absence of anomalies (no chiral matter fermions), the full functional

integral measure is indeed invariant under BRST transformations. Moreover, the BRST invariance

of the measure is equivalent to the gauge invariance of the matter measure alone.

Adel Bilal : Advanced Quantum Field Theory 48 Lecture notes - October 5, 2026



4.2 Renormalization of gauge theories theories

4.2.1 The general structure and strategy

As already emphasized, non-abelian gauge theories are renormalizable by power counting. As dis-

cussed in sect. 2, it follows from power counting that there only are finitely many Green-functions

(or equivalently only finitely many 1PI n-point vertex functions Γ(n)) that are divergent with their

superficial degree of divergence being some fixed finite number (independent of the order of pertur-

bation theory). Relying on the BPHZ theorem, we then know that all divergences can be removed by

finitely many local counterterms whose coefficients can be determined order by order in perturbation

theory. However, what this does not tell us is whether the divergent parts of the Green functions or

of the Γ(n) – and hence the corresponding counterterms – share the same symmetries as the original

action. If one needed to add non gauge invariant (or actually non BRST invariant) counterterms at

some order N of perturbation theory to cancel some non-invariant divergence, these non-invariant

counterterms would almost certainly lead to non-invariant contributions at some higher order N ′ > N

of perturbation theory. Thus, when one asks whether a (non-abelian) gauge theory is renormalizable

the question is whether all counterterms share the same symmetries as the original (gauge-fixed)

action, namely the BRST symmetry.

The proof of the renormalizability of non-abelian gauge theories thus amounts to showing that

the divergent parts Γ∞ of the quantum effective action Γ (which generates the 1PI vertex functions

Γ(n)) due to the loops still has the BRST symmetry, or some deformation thereof obtained after

changing the coupling constant and field normalizations. Instead of actually computing the loop

diagrams, we will exploit the algebraic structure coded in the Zinn-Justin equation to show that this

is indeed the case.

As usual, we rewrite the original bare action (including now the extra couplings ∼
∫
∆nKn) in

terms of renormalized fields and coupling constants and masses:

SB[χB, KB] = S[χ,K] = S
(0)
R [χ,K] + Sc.t.[χ,K] , (4.21)

where S
(0)
R has the same form as the original (bare) action but with all masses and couplings equal

to their renormalized values, and Sc.t. are the counterterms, c.f. the general discussion and examples

studied in sections ?? and ??. There are now two ways to rephrase the question of renormalizability

of the non-abelian gauge theories. If one insists that SB is BRST invariant, as well as the “tree-

level” renormalized action S
(0)
R , then the counterterms will also be BRST invariant. The non-trivial

question then is whether these counterterms are enough to cancel all the divergent parts that arise

in any N -loop diagram. Equivalently, we may just begin with the usual BRST invariant S
(0)
R and

compute the divergent parts Γ∞ of Γ and adjust the counterterms Sc.t. order by order in perturbation

theory to cancel these divergent parts. The question then is whether these counterterms are BRST

invariant, i.e. whether the bare action can be BRST invariant.

Actually, there is is slight subtlety here: in the non-abelian case, the gauge and BRST transfor-

mations explicitly depend on the gauge coupling constant (which we have hidden in the generators

tα, respectively in the structure constants). Thus, when one states that some quantity is gauge or
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BRST invariant, one has to specify what is the coupling constant. Now the bare action SB is BRST

invariant using the bare coupling constant, while the renormalized action S
(0)
R should be BRST in-

variant using the renormalized coupling constant. The precise formulation of renormalizability then

is whether we can find counterterms that cancel the divergent part Γ∞ and which equal the differ-

ence of the gB-BRST invariant bare action SB and the gR-BRST invariant action S
(0)
R . Equivalently,

starting from a gR-BRST invariant S
(0)
R , we must show that S

(0)
R − Γ∞ is gB-BRST invariant. In the

sequel, we will call a conterterm or Γ∞ simply “BRST-invariant” if it fulfills this requirement.

In perturbation theory, Γ has an expansion

Γ[χ,K] =
∞∑
N=0

ΓN [χ,K] , Γ0 = S
(0)
R , ΓN = ΓN−loop +

N∑
M=1

Γc.t.,M
(N−M)−loop , (4.22)

where Γc.t.,M
(N−M)−loop is an (N−M)-loop contribution involving “vertices” from lower-order counterterms

of total order M , resulting in a contribution at the same order in perturbation theory as ΓN−loop.

(In QED e.g., the order α2 contributions to the vacuum polarisation correspond to Γµν2 and are given

by the genuine two-loop diagrams (Γµν2−loop), one-loop diagrams with one-loop (order α) counterterms

inserted (Γµν c.t.,1
1−loop ), as well as a new order-α2 counterterm (Γµν c.t.,2

0−loop ).

One can again introduce a loop-counting parameter λ and formally replace S
(0)
R by 1

λ
S
(0)
R . Then an

N -loop term will have a coefficient λN−1, and ΓN−loop will be multiplied by λN−1. We can similarly

assign a factor λM to every counterterm that arises from an M -loop diagram, in addition to an

overall 1
λ
in front of Sc.t.:

1
λ
Sc.t. =

1
λ

∑∞
M=1 λ

MSMc.t.. Then Γc.t.,M
(N−M)−loop will be accompanied by a

factor λN−M−1λM = λN−1. As a result, we see that Γ =
∑∞

N=0 λ
N−1ΓN . Inserting this into the

Zinn-Justin equation (Γ,Γ) = 0 and collecting the coefficients of the λN−2-terms (recall that the

antibracket is symmetric) yields

N∑
N ′=0

(ΓN ′ ,ΓN−N ′) = 0 , N ≥ 0 . (4.23)

We want to show that Γ can be made finite by choosing “BRST-invariant” local counterterms

order by order in perturbation theory. We will show this by induction in N . First, for N = 0 one

has Γ0 = S
(0)
R . Now, S

(0)
R is expressed in terms of the renormalized (finite) parameters (couplings and

masses) and the renormalized fields. Obviously, no counterterms are needed at this order. Suppose

then that all ΓN ′ with N ′ ≤ N − 1 are finite, i.e. we assume that all divergences in ΓN ′−loop have

been cancelled by the contributions
∑N ′

M=1 Γ
c.t.,M
(N ′−M)−loop, induced by appropriately chosen (“BRST-

invariant”) counterterms SMc.t. with M ≤ N ′. This shows that in the sum (4.23) the only terms that

can involve divergences are the terms N ′ = 0 and N ′ = N . Thus, isolating the possibly divergent

parts, eq. (4.23) yields

(S
(0)
R ,ΓN,∞) = 0 . (4.24)

In agreement with our above remark, we can interpret this constraint in two different ways.

• First, we may consider that ΓN contains the N -loop contributions ΓN−loop, the contributions

from lower-order counterterms in loops
∑N−1

M=1 Γ
c.t.,M
(N−M)−loop (the corresponding counterterms are
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“BRST-invariant” by the induction hypothesis) and an order-N counterterm Γc.t.,N
tree . The latter

is taken “BRST invariant” and we must then show that it can indeed cancel the divergent part

from the other contributions. This will be the case if the latter are “BRST invariant”. Since

the counterterm is already supposed to be “BRST invariant”, it is equivalent to show that the

divergent part ΓN,∞ of the full ΓN is “BRST invariant”. (Of course, if this is the case, the

divergent parts just cancel and ΓN,∞ = 0.)

• Second, we may consider that we have not yet included an order-N counterterm Γc.t.,N
tree in the

computation of ΓN which now only contains ΓN−loop and the contributions from lower-order

counterterms in loops
∑N−1

M=1 Γ
c.t.,M
(N−M)−loop. Then, to be able to cancel the divergent part ΓN,∞

of ΓN by an appropriate “BRST invariant” counterterm, we must show that ΓN,∞ is “BRST

invariant”.

We see that, whatever interpretation we adopt, it is necessary and sufficient to show that ΓN,∞ is

“BRST invariant”. This will be done by :

• exploiting the content of (4.24) which we derived from the Zinn-Justin equation,

• using the various linear symmetries25 of the tree-level action S
(0)
R which must be also be sym-

metries of the effective action Γ at every order, i.e. of ΓN , and in particular also of its diverging

part,

• using the fact that ΓN,∞ is a local functional of the fields of dimension less or equal to 4 (here

we rely of course on BPHZ to exclude any trouble with overlapping divergences).

Let us recall that all computations are done in the presence of the extra couplings ∼ ∆nKn, i.e. with

S
(0)
R [χn, Kn] =

∫
(Lnew,R[χ

n] + ∆nKn). Here ∆n = sχn with the BRST-transformation s being the

one involving the same renormalized coupling as appears in S
(0)
R . Let us also insist, that eq. (4.24)

will only tell us something about the diverging part of ΓN , not its finite part.

4.2.2 Constraining the divergent part of Γ

Let us now constrain the divergent part ΓN,∞ of ΓN using dimensional arguments, the linear sym-

metries and equation (4.24). We begin by showing that ΓN,∞ can depend at most linearly on the

various Kn.

Dimensional arguments

The gauge field Aµ has dimension 1, just as scalar matter fields. The fermionic matter fields, ψ and

ψ have dimension 3
2
. The dimensions of the ghost and antighost fields can be read from their kinetic

term (or their propagator). This depends on the choice of gauge-fixing function fα. If fα = ∂µA
µ+. . .,

the ghost Lagrangian is ∼ ω∗∂µD
µω + . . . and dimω∗ + dimω = 2. Since in any ghost-number zero

25These are Lorentz transformations, global gauge transformations, ghost phase transformations related to ghost
number conservation and possibly antighost translations for certain choices of the gauge-fixing function like e.g.
fα = ∂µA

µ
α.
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functional one always has as many ghosts as antighosts it does not matter how we distribute the

2 between the ghost and antighost and we can choose dimω = dimω∗ = 1. As one sees from

sAµ = Dµω, sψ = iωψ, etc, s changes dimensions by dimω = 1. It follows that for any field χn one

has dim∆n = dimχn + 1. Finally, ∆nKn must have dimension 4 so that dimKn = 4− dim∆n. To

summarize:

dimAµ = dimω = dimω∗ = 1 , dimψ = dimψ =
3

2
,

dim∆A = dim∆ω = dim∆ω∗
= 2 , dim∆ψ = dim∆ψ =

5

2
,

dimKA = dimKω = dimKω∗ = 2 , dimKψ = dimKψ =
3

2
. (4.25)

Since the divergent part of Γ must be a local functional of all the fields of at most dimension 4, we

see that it can be at most quadratic in the Kn.

Ghost number conservation

Since Lnew is invariant under global ghost/antighost phase rotations ω → eiαω, ω∗ → e−iαω∗ it

follows that the ghost number is conserved (ω has ghost number +1 and ω∗ ghost number −1). This

will remain true in the presence of the extra couplings ∼ ∆nKn if we assign ghost numbers to the

Kn which are the opposite of the ghost numbers of ∆n. Since ∆n = s χn and s increases the ghost

numbers by one unit, one has ngh∆
n = nghχ

n + 1. Thus

ngh(Aµ) = ngh(ψ) = ngh(ψ) = 0 , ngh(ω) = 1 , ngh(ω
∗) = −1 ,

ngh(∆
A) = ngh(∆

ψ) = ngh(∆
ψ) = 1 , ngh(∆

ω) = 2 , ngh(∆
ω∗
) = 0 ,

ngh(KA) = ngh(Kψ) = ngh(Kψ) = −1 , ngh(Kω) = −2 , ngh(Kω∗) = 0 , . (4.26)

Hence, all Kn have negative or zero ghost number.

Now, ΓN,∞ must have ghost number zero and we have seen above that it can be at most quadratic

in the Kn. Let’s see which quadratic terms could appear. Terms involving two KA, Kω or Kω∗ have

dimension 4 and hence cannot involve any other field. Such terms have negative ghost numbers and

are excluded except for Kω∗Kω∗ . The latter term, however, is excluded since ∆ω∗ ≡ sω∗ = −h is a

linear transformation so that δRΓ
δKω∗

= ⟨∆ω∗⟩ = ∆ω∗ ≡ −h tells us that Γ[χn, Kn] must be linear in

Kω∗ and cannot have a term ∼ Kω∗Kω∗ . Actually, this argument tells us even a bit more: the Kω∗

dependence of Γ[χ,K] must be precisely a term
∫
d4x (−h)Kω∗ . This is just the (finite) term already

present in the tree-level action S
(0)
R [χ,K] and, in particular, the diverging part Γ∞ cannot contain

any term linear in Kω∗ . Similarly, ∆h = sh = 0 and we conclude that Γ∞ cannot contain a term

linear in Kh either.

Next, since the ghost is a Lorentz scalar, all ∆n transform under the same representation of the

Lorentz group as the fields χn and the Kn must transform in such a way that ∆nKn is a Lorentz

scalar. It follows that Kω and Kω∗ are Lorentz scalars, KAµ is a four-vector and Kψ transforms as

the spinor ψ, while Kψ transforms as ψ. Thus a term quadratic in the Kn and involving at least

one Kψ or Kψ must necessarily involve both of them, i.e. be ∼ KψKψ. This expression has ghost
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number −2 and dimension 3. There is no dimension 1 field of ghost number +2 available to make a

dimension 4, ghost number 0 term. Thus we conclude that ΓN,∞ is at most linear in any of the Kn:

ΓN,∞[χ,K] = ΓN,∞[χ] +

∫
d4x ∆̃n

N(x)Kn(x) , (4.27)

with ΓN,∞[χ] ≡ ΓN,∞[χ, 0] =
∫
d4x γN,∞(x) . Similarly, we had for the (tree-level) action

S
(0)
R [χ,K] = S

(0)
R [χ] +

∫
d4x∆n(x)Kn(x) . (4.28)

Just as ∆n is a local expression in the fields χn, the same must be true for the ∆̃n
N . Note also that

the ∆̃n
N must have the same ghost numbers and dimensions as the ∆n. Finally, we have seen above

that ΓN,∞ cannot contain any terms linear in Kω∗ or Kh and we conclude that

∆̃ω∗

N = ∆̃h
N = 0 . (4.29)

Exploiting (S
(0)
R ,ΓN,∞) = 0

In order to get further information on the form of γN,∞(x) and ∆̃n
N(x), we insert (4.27) and (4.28)

into (S
(0)
R [χ,K],ΓN,∞[χ,K]) = 0:

0 =

∫
d4x

(
δRS

(0)
R [χ,K]

δKn(x)

δLΓN,∞[χ,K]

δχn(x)
+
δRΓN,∞[χ,K]

δKn(x)

δLS
(0)
R [χ,K]

δχn(x)

)

=

∫
d4x

{
∆n(x)

(
δLΓN,∞[χ]

δχn(x)
+

∫
d4y

δL∆̃
m
N(y)

δχn(x)
Km(y)

)

+ ∆̃n
N(x)

(
δLS

(0)
R [χ]

δχn(x)
+

∫
d4y

δL∆
m(y)

δχn(x)
Km(y)

)}
. (4.30)

The terms without Km and the coefficients of Km(y) must vanish separately, giving two equations:∫
d4x

(
∆n(x)

δLΓN,∞[χ]

δχn(x)
+ ∆̃n

N(x)
δLS

(0)
R [χ]

δχn(x)

)
= 0 , (4.31)

and ∫
d4x

(
∆n(x)

δL∆̃
m
N(y)

δχn(x)
+ ∆̃n

N(x)
δL∆

m(y)

δχn(x)

)
= 0 . (4.32)

The second equation (4.32) is a set of functional first-order partial linear differential equations for

the ∆̃n
N . Note that these equations do constrain the functional form of the ∆̃n

N but not their overall

normalization. Inserting the solutions ∆̃n
N into the first equation then should determine the functional

form of ΓN,∞[χ]. Note that these two equations (4.31) and (4.32) do not explicitly involve the Kn

anymore. Indeed, all we really want to determine in the end is the form of ΓN,∞[χ] = ΓN,∞[χ, 0]

although, once we know ∆̃n
N(x), we also know ΓN,∞[χ,K] = ΓN,∞[χ, 0] +

∫
∆̃n
N(x)Kn(x).
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To solve these equations in practice, it is useful to give them a more physical interpretation.

Define

Γ
(ϵ)
N [χ] = S

(0)
R [χ] + ϵΓN,∞[χ] and ∆

(ϵ)n
N (x) = ∆n(x) + ϵ ∆̃n

N(x) . (4.33)

Consider the “deformed BRST transformation”

s(ϵ)χn(x) = ∆
(ϵ)n
N (x) . (4.34)

Obviously, for ϵ = 0 this reduces to the ordinary BRST transformation. It is then not difficult to see

that, up to first order in ϵ, Γ
(ϵ)
N [χ] is invariant under this transformation and that this transformation

is nilpotent:

s(ϵ)Γ
(ϵ)
N [χ] = 0 +O(ϵ2) by (4.31) and s(ϵ)s(ϵ)χn = 0 +O(ϵ2) by (4.32) . (4.35)

Deformed BRST symmetry

First note (again) that, since ∆̃n
N couples to Kn in ΓN,∞[χ,K], in the same way as ∆n couples to Kn

in S
(0)
R , both ∆̃n

N and ∆n must have the same ghost numbers, dimensions and Lorentz transformation

properties.

The strategy now is to write the most general nilpotent transformation of the fields that increases

the ghost numbers of the fields by one unit, increases their dimensions by dimω and that is a

deformation of the usual BRST transformation in the sense that it depends on some small parameter

ϵ and reduces to the ordinary BRST transformation in the ϵ → 0 limit. (Of course, nilpotency is

only required up to terms of order ϵ2.) These requirements will turn out to be stringent enough

to show that any such deformed BRST transformation must be identical to the ordinary BRST

transformation, up to changes in the normalization of the fields and a change of the gauge coupling

constant.

It is easy to see that the deformed BRST symmetry must act as

δθψ = iθ ωαTαψ ,

δθAαµ = θ
(
Bαβ ∂µωβ +Dαβγ Aβµωγ

)
,

δθωα = −1

2
θ Eαβγ ωβωγ . (4.36)

(Having the correct ghost number would also allow e.g. a term of the form δψ ∼ iωαωβω
∗
γF

δ
αβγTδψ,

but this is excluded by the argument about the dimensions.) Recall from (4.29) that ∆̃ω∗
N = ∆̃h

N = 0

and, hence, the deformed BRST transformation of ω∗ and h just equals the undeformed one:

δω∗
α = −hα , δhα = 0 . (4.37)

Let us now exploit the nilpotency of these transformations (4.36) and (4.37). First, δθ1δθ2ω = 0

yields EαβγEβδϵ ωδωϵωγ = 0 so that EαβγEβδϵ must vanish after antisymmetrizing in δ, ϵ, γ. i.e. the

Eαβγ satisfy the Jacobi identity and must be the structure constants of some Lie algebra. As ϵ→ 0,
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these are just the Cαβγ and we conclude that this Lie algebra is the same as the original Lie algebra

G and the Eαβγ differ from the Cαβγ just by the normalization:

Eαβγ = Z Cαβγ . (4.38)

(Note that if the Lie algebra is semi-simple one may have a different Zi for every simple factor.) Next,

looking at δθ1δθ2Aµ gives DαβγDβδϵ−DαβϵDβδγ = EβϵγDαδβ = Z CβϵγDαδβ and BαβEβγδ = DαβδBβγ.

The first equation implies that the matrices D̂γ with (D̂γ)αβ = 1
ZDγαβ are the generators of the

adjoint representation of the Lie algebra G, so that

Dαβγ = ZCαβγ . (4.39)

Hence, Dαβγ = Eαβγ and the second condition involving Bαβ just states that the matrix B commutes

with all matrices D̂ and thus is proportional to the unit matrix:

Bαβ = Z N δαβ . (4.40)

(Again, for a semi-simple G we can have a different Ni for every simple factor.) Finally, looking at

δθ1δθ2ψ implies [Tα, Tβ] = iEαβγTγ = iZCαβγTγ and we identify

Tα = Z tα . (4.41)

We conclude that, apart from the new constants Z and N , the deformed BRST symmetry s̃ must

act exactly as the ordinary BRST symmetry s we started with. Let us summarize:

s̃ ψ = iZ ω ψ ,

s̃ Aµ = Z
(
N∂µω − i[Aµ, ω]

)
,

s̃ ω = iZ ω ω

s̃ ω∗ = −h
s̃ h = 0 . (4.42)

We can absorb these new constants by redefining the normalizations of the ghost fields and redefining

the coupling constant (hidden in the Cαβγ) as follows:

ω̃α = Z N ωα , Ãαµ = Aαµ , C̃αβγ =
1

N
Cαβγ . (4.43)

Then the generators are redefined accordingly by t̃α = 1
N tα and thus ω̃ = ω̃αt̃α = Zωαtα = Zω and

Ãµ = 1
NAµ. Furthermore, one can redefine the normalization of ψ by some factor and the one of ω∗

and h by another (common) factor. These latter factors are not yet determined by (4.42). In terms

of the redefined fields and couplings, the deformed BRST transformations (4.42) take exactly the

form of the undeformed ones. In particular, we have

s̃2 = 0 (4.44)

and any gauge invariant functional F [Ãµ, ψ] (with structure constants C̃αβγ) automatically also is s̃

invariant.
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Constructing a Lagrangian invariant under the deformed BRST symmetry : constraining LN,∞

Let us now construct Γ
(ϵ)
N [χ] =

∫
L(ϵ)
N [χ] with a Lagrangian L(ϵ)

N that is invariant under the deformed

BRST transformation s̃. As we have just seen, the latter is the same as the original BRST transfor-

mation – up to changes of normalizations. Hence, our task amounts to constructing the most general

BRST invariant Lagrangian in the redefined fields and couplings. Strictly speaking, we should only

require invariance to first order in the deformation parameter ϵ, but because of the rather rigid alge-

braic structure, this actually results in invariance to all orders in ϵ. Of course, as explained before, we

also require that it is of dimension less or equal to four and invariant under all linear symmetries of

SR, namely Lorentz symmetry, global gauge symmetry, ghost phase rotations (implying total ghost

number zero), and (in most gauges) antighost translations, in which case ω∗ must appear as ∂µω
∗.

Obviously, once we have constrained the form of L(ϵ)
N = Lnew + ϵLN,∞ we also have constrained the

form of the diverging part LN,∞ of LN .
It now follows from the above cohomology theorem applied to s̃ that the most general s̃ invariant

local function is of the form L(ϵ)
N = L′

N [A,ψ]+ s̃Ψ̃ with L′
N [A,ψ] invariant under the gauge symmetry

with the redefined coupling and Ψ̃ of ghost number −1. The additional requirements cited above

imply that L′
N [A,ψ] is of dimension less or equal four, while Ψ̃ must be of dimension less or equal

3 and contain ω∗ only as ∂µω
∗. Taking also into account Lorentz and global gauge invariance, we

arrive at

L(ϵ)
N = −1

4
ZA F̃

µν
α F̃αµν + L̃′

N [ψ, D̃µψ] + s̃

(
−ξ

′

2
ω∗
αhα +

Zω

ZN
∂µω

∗
αA

µ
α

)
= −1

4
ZA F̃

µν
α F̃αµν + L̃′

N [ψ, D̃µψ] +
ξ′

2
hαhα +

Zω

ZN
hα∂µA

µ
α −Zω ∂µω

∗
α

(
D̃µω

)
α
, (4.45)

where

F̃α
µν = ∂µA

α
ν−∂νAαµ+C̃αβγAβµAγν , D̃µψ = ∂µψ−iAaµt̃Rα ψ , (D̃µω)α = ∂µω

α+C̃αβγA
β
µω

γ . (4.46)

This is of the same form as the initial Lnew except for the appearence of the “renormalization

constants” ZA, Zω, a changed coupling via the 1
N in C̃αβγ, as well as further “renormalization

constants” hidden in L̃′
N [ψ, D̃µψ], and the replacement ξ → ξ′. Let us insist that, on the redefined

fields, the deformed BRST symmetry is just a BRST symmetry with a redefined coupling constant

g̃ = g/N , and L(ϵ)
N is invariant under this g̃-BRST symmetry for all ϵ.

4.2.3 Conclusion and remarks

It is enough to recall that L(ϵ)
N = Lnew + ϵLN,∞ to see that the diverging part LN,∞ of LN is “BRST-

invariant” in the sense explained above, i.e. it is the difference of a g̃-BRST and a g-BRST invariant

local term. Since ϵ was arbitrary, the same is true for −LN,∞ which is the required counterterm.

One can now redo the argument order by order in the loop-expansion to see that the sum of all

counterterms up to a given order N is “BRST-invariant” in this sense. Hence we conclude that to

any order in perturbation theory the renormalized action is g-BRST invariant precisely if the bare

action is gB-BRST invariant. Said differently, by appropriately choosing the field renormalization
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constants and coupling constant renormalization we get a finite quantum effective action ΓN at every

order N of perturbation theory.

Let us look more explicitly at the renormalization of the gauge field and of the gauge coupling

constant g. Recall that the latter was included in the Lie algebra generators as tα = g t̂α and

accordingly in the structure constants as Cαβγ = g Ĉαβγ with t̂α and Ĉαβγ the more conventionally

normalized, coupling-independent generators and structure constants. Thus Fα
µν = ∂µA

α
ν − ∂νA

α
µ +

g Ĉ α
βγ A

β
µA

γ
ν , and similarly for Fα

Bµν with AB and gB. If we let

AαBµ =
√
ZA A

α
µ , gB =

√
Zg g , (4.47)

the relation between the bare and renormalized F 2 term is

−1

4
Fα
BµνF

αµν
B = −1

4
Fα
µνF

αµν−1

4
(ZA − 1) (∂µA

α
ν − ∂νA

α
µ)(∂

µAαν − ∂νAαµ)

−1

2
g(
√
ZgZ

3/2
A − 1) (∂µA

α
ν − ∂νA

α
µ)Ĉ

α
βγ A

βµAγν

−1

4
g2(ZgZ

2
A − 1) Ĉ α

βγ A
β
µA

γ
ν Ĉ

α
δϵ A

δµAϵν . (4.48)

To determine only ZA, at a given order, it is enough to compute the two-gauge boson function, i.e.

the vacuum-polarization. However, to determine Zg and hence the renormalization of the coupling

constant, one has to determine two of the three counterterms on the rhs of (4.48) and hence compute

e.g. the vacuum-polarization and the 3-gauge boson vertex function. This is related to the fact that

the bare and renormalized actions have their BRST invariance defined with different couplings. In

an abelian gauge theory like QED, there is no coupling dependence of the BRST symmetry and the

Ward identity implies (ZgZA)abelian = 1 so that we could read the coupling constant renormalization

from the vacuum-polarization. Below, we will discuss a special type of gauge fixing, the so-called

background gauge, where an analogous relation holds also in the non-abelian theory and, hence, it

is enough to compute a single Green’s function to obtain the coupling constant renormalization and

the β-function.

We have used the anti-ghost translation invariance of the so-called ξ-gauges fα = ∂µA
µ
α, and this

is why we get back this form. However, if one uses a gauge-fixing with fα = ∂µA
µ
α + aαβγA

µ
βAβµ

with some global G-tensor aαβγ, there is no ω
∗-translation invariance to enforce the absence of BRST

invariant terms with two ghosts and two anti-ghosts, like e.g. s̃
(
bαβγω

∗
αω

∗
βωγ
)
= −bαβγ

(
2hαω

∗
βωγ +

1
2
ZCγδϵω∗

αω
∗
βωδωϵ

)
. Hence, such terms must be allowed in the action (and counterterms) from the

beginning. However, such terms cannot be obtained from the Faddeev-Popov procedure (which

always gives a ghost term linear in the ghost and linear in the anti-ghost). To get these terms

necessitates a more general Lagrangian Lnew = L[A,ψ] + sΨ[A,ψ, ω, ω∗, h], as already discussed

above.

We can conclude that, as long as we start with a general Lagrangian of this form, with gauge

invariant L of dimension less or equal 4, there is a counterterm available to cancel any divergence at

any loop order, and the theory is renormalizable in the usual sense.

Heavy use was made of the Slavnov-Taylor identity
∫
d4x ⟨s χn⟩ δΓ

δχn = 0 from which the Zinn-

Justin equation was obtained. The derivation of the Slavnov-Taylor identity assumed that

Adel Bilal : Advanced Quantum Field Theory 57 Lecture notes - October 5, 2026



Dχnei
∫
Lnew[χn] is BRST invariant and in particular that DψDAµei

∫
L[A,ψ] is gauge invariant. Now∫

L[A,ψ] is gauge invariant by construction but it may happen that Dψ is not gauge invariant. This

typically shows up at one loop and then (SR,Γ1) ̸= 0. Equivalently, certain one-loop diagrams are

then seen to violate the corresponding Ward identities of covariant current conservation. In this case

the theory is said to be anomalous. Anomalies are the subject of the next chapter. Fortunately, as

we will see, anomalies can only appear for certain gauge groups and only in the presence of chiral

fermions. Moreover, in potentially anomalous theories, by carefully arranging the content of the

chiral matter fermions, the anomalies can be made to cancel. This is the case, in particular, for the

standard model based on the gauge group SU(3)× SU(2)× U(1) with the content of chiral matter

fermions observed in nature.

4.3 Background field gauge

Suppose we can find a gauge-fixing procedure such that the one-loop quantum effective action26

Γ1−loop[a, ψ0, ω0, ω
∗
0] must be gauge invariant under the same transformation as was the tree-level

renormalized action S
(0)
R , i.e. δaαµ = ∂µϵ

α + g Ĉ α
βγ a

β
µϵ
γ and δψ0 = ig ϵα t̂Rα ψ0, as well as some

appropriate transformations for ω0 and ω∗
0. Then necessarily we have

S
(0)
R [A, . . .] + S1−loop

c.t. [A, . . .] + . . . = −1

4
Fα
µνF

αµν − 1

4
(ZA − 1)Fα

µνF
αµν + . . . = −1

4
ZAF

α
µνF

αµν + . . . .

(4.49)

On the other hand, this must be the bare action. Comparing with (4.48), we see that then ZgZA = 1

and, hence, gB = (ZA)
−1/2g. Since the one-loop β-function is given by the coefficient of 1

ϵ
in the

expression of gB in terms of g, we then find that27

β1−loop = −1

2
g ×

(
coeff of

1

ϵ
in ZA

)
. (4.50)

This will allow us to extract the one-loop β-function from the computation of the single coefficient

of the F 2-term in Γ1−loop.

The quantum effective action Γ[a, ψ0, ψ̄0, ω0, ω
∗
0] was defined before in terms of the Legendre

transformation of the generating functional W of connected Green’s functions which is obtained

from the functional integral of eiS[A,ψ,ω,ω
∗] supplemented with the sources. One can convince oneself

that an alternative definition is provided by

eiΓ[a,ψ0,ψ̄0,ω0,ω∗
0 ] =

∫
1PI

DADψDψ̄DωDω∗eS[a+A,ψ0+ψ,ψ̄0+ψ̄,ω0+ω,ω∗
0+ω

∗] , (4.51)

where, of course, S includes the gauge-fixing and ghost terms, and the subscript “1PI” instruct us

to take into account only 1PI diagrams when diagrammatically evaluating this functional integral.

In practice, this is not too convenient, and for gauge theories comes with a few subtleties. However,

26Although we do not want to compute scattering amplitudes or Green’s functions for external ghosts, nothing
prevents us from computing Γ also with ghost “background fields” ω0 and ω∗

0 .
27To lowest order in perturbation theory gB = (ZA)

−1/2g = (1 + (ZA − 1))−1/2g ≃ (1− 1
2 (ZA − 1))g.
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as long as wee are only interested in 1-loop diagrams – which are always 1PI – this is an effective

prescription to get Γ1−loop.

With this motivation in mind, let us now introduce the background field gauge. We want to find a

gauge-fixing for Aµ such that Γ[a] still is invariant under gauge transformations of the “background”

field aµ.

We introduce two types of gauge transformations: the “background field gauge transformations”

δB and the “quantum field gauge transformations” δg. The background field gauge transformation

is defined to act on the background and quantum fields as follows:

δBaµ = ∂µϵ− i[aµ, ϵ] ≡ DB
µ ϵ ⇔ δBa

α
µ = ∂µϵ

α + Cα
βγa

β
µϵ
γ ,

δBAµ = −i[Aµ, ϵ] ⇔ δBA
α
µ = Cα

βγA
β
µϵ
γ . (4.52)

Thus under this background gauge transformation aµ transforms as a gauge field and Aµ as an adjoint

matter field. Obviously, on the sum of both fields δB acts as an ordinary gauge transformation:

δB(aµ + Aµ) = ∂µϵ− i[aµ + Aµ, ϵ] . (4.53)

Similarly, the action on the matter quantum and background fields is defined as

δBψ0 = iϵαtRα ψ0 , δBψ = iϵαtRα ψ ⇒ δB(ψ0 + ψ) = iϵαtRα (ψ0 + ψ) , (4.54)

and for the ghost fields

δBω
α
0 = Cα

βγω
β
0 ϵ
γ , δBω

α = Cα
βγω

βϵγ ⇒ δB(ω
α
0 + ωα) = Cα

βγ(ω
β
0 + ωβ)ϵγ , (4.55)

and idem for the antighost fields. On the other hand, the quantum field gauge transformations δg

should not act on the background fields and will be defined such that they do act as standard gauge

transformations on the sums aµ + Aµ and ψ0 + ψ. Thus

δgaµ = δgψ0 = δgω0 = δgω
∗
0 = 0 , (4.56)

and

δgAµ = ∂µϵ− i[aµ + Aµ, ϵ] ⇒ δg(aµ + Aµ) = ∂µϵ− i[aµ + Aµ, ϵ]

δgψ = iϵαtRα (ψ0 + ψ) ⇒ δg(ψ0 + ψ) = iϵαtRα (ψ0 + ψ) . (4.57)

In order to compute the one-loop quantum effective action as the functional integral (??) one has

to choose a gauge-fixing function fα in the action S. The choice for the background field gauge is

fα = (DB
µA

µ)α ≡ ∂µA
µ
α + Cαβγa

β
µA

γµ . (4.58)

Note that this is a generalization of the standard gauge fixing function to a non-vanishing background

field aµ. It is an appropriate choice for the present purpose, since DB
µ is covariant under δB and thus

DB
µA

µ transforms as Aµ under δB :

δBfα = Cαβγf
βϵγ ⇒ δB(fαfα) = 0 , (4.59)
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and we see that the gauge-fixing term is invariant under the background gauge transformations δB.

On the other hand, if fα is to fix the gauge in the functional integral, it better be not invariant under

the quantum field gauge transformations δg. Indeed, we have

δgfα = δg(D
B
µA

µ)α = (DB
µ δgA

µ)α = (DB
µD

µ
Bϵ)α − i(DB

µ [A
µ, ϵ])α , (4.60)

from which we read the corresponding ghost Lagrangian

Lgh[aµ, Aµ, ω, ω
∗] = −

(
DB
µ ω

∗)
α

(
Dµ
Bω − [Aµ, ω]

)
α
. (4.61)

Since ω, ω∗ and Aµ transform as adjoint matter fields under δB, and since DB
µ is covariant with

respect to δB, we conclude that this ghost Lagrangian is invariant under the background field gauge

transformations, δBLgh = 0. Since also ω0 and ω∗
0 transform as adjoint matter fields under δB, the

same remains true if one replaces ω by ω0 + ω and ω∗ by ω∗
0 + ω∗:

δBLgh[aµ, Aµ, ω0 + ω, ω∗
0 + ω∗] = 0 , (4.62)

so that finally

δBLmod[aµ, Aµ, ψ0 + ψ, ω0 + ω, ω∗
0 + ω∗] = 0 , Lmod = L − 1

2ξ
fαfα + Lgh . (4.63)

Note that L[a + A,ψ0 + ψ] = −1
4
Fµν [a + A]F µν [a + A] + Lmatter[a + A,ψ0 + ψ] with Fµν [a + A] =

Fµν [a] +DB
µAν −DB

ν Aµ − i[Aµ, Aν ].

Our goal was to determine Γ[aµ, . . .] as
∫
1PI

DA . . . exp
(
i
∫
Lmod(a + A, . . .)

)
. We see that due

to the gauge fixing and ghost terms, Lnew does not only depend on the sum a + A but on a and A

separately. It is then not obvious any more that this does generate all 1PI diagrams. However, if

we restrict ourselves to the one-loop quantum effective action, things are simpler and the separate

dependence on a and A of the gauge-fixing and ghost terms does not cause any trouble. Since Lmod

is invariant under the background gauge transformations δB, as is also the measure DADψDωDω∗

(excluding anomalies), it is then obvious that Γ1−loop[a, ψ0, . . .] must also be invariant under these

transformations:

δBΓ1−loop[a, ψ0, . . .] = 0 . (4.64)

But the background gauge transformations act on the background fields just as ordinary gauge

transformations (in particular with the same normalisation of g aαµ t̂α as explained at the beginning

of this subsection). Then eq. (4.49) must hold, and hence ZgZA = 1 so that we can use (4.50) to

compute the one-loop β-function.

4.4 One-loop β-functions for Yang-Mills and supersymmetric Yang-Mills
theories

To extract the one-loop β-function we need to compute the coefficient of 1
ϵ
in ZA in the background

field gauge. (ZA − 1) is the coefficient of −1
4
F 2 in the counterterm. Hence we need the coefficient

of 1
ϵ
in front of the −1

4
F 2 piece of the counterterm. To extract this term, we may simply consider

a constant background gauge field aµ and all other background fields vanishing. In particular then,

Fα
µν(a) = Cα

βγa
β
µa

γ
ν .
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4.4.1 β-function for Yang-Mills theory

As explained above, to compute the one-loop contribution to Γ[a] we have to identify the part in∫
Lmod[a,A, ψ, ω, ω

∗] that is quadratic in the quantum fields A,ψ, ω, ω∗. In particular,

Fµν [a + A]F µν [a + A]
∣∣
A2−part

= (DB
µAν − DB

ν Aµ)(D
µ
BA

ν − Dν
BA

µ) − 2Fµν [a] [A
µ, Aν ]. The expan-

sion of Lmod then yields∫
Lmod[a,A, ψ, ω, ω

∗]
∣∣
quadratic part

=

∫
d4xd4y

(
− 1

2
Aαµ(x)DA

xαµ,yβν [a]A
βν(y)

−ψ̄k(x)Dψ
xk,yl[a]ψl(y)− ω∗α(x)Dω

xα,yβ[a]ω
β(y)

)
, (4.65)

where

Dω
xα,yβ[a] =

(
− δαγ

∂

∂xµ
− Cαδγ a

δ
µ(x)

)(
− δγβ

∂

∂yµ
+ Cγϵβ a

µ
ϵ (y)

)
δ(4)(x− y) , (4.66)

or, using a matrix notation with aadjµ = aδµt
adj
δ and the generators of the adjoint representation given

in (3.6),

Dω
x,y[a] =

(
− ∂

∂xµ
+ i aadjµ (x)

)(
− ∂

∂yµ
− i aµadj(y)

)
δ(4)(x− y) . (4.67)

Similarly, one has

Dψ
x,y[a] =

(
− γµ

∂

∂yµ
− iγµaRµ (y) +m

)
δ(4)(x− y) , (4.68)

and

DA
xµ,yν [a] =

{
ηµν
(
− ∂

∂xρ
+ i aadjρ (x)

)(
− ∂

∂yρ
− i aρadj(y)

)
−
(
− ∂

∂xν
+ i aadjν (x)

)(
− ∂

∂yµ
− i aadjµ (y)

)
−iF adj

µν [a] +
1

ξ

(
− ∂

∂xµ
+ i aadjµ (x)

)(
− ∂

∂yν
− i aadjν (y)

)}
δ(4)(x− y) . (4.69)

Then

iΓ1−loop[a] = −1

2
Tr logDA[a] + Tr logDψ[a] + Tr logDω[a] . (4.70)

These traces are evaluated as usual. We will sketch the computation for Tr logDω[a], the others

being similar.

Since we will only consider constant fields aµ it it most convenient to Fourier transform. One has in
general Dx,y ≡ ⟨x| D |y⟩ and hence

⟨p| D |q⟩ =
∫

d4x d4y ⟨p|x⟩ ⟨x| D |y⟩ ⟨y| q⟩ = 1

(2π)4

∫
d4x d4y e−ipx ⟨x| D |y⟩ eiqy . (4.71)

With a Dx,y of the form Dx,y = f(− ∂
∂xµ ) g(−

∂
∂yµ

) δ(4)(x− y) this yields

⟨p| D |q⟩ =
1

(2π)4

∫
d4x d4y e−ipx

[
f(− ∂

∂xµ
) g(− ∂

∂yµ
) δ(4)(x− y)

]
eiqy =

1

(2π)4

∫
d4x ei(q−p)xf(−ip) g(iq)

= f(−ip) g(ip) δ(4)(p− q) ≡M(p) δ(4)(p− q) . (4.72)

Hence ⟨p| D2 |q⟩ =
∫
d4k ⟨p| D |k⟩ ⟨k| D |q⟩ = M2(p) δ(4)(p − q), and similarly for any power n and any

function of D, and thus

Tr logD =

∫
d4p ⟨p| tr logD |p⟩ =

∫
d4p δ(4)(p− p) tr logM(p) . (4.73)
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Of course, δ(4)(p−p) arises because we work with constant fields and it has to be interpreted as
∫

d4x
(2π)4

eix(p−p) =
1

(2π)4

∫
d4x. Our M(p) are all of the form M(p) = M0(p) +M1(p) +M2(p) with iM0(p) being the inverse

propagator for the given field and M1 and M2 are linear and bilinear in the background fields aµ. One has

tr logM = tr logM0+ tr log
(
1+M−1

0 (M1+M2)
)
= tr logM0+ tr

∞∑
n=1

(−)n−1

n

(
M−1

0 (M1+M2)
)n
. (4.74)

We need to pick out the quartic term in aµ:

tr logM
∣∣
a4

= −1

2
tr
(
M−1

0 M2

)2
+ tr

(
M−1

0 M1

)2
M−1

0 M2 −
1

4
tr
(
M−1

0 M1

)4
. (4.75)

Since −iM−1
0 is just the propagator this expansion generates the relevant one-loop Feynman diagrams

with 4 external (background) gauge fields aµ attached. There are vertices with one and vertices with two
gauge fields, corresponding to M1 and M2. Obviously, one could have evaluated these diagrams directly
using the appropriate Feynman rules. The present alternative computation has the advantage of giving all
combinatorial factors in a straightforward way.

Obviously, the Dω[a] corresponds to the ghost loop and the above expression gives

Tr logDω[a] =

∫
d4x

∫
d4p

(2π)4
tr logMω(p) ,

Mω(p) =
(
− ipµ + i aadjµ

)(
ipµ − i aµadj

)
= pµp

µ − 2pµaadjµ + aadjµ aµadj . (4.76)

We read off Mω
0 (p) = pµp

µ, Mω
1 (p) = −2pµaadjµ and Mω

2 (p) = aadjµ aµadj and (4.75) then gives∫
d4p

(2π)4
tr logMω

∣∣
a4

=

∫
d4p

(2π)4

(
− 1

2

tr aλa
λ aσa

σ

(p2 − iϵ)2
+ 4

tr pµa
µ pνa

ν aλa
λ

(p2 − iϵ)3
− 4

tr (pµa
µ)4

(p2 − iϵ)4

)
, (4.77)

where all the aµ are in the adjoint representation although we did not write it explicitly. Since all aµ are
constant, corresponding to vanishing external momenta, the loop integrals are particularly simple. Using
dimensional regularization (d = 4− ϵ) and introducing an IR regulator µ, we have28

I ≡
∫

ddp

(2π)4
1

(p2 + µ2 − iϵ)2
=

i

16π2
(πµ2)−ϵ/2

(
2

ϵ
− γ +O(ϵ)

)
Iµν ≡

∫
ddp

(2π)4
pµpν

(p2 + µ2 − iϵ)3
=

1

4
ηµν I

Iµνρσ ≡
∫

ddp

(2π)4
pµpνpρpσ

(p2 + µ2 − iϵ)4
=

1

24

(
ηµνηρσ + ηµρηνσ + ηµσηνρ

)
I . (4.78)

Thus∫
d4p

(2π)4
tr logMω

∣∣
a4

= I
(
− 1

2
tr aλa

λ aσa
σ + ηµν tr a

µ aν aλa
λ − 1

6

(
ηµνηρσ + ηµρηνσ + ηµσηνρ

)
tr aµaνaρaσ

)
=

1

6
I
(
tr aλa

λ aσa
σ − tr aλaσ a

λaσ
)
= −1

6
I
(
tr aλaσ a

λaσ − tr aσaλa
λ aσ

)
. (4.79)

Recall that for constant aµ in the adjoint representation one has tr adjFµνF
µν = tr adj(−i)[aµ, aν ](−i)[aµ, aν ] =

−2 tr adj
(
aµaνa

µaν − aµaνa
νaµ
)
, so that finally

Tr logDω[a] =

∫
d4x

1

12
I tr adjFµνF

µν . (4.80)

28Note that when computing Iµν one replaces pµpν by 1
dηµνp

2. The remaining scalar integral yields d
4I so that

Iµν = 1
4ηµνI and not 1

dηµνI as one might have naively expected. Similarly for Iµνρσ.
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The evaluation of Tr logDA[a] is very similar, except that the tensorial structure is a bit more complicated.

In the final result, the 1
12 is replaced by a −5

3 . The matter determinant Tr logDψ[a] depends on the mass

of the fermions. However, the structure of the divergence is mass independent, i.e. the term ∼ 1
ϵ does not

depend on the mass, and if our only purpose is to compute the β-function we can just as well neglect the

fermion mass.

In the limit where the fermion masses can be neglected, the three traces are:

Tr logDA|a4−piece = I

∫
d4x

(
−5

3
tr adjFµνF

µν

)
Tr logDω|a4−piece = I

∫
d4x

(
1

12
tr adjFµνF

µν

)
Tr logDψ|a4−piece = I

∫
d4x

(
−1

3
trRFµνF

µν

)
, (4.81)

where (µ is an IR regulator) I =
∫

ddp
(2π)4

1
(p2+µ2−iϵ)2 = i

8π2

(
1
ϵ
+ finite

)
. If we let

tr adj tαtβ = g2C1 δαβ , trR tαtβ = g2C2 δαβ , (4.82)

we get

Γdiv
1−loop[a] = − g2

2π2

1

ϵ

(
5

6
C1 +

1

12
C1 −

1

3
C2

)∫
d4x

(
−1

4
Fα
µνF

αµν

)
, (4.83)

and, hence

ZA|div1−loop = +
g2

2π2

1

ϵ

(
11

12
C1 −

1

3
C2

)
(4.84)

Finally, according to (4.50), we read off the one-loop β-function as

β1−loop = − g3

4π2

(
11

12
C1 −

1

3
C2

)
, (4.85)

which is negative as long as C2 <
11
4
C1, i.e. as long as there are not “too many” matter fields.

Of course, this is a famous result. For example, if the gauge group is SU(N) and the matter

representation R is the defining “vector” representation N , one has C1 = N and C2 = 1
2
. For nf

flavours of quarks in the N -representation one has C2 =
nf

2
. Thus

β
SU(N)−QCD with nf flavours of quarks

1−loop = − g3

4π2

(
11

12
N − nf

6

)
, (4.86)

Standard QCD with gauge group SU(3) could accommodate as many as nf = 16 flavours of quarks

and still remain asymptotically free. Recall from our earlier discussion that the relevant β-function

at a given scale µ is the one that corresponds to the number of flavours of quarks having masses

(well) below µ. Any quarks having masses (well) above µ do not contribute at this scale. Let us

write βnf
(g) = −βnf

0
g3

16π2 and also use α(µ) = g2(µ)
4π

. As shown before, the running of g(µ) is such

that

Λnf
= µ exp

(
− 8π2

β
nf

0 g2(µ)

)
= µ exp

(
− 2π

β
nf

0 α(µ)

)
(4.87)
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does not depend on µ. It is the RG-invariant mass scale characterizing the strength of the interaction.

More precisely, it is independent of µ as long as µ does not come close to any of the quark masses

and the effective number of flavours does not change. Since the running of the coupling below mnf+1

is well approximated by βnf
and above mnf+1 by βnf+1, matching the coupling at µ = mnf+1 leads

to the RG scale matching condition

(
Λnf

mnf+1

)βnf
0

=

(
Λnf+1

mnf+1

)βnf+1

0

. (4.88)

It is useful to isolate the contributions of the various fields to the one-loop β-function. There are

3 basic contributions: the gauge and ghost fields, spin-1
2
matter fields and scalar matter fields. We

already have computed the first two types of contribution, while the contribution of a complex scalar

matter field can be obtained from the one of the ghost fields. Indeed, the ghosts are (anticommuting)

scalars in the adjoint representation and with the obvious changes we get (Cadj ≡ C1 and CR ≡ C2)

βgauge and ghost
1−loop = − g3

4π2

11

12
Cadj

βDirac fermion in R
1−loop = − g3

4π2

(
−1

3
CR

)
βcomplex scalar in R
1−loop = − g3

4π2

(
− 1

12
CR

)
. (4.89)

Note that we considered standard Dirac fermions. If one considers instead chiral (Weyl) fermions or

Majorana fermions, one has to divide the corresponding matter contribution by a factor of 2.

4.4.2 β-functions in supersymmetric gauge theories

In supersymmetric theories the fields are part of supersymmetry multiplets and thus the field content

is subject to important constraints. We will now show that this leads to simpler expressions for the

one-loop β-functions.

N = 1 :

In gauge theories with the minimal amount of supersymmetry, so called unextended supersymmetry,

often referred to as N = 1 supersymmetry, the gauge fields have a corresponding partner, called

the gaugino field, which is a spin-1
2
Majorana fermion λα(x), also in the adjoint representation

and also massless. More precisely, the boson-fermion correspondence holds for physical states, so

that the Majorana fermion field is the partner of the gauge and ghost fields. Together they form

the gauge or vector multiplet. The matter fields are organized in so-called chiral multiplets, each

multiplet consisting of a Majorana fermion ψ(x) and a complex scalar ϕ(x), both fields in the same

representation R of the gauge group. Since a Dirac field is equivalent to two Majorana fields, the

β-function of a Majorana fermion is half that of a Dirac fermion. Hence, βgaugino
1−loop = g3

4π2
1
6
Cadj, so that

βvector multiplet
1−loop = βgauge and ghost and gaugino

1−loop = − g3

4π2

3

4
Cadj . (4.90)
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Similarly, for a chiral multiplet

βchiral multiplet
1−loop =

1

2
βDirac fermion in R
1−loop + βcomplex scalar in R

1−loop = − g3

4π2

(
−1

4
CR

)
. (4.91)

Obviously then, in an N = 1 supersymmetric gauge theory with nC,i chiral multiplets in the repre-

sentation Ri:

β
N=1 with nC,i in Ri

1−loop = − g3

4π2

(
3

4
Cadj −

1

4

∑
i

nC,iCRi

)
. (4.92)

Note that such a theory with 3 chiral multiplets in the adjoint representation has a vanishing one-

loop β-function. With appropriate masses and couplings, this theory actually has an extended

supersymmetry.

N = 2 :

In N = 2 extended supersymmetric gauge theory the N = 1 multiplets are grouped into larger

N = 2 multiplets. Thus the N = 2 vector or gauge multiplet consists of the N = 1 vector multiplet

together with a massless N = 1 chiral multiplet in the adjoint representation. Hence

βN=2 vector multiplet
1−loop − g3

4π2

1

2
Cadj . (4.93)

N = 2 matter multiplets are so-called hypermultiplets which consist of two N = 1 chiral multiplets:

βN=2 hypermultiplet
1−loop = − g3

4π2

(
−1

2
CR

)
, (4.94)

so that an N = 2 theory with nH,i hypermultiplets in representations Ri has its one-loop β-function

given by

β
N=2 with nH,i in Ri

1−loop = − g3

4π2

(
1

2
Cadj −

1

2

∑
i

nC,iCRi

)
. (4.95)

Again, we see that the special theory with a single adjoint hypermultiplet has a vanishing one-loop

β-function.

N = 4 :

The maximally extended (global) supersymmetry is N = 4 extended supersymmetric gauge theory.

It has a single N = 4 multiplet consisting of an N = 2 vector and a massless N = 2 adjoint

hypermultiplet. As just noted, this theory has a vanishing one-loop β-function:

βN=4
1−loop = 0 . (4.96)
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Part II : Anomalies in QFT

This part, as well as most of Sect. 1 above, are reprinted from Ada Cubukcu and Adel Bilal “A

pedagogical Introduction to Anomalies in Quantum Field Theory”, arXiv:2609.28835 [hep-th].

5 Overview

An anomaly is the breaking of a classical symmetry by quantum effects. This was first observed in

1969 as a non-conservation of the axial-vector current by Adler [1] and Jackiw and Johnson [2]. Since

(global) symmetries in quantum mechanics impose selection rules, the breaking of such a symmetry

implies that forbidden transitions actually become allowed. It was quickly realized that this current

non-conservation provided an explanation for the observed disintegration rate of the neutral pion

into two photons [3]. While tree-level Feynman diagrams essentially only reflect classical physics,

typically quantum effects show up in loop diagrams. In particular, the current non-conservation is

seen by explicitly computing a certain one-loop diagram with three vertices (triangle diagram). It

has been shown by Adler and Bardeen that there are no higher-loop corrections to this anomaly

[4, 5]. This is quite amazing, as it means that one can get an exact expression for this anomaly by

solely computing the one-loop diagram - a rare situation in quantum field theory ! This anomaly is

now referred to as the abelian anomaly or the Adler-Bardeen-Jackiw (ABJ) anomaly.

But anomalies also occur for local symmetries such as gauge symmetries in (abelian or non-

abelian) gauge theories, as well as in quantum field theories on curved space-times, where they

manifest themselves as a lack of general covariance or of local Lorentz symmetry (gravitational

anomalies). A very nice overview is given in the first 5 chapters of a classical paper by Alvarez-

Gaumé and Witten [6]. These anomalies again show up in one-loop diagrams in the presence of

chiral fermions, and are often referred to as chiral anomalies (although “gauge anomalies” would

be a more fitting name). A rather detailed discussion of these anomalies can be found in many

places, including [7]-[13], as well as [14].29 Again, only one-loop diagrams contribute to the anomaly,

although there are different such diagrams that are anomalous (triangle, box).30 However, the form

of the anomaly is constrained by the so-called Wess-Zumino consistency condition [15] which relates

the contributions of the different diagrams, so that only an explicit computation of the triangle is

necessary.

The Wess-Zumino consistency condition is very conveniently reformulated as the anomaly being

the BRST variation of the effective action and, hence, it is BRST closed. The freedom to add

local counterterms to the classical action appears as the possibility to add BRST-exact terms to the

anomaly. Relevant anomalies then appear as BRST cohomology classes at ghost number one. These

cohomology classes are related by the descent equations [16] to certain characteristic classes in two

more dimensions. The latter uniquely characterize the anomaly. This provides an intriguing link

with index theorems for the Dirac operator [17], as spelled out in [18], which is particularly useful

when discussing gravitational anomalies in higher dimensions.

29Although reference [14] by one of the authors has inspired several parts of these notes, the present introduction
to anomalies is written in a different spirit : it is meant to be at the same time more concise and more self-contained,
omitting certain aspects and emphasizing others.

30The same is true for the abelian anomaly.
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Contrary to anomalies in global symmetries, an anomaly of a local (gauge) symmetry is a real

problem, as it would eventually ruin the renormalizability [19], unitarity and/or Lorentz invariance

of the theory. (Similar remarks apply to gravitational anomalies.) Luckily, not all gauge groups lead

to anomalies [20], and when they do, different chiral fermions contribute additively to the anomaly.

Thus with the right combination of chiral fermions it may happen that the individual anomalies cancel

and the total anomaly vanishes. This is precisely the case in the standard model of particle physics

as was first shown by Bouchiat, Iliopoulos and Meyer [21], as well as in several prominent higher-

dimensional theories that appear as low-energy limits of certain superstring theories [22], such as the

ten-dimensional type I supergravity coupled to super Yang-Mills theory for specific gauge groups, or

type IIB supergravity in 10 dimensions.

6 Various manifestations of an anomaly

In this section, we will give a brief overview of how an anomaly can arise and how it can manifest

itself. We begin by recalling Noether’s theorem that asserts the existence of a classically conserved

current for any symmetry of the classical action, and derive the conservation of the corresponding

quantum current in the functional integral formalism. This conservation is seen to hold provided

the functional integration measure also is invariant. Said differently, this shows that an anomaly can

arise from a non-trivial transformation of the integration measure. We will explicitly compute this

anomaly for chiral transformations (involving γ5) of Dirac fermions, and more specifically see how it

arises from the regularization process of the determinant of the Jacobian. Secondly, we will derive the

anomalous Ward identities (also called Slavnov-Taylor identities) that are identities between n-point

functions and the anomaly. This will allow us below, in Sect. 4, to do an explicit Feynman diagram

computation of different anomalies. We will also look at anomalies under gauge transformations

and how the (covariant) non-conservation of the gauge current is related to the non-invariance of

an appropriately defined effective action, with this non-invariance again related to the anomalous

transformation of the functional integration measure. We will mostly follow [14, 7]. In the next

section, we will also explicitly see how the anomaly arises in the computation of Feynman diagrams

when one cannot regularize a divergent Feynman diagram in a way that respects all the symmetries.

6.1 Noether’s theorem and a Ward identity

Noether’s theorem states that to any global symmetry of a classical field theory corresponds a clas-

sically conserved current. Let us give the proof for a relativistically invariant field theory described

by an action S =
∫
d4xL(x) with L(x) a scalar density. Recall that the classical field equations are

the Euler-Lagrange equations obtained from requiring stationarity of the action : under arbitrary

variations δψ of the fields ψ (subject to the boundary condition of vanishing at infinity) one has

δS = 0 if the fields satisfy the Euler-Lagrange equations. Assume now that the action is invariant,

i.e. δS = 0, under some infinitesimal variation ψ(x) → ψ(x) + ∆ψ(x) where ∆ψ(x) = ϵF(ψ(x)),

for constant infinitesimal ϵ. Then, for non-constant ϵ(x) there will be a non-vanishing variation of S

that must involve the derivatives of ϵ and thus be of the form δS = −
∫
d4x jµ(x)∂µϵ(x) with some
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four-vector jµ(x). Upon integrating by parts, this is

δS =

∫
d4x

(
∂µj

µ(x)
)
ϵ(x) . (6.1)

In general, this has no reason to vanish. But if the fields satisfy the Euler-Lagrange equations then,

as just explained, one must have δS = 0. Since ϵ(x) is arbitrary, this implies that jµ is a conserved

current :

∂µj
µ(x)

∣∣∣
field equations

= 0 . (6.2)

In the quantum theory, there will be a corresponding (quantum) current operator Jµ(x). (This

is not to be confused with the source fields of the generating functionals Z[J ].) The question then is

whether this quantum current is still conserved. More precisely, one needs to check whether ∂µJ
µ(x)

vanishes as an operator, which means that all time-ordered vacuum expectation values of products

of operators Oj(Ψ(yj)) and a factor ∂µJ
µ(x) should vanish :

⟨vac, out|T{∂µJµ(x)
∏
j

Oj(Ψ(yj))} |vac, in⟩ = 0 . (6.3)

If this is not the case, one has an anomaly. Note that (6.3) is not the same as the statement
∂
∂xµ

⟨vac, out|T{Jµ(x)
∏
Oj(yj)} |vac, in⟩ = 0, since the time-ordering involves various θ(x0 − y0j )

and θ(y0j − x0) and their time derivatives generate δ(x0 − y0j ) times (equal-time) commutators of J0

and the corresponding Oj. Thus generically, if (6.3) holds, one has

∂

∂xµ
⟨vac, out|T

{
Jµ(x)

∏
j

Oj(Ψ(yj))
}
|vac, in⟩

=
∑
j

δ(x0 − y0j ) ⟨vac, out|T
{
[J0(x), Oj(Ψ(yj))]

∏
k ̸=j

Ok(Ψ(yk))
}
|vac, in⟩ , (6.4)

which is called a Ward identity. If there is an additional anomalous term on the right-hand side

of this equation, i.e. if ∂µJ
µ ̸= 0 and (6.3) does not hold, then the analogue of (6.4) is called an

anomalous Ward identity.

Let us show how the non-conservation of the quantum current is related in the functional integral

formalism to the non-invariance of the functional integral measure. Consider the same transformation

of the fields as before, such that δS is given by (6.1), and assume furthermore that the operators

Oj(Ψ(yj)), or rather their classical counterparts Oj(ψ(yj)), are invariant. We then assume that the

measure transforms as

Dψ′ = Dψ eiÂ , (6.5)

with some possibly non-trivial Jacobian factor eiÂ. Since Â vanishes for ϵ = 0, and since ϵ is

infinitesimal, Â must be of the form Â =
∫
d4x ϵ(x)A(x). We then proceed by first renaming the

functional integration variables from ψ to ψ′, and then identifying the ψ′ with the transformed fields

ψ + δψ :∫
Dψ

∏
j

Oj(ψ(yj))e
iS(ψ) =

∫
Dψ′

∏
j

Oj(ψ
′(yj))e

iS(ψ′) =

∫
Dψ ei

∫
ϵA
∏
j

Oj(ψ(yj))e
iS(ψ)+i

∫
∂µjµϵ

=

∫
Dψ

(
1 + i

∫
(A+ ∂µj

µ)ϵ
) ∏

j

Oj(ψ(yj))e
iS(ψ) . (6.6)
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In the last expression, the 1 in the parenthesis reproduces the initial expression and, hence, the terms

linear in ϵ(x) must vanish :∫
Dψ

(
A(x) + ∂µj

µ(x)
) ∏

j

Oj(ψ(yj))e
iS(ψ) = 0 . (6.7)

But as we have extensively discussed, the functional integral computes time-ordered vacuum ex-

pectation values of the corresponding products of operators, and this translates into the operator

statement

⟨vac, out|T
{
∂µJ

µ(x)
∏
j

Oj(Ψ(yj))
}
|vac, in⟩ = −⟨vac, out|T

{
A(x)

∏
j

Oj(Ψ(yj))
}
|vac, in⟩ .

(6.8)

The non-vanishing term on the right-hand side will appear as the anomalous contribution on the

right-hand side of the Ward identities (6.4). In any case, it relates the non-conservation of the

quantum current to the anomalous transformation of the functional integral measure.

There is an important subtlety when translating between the functional integral relation (6.7)

and the operator statement (6.8). Indeed, we could have written (6.7) as

∂

∂xµ

∫
Dψ jµ(x)

∏
j

Oj(ψ(yj))e
iS(ψ) = −

∫
DψA(x)

∏
j

Oj(ψ(yj))e
iS(ψ) , (6.9)

with the space-time derivative pulled outside the functional integral. Then the corresponding oper-

ator statement would be

∂

∂xµ
⟨vac, out|T

{
Jµ(x)

∏
j

Oj(Ψ(yj))
}
|vac, in⟩ = −⟨vac, out|T

{
A(x)

∏
j

Oj(Ψ(yj))
}
|vac, in⟩ .

(6.10)

But as discussed above, the difference between (6.8) and (6.10) are the equal-time commutator terms

∼ [J0(x), Oj(Ψ(yj))] which are ∼ δ(4)(x−yj) and are sometimes refered to as contact terms. But the

space-integral of J0 is the corresponding charge operator which generates the transformations of the

Oj(Ψ(yj)) under the symmetry, and [J0(x), Oj(Ψ(yj))] is a local version of this. Our assumption that

the Oj(Ψ(yj)) are invariant under the symmetry amounts to the vanishing of these commutators and,

at present, (6.8) and (6.10) are equivalent. However, if the Oj transform non-trivially, additional

terms will be present and one has to be more careful.31

6.2 Non-invariance of the fermionic measure under chiral transforma-
tions (abelian anomaly)

The first example of anomalies we will study is the so-called abelian anomaly. This anomaly arises

from chiral transformations (i.e. involving γ5) of massless Dirac fermions. More specifically, we

31A related subtlety is that the functional integral representation was derived in Hamiltonian form, and only for
operators not involving the momentum fields could one easily pass to the Lagrangian version of it. One can show that
the Lagrangian version is still valid without modification if there is only one momentum field, but it receives additional
contact term contributions if there are more momentum fields involved. Typically, J0 involves a momentum field, so
one needs to be careful.
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consider the usual matter Lagrangian for a Dirac field ψ coupled to a gauge field Aµ = Aαµtα through

the covariant derivative 32

Lmatter[ψ, ψ̄, A] = −ψ̄(D/+m)ψ = −ψ̄
(
γµ(∂µ − iAαµtα) +m

)
ψ . (6.11)

Recall that our signature is (−+++) and the γµ matrices obey (γ0)† = −γ0, (γi)† = γi and γ†5 = γ5.

The Dirac field ψ is taken to be in some representation R of some Lie group with (hermitian) gener-

ators tα. We want to study quite generally the chiral transformations ψ(x) → ψ′(x) = eiϵ
α(x)tαγ5ψ(x).

Since ψ̄ = ψ†iγ0, and since {γ5, γµ} = 0, one also has ψ̄(x) → ψ̄′(x) = ψ†(x)e−iϵ
α(x)tαγ5iγ0 =

ψ̄(x)eiϵ
α(x)tαγ5 . These transformations are not symmetries of the matter Lagrangian unless (i) ϵ is

constant, (ii) we replace ϵαtα by ϵ t where [t, tα] = 0, and (iii) take m = 0. Then the chiral transfor-

mation ψ → eiϵtγ5ψ is a symmetry of the massless matter Lagrangian 33 with corresponding chiral

Noether current

jµ5 = iψ̄γµγ5tψ . (6.12)

The anomaly we will soon compute means that this chiral current is not conserved in the quantum

theory : ⟨∂µJµ5 ⟩A ̸= 0, where the notation ⟨. . .⟩A is shorthand for ⟨vac, out| (. . .) |vac, out⟩ computed

in the presence of the interaction Lagrangian density iψ̄Aαµtαψ. We will be more precise shortly.

Let us now use the functional integral approach to compute vacuum expectation values of time-

ordered products of operators Oi that involve the matter fields. The computation can then be divided

into two parts: the integration that interests us most is the integration over matter fields. In fact,

this is enough to study anomalies. This is due to the fact that the only matter field - gauge field

coupling we consider here is through the covariant derivative, thus the currents jµα = ∂L/∂Aαµ do not

involve the gauge fields Aαµ. As such, all current correlation functions only involve the matter fields

and one can do the functional integral over these matter fields, keeping the gauge fields fixed. This

is indicated by writing ⟨. . .⟩A, as we have already done above. The functional integration over the

gauge fields can be done in a second step, and only then one has to deal with all the subtleties of

gauge-fixing and adding the Faddeev-Popov ghost fields - but this will not be our focus here.

In the rest of this subsection, we will solely be concerned with the transformation of the func-

tional integral measure for the (Dirac) matter fields ψ and ψ̄. Quite generally, we consider a local

transformation:

ψ(x) → ψ′(x) = U(x)ψ(x) , ψ̄(x) → ψ̄′(x) = ψ̄(x)Ū(x) , Ū(x) = iγ0U †(x)iγ0 , (6.13)

where U(x) is a unitary matrix acting on the indices of the representation of the gauge group and

on the Dirac indices.34 Of course, in order for the matter action to also be invariant, U has to be

constant.

32Note that no gauge coupling constant g explicitly appears. Our convention is that it is included in the gauge-group
generators tα, so that in particular tr tαtβ ∼ g2, and the structure constants are Cαβγ ∼ g.

33As a matter of fact, in order for this transformation to be a classical symmetry, the mass term has to vanish.
Indeed, the invariance comes from the fact that {γ5, γµ} = 0 so that the transformation of ψ and ψ̄ compensate each
other in the ψ̄D/ψ term. Since the mass term doesn’t involve the γµ, the transformation of this term doesn’t cancel
out.

34Other complications arise if ψ and ψ̄ transform under additional representations like flavor symmetry, but we will
not tackle these additional complexities here.
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Let us examine how this transformation affects the fermionic measures Dψ and Dψ̄. Since these

are measures for anticommuting fields, they transform with the inverse Jacobian:

Dψ → Dψ′ = (DetU)−1Dψ , Dψ̄ → Dψ̄′ = (DetU)−1Dψ̄ , (6.14)

where the operators U and Ū are defined by

⟨x| U |y⟩ = U(x) δ(4)(x− y) , ⟨x| Ū |y⟩ = Ū(x) δ(4)(x− y) . (6.15)

Thus, the overall Jacobian is

Dψ′Dψ̄′ = eiÂDψDψ̄ , eiÂ = (DetU)−1(DetU)−1 . (6.16)

6.2.1 Transformation of the measure

a) Non-chiral transformation

Let us first study what happens if the transformation we consider is not chiral, i.e. if U does not

involve γ5. It easy to see that in this case the transformations of Dψ and Dψ̄ cancel each other out.

Indeed, if U is a unitary non-chiral transformation of the form:

U(x) = eiϵ
α(x)tα , with t†α = tα and [γµ, tα] = 0 , (6.17)

one has

Ū(x) = iγ0e−iϵ
α(x)tαiγ0 = e−iϵ

α(x)tα(iγ0)2 = e−iϵ
α(x)tα = U−1(x) (6.18)

Thus, Ū = U−1 which means that the overall measure is invariant:

eiA = (DetU)−1(Det Ū)−1 = (DetU)−1(DetU−1)−1 = 1 . (6.19)

This remains true even after regularization; since both determinants are regularized in the same way,

they still cancel each other. Hence, there is no anomaly.

b) Chiral transformations

On the other hand, if the transformation we consider is chiral, i.e. involves a γ5 matrix, the trans-

formations of Dψ and Dψ̄ do not compensate each other, as we now proceed to show. Consider a

unitary chiral transformation of the form:

U(x) = eiϵ
α(x)tαγ5 , with t†α = tα and [γµ, tα] = 0 . (6.20)

Then, due to the anti-commutativity of γ5 with γ0 one has:

Ū(x) = iγ0e−iϵ
α(x)tαγ5iγ0 = e+iϵ

α(x)tαγ5(iγ0)2 = e+iϵ
α(x)tαγ5 = U(x) , (6.21)

Then also Det Ū = DetU , and the overall fermionic measure transforms as follows:

eiÂ = (DetU)−1(Det Ū)−1 = (DetU)−2 = e−2Tr logU , (6.22)

where we used the operator analogue of the relation detM = e tr logM which is easily proven for any

diagonalizable matrix M . Since the determinant of U no longer cancels out, one now has to compute

it. This is where complexities leading to anomalies arise.
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6.2.2 Defining and computing the determinant

Defining the determinant of an operator in an infinite dimensional space comes with a set of chal-

lenges. Let us begin by identifying what the matrix elements of the powers of U are, which will

allow us to generalize this relation to all Taylor expandable functions. For a local kernel, we have

⟨x| U2 |y⟩ =
∫
d4z ⟨x| U |z⟩ ⟨z| U |y⟩ =

∫
d4z U(x)δ(4)(x − z)U(z)δ(4)(z − y) = U2(x)δ(4)(x − y) =

U2(x)⟨x |y⟩, and similarly for all powers of U . As such, we obtain the generic relation ⟨x| f(U) |y⟩ =
f(U(x)) ⟨x |y⟩, which we can now apply to Tr logU :

Tr logU =

∫
d4x ⟨x| tr log(U) |x⟩ =

∫
d4x δ(4)(x− x) tr log(U(x)) =

∫
d4x δ(4)(0) iϵα(x) tr tαγ5 ,

(6.23)

where Tr is a functional and matrix trace, while tr is only a matrix trace (with respect to the γ

matrices and the gauge representation matrices). This allows us, in turn to obtain the following

formula for the determinant:

(DetU)−2 = e−2Tr logU = ei
∫
d4x ϵα(x)Aα(x) with Aα(x) = −2δ(4)(0) tr tαγ5 , (6.24)

where Aα is called the anomaly function or simply the anomaly.

However, this anomaly function needs to be regularized as it is ill-defined at this stage given that

δ(4)(0) is infinite and that tr γ5tα vanishes.35 The δ(4)(0) = δ(4)(x − x) factor is to be interpreted

through its Fourier transform
∫

d4p
(2π)4

eip(x−y)
∣∣∣
x=y

as a large momentum (UV) divergence. We will then

proceed by using the Fourier transform and regularize the anomaly through a cut-off function which

limits the contribution of larger momenta. To this end, we introduce a smooth cut-off function f

such that f(0) = 1, f(∞) = 0, as well as xf ′(x) = 0 at x = 0 and at x = ∞, like e.g. f(x) = e−x.

The precise reason for these conditions will become clear in the computation of eq. (6.29). We then

rewrite the integral of the anomaly as the limit of a quantity dependent on the regulator Λ:∫
d4x ϵα(x)Aα(x) = −2 lim

Λ→∞
Tr EΛ , where EΛ = ϵα(X̂)γ5tα f

(
− D̂/

2

Λ2

)
, (6.25)

where X̂ is the quantum mechanical position operator and D̂/ denotes the quantum mechanical op-

erator that acts as: ⟨x| D̂/ |χ⟩ = D/ ⟨x |χ⟩. We choose to regulate the integral through D̂/ 2 which is

both gauge and Lorentz invariant. Below, we will further discuss the importance of this choice. Let

us now compute this quantity:

35This is due to the fact that actually the trace over the matrices of the representation and over the Dirac matrices
are taken separately, i.e. tr γ5tα ≡ (trR tRα ) (trDγ5) and trDγ5 = 0.
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Tr EΛ ≡
∫

d4x tr ⟨x| ϵα(X̂)γ5tαf
(
− D/2

Λ2

)
|x⟩ =

∫
d4x ϵα(x)

∫
d4p tr γ5tα ⟨x| f

(
− D̂/

2

Λ2

)
|p⟩ ⟨p |x⟩

=

∫
d4x ϵα(x)

∫
d4p

(2π)4
e−ipx tr γ5tα f

(
− 1

Λ2

[
γµ
( ∂

∂xµ
− iAR

µ (x)
)]2)

eipx

=

∫
d4xϵα(x)

∫
d4p

(2π)4
e−ipx tr γ5tα ϵ

ipxf
(
− 1

Λ2

[
γµ
( ∂

∂xµ
+ ipµ − iAR

µ (x)
)]2)

=

∫
d4x ϵα(x)

∫
d4p

(2π)4
tr γ5tα f

(
− 1

Λ2

[
ip/+D/

]2)
=

∫
d4x ϵα(x) Λ4

∫
d4q

(2π)4
tr γ5tα f

(
−
[
iq/+

D/

Λ

]2)
=

∫
d4x ϵα(x) Λ4

∫
d4q

(2π)4
tr γ5tα f

(
q2 − 2i

qµDµ

Λ
− D/2

Λ2

)
. (6.26)

When going from the second to the third line, we have moved the eipx past the differential operator

f(−D/2/Λ2) which should be thought of as a power series in D/2/Λ2. In doing so, each ∂µ − iAµ(x)

gets replaced by a ∂µ + ipµ − iAµ(x), with the right-most differential operator acting on 1 (which

we did not write explicitly). Also, in the last steps, we set pµ = Λqµ and use that −
[
iq/+ D/

Λ

]2
=

q/2 − i
Λ

(
q/D/+D/ q/

)
− 1

Λ2D/
2 = q2 − 2i

Λ
qµDµ− 1

Λ2D/
2. We then Taylor expand Λ4f around q2. This yields

the following terms

Λ4

(
f(q2) + f ′(q2)

(
− 2i

Λ
qµDµ −

1

Λ2
D/2
)
+

1

2
f ′′(q2)

(
− 2i

Λ
qµDµ −

1

Λ2
D/2
)2

+ . . .

)
, (6.27)

acting on 1. Note that the only term involving Dirac matrices are the powers of D/2. Two elements

then come into play to select the non-vanishing term. First, in order for the Dirac trace involving

γ5 to be non vanishing, the term has to involve at least four γµ, i.e. two factors of D/2, which means

expanding at least to second order. On the other hand, for the term to be non vanishing as we take

the limit Λ → +∞, it has to contain no power of the inverse of Λ greater than four. Thus, the only

term that contributes to limΛ→∞ Tr EΛ is the term of second order: 1
2
f ′′(q2)(−D/2/Λ2)2. i.e.

lim
Λ→∞

Tr EΛ =

∫
d4x ϵα(x)

∫
d4q

(2π)4
1

2
f ′′(q2) tr γ5tα (−D/2)2 . (6.28)

We can easily evaluate this integral after performing a Wick rotation:∫
d4q

(2π)4
1

2
f ′′(q2) =

i

2(2π)4
vol(S3)

∫ ∞

0

dq q3f ′′(q2) =
i

2(2π)4
2π21

2

∫ ∞

0

dξ ξf ′′(ξ)

=
i

32π2

(
ξf ′(ξ)

∣∣∣∞
0
−
∫ ∞

0

dξ f ′(ξ)

)
=

i

32π2
, (6.29)

where we used the special properties of the function f . Furthermore,

D/ 2 = γµγνDµDν =
1

2
{γµ, γν}DµDν +

1

2
[γµ, γν ]DµDν = ηµνDµDν +

1

4
[γµ, γν ][Dµ, Dν ]

= DµDµ −
i

4
[γµ, γν ]Fµν , (6.30)
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where we used that the gauge field strength is defined as Fµν = i[Dµ, Dν ]. Using furthermore

trD γ5γ
µγνγργσ = 4iϵµνρσ , with ϵ0123 = +1 , (6.31)

we get

tr γ5tα (−D/ 2)2 =

(
i

4

)2

trD γ5[γ
µ, γν ][γρ, γσ] trR tαFµνFρσ = −iϵµνρσtrR tαFµνFρσ . (6.32)

Putting everything together we finally obtain limΛ→∞ Tr EΛ = 1
32π2 ϵ

µνρσtrR tαFµνFρσ and hence for

the anomaly function

Aα(x) = − 1

16π2
ϵµνρσtrR tαFµν(x)Fρσ(x) . (6.33)

A remark is in order : The trace over the Hilbert space should be taken with respect to some

basis of square-normalizable, gauge-covariant functions which one could chose to be eigenfunctions of

iD/. Of course, we don’t know this basis explicitly and, instead, we have taken the trace with respect

to the improper, non-normalisable basis of position eigenstates |x⟩. This is not a problem though, as

long as we are only interested in the leading terms for large Λ. However, this might not be correct

for the sub-leading terms.

Let us now specify to the case where tα is replaced by an abelian generator t so that we consider

abelian chiral transformations, in which case the chiral current was classically conserved. Then the

anomaly in the quantum theory is immediately obtained from (6.33) by this replacement :

A(x) = − 1

16π2
ϵµνρσtrR tFµν(x)Fρσ(x) . (6.34)

In view of the Ward identity (6.10), we can conclude that the chiral current non-conservation is given

exactly by (minus) the anomaly function :

∂µ⟨Jµ5 (x)⟩A = −A(x) . (6.35)

At first sight, it may seem a bit strange that the divergence of the chiral current Jµ5 - which

does not depend on the gauge fields - involves the gauge field strength. Of course, this gauge-field

dependence is a quantum effect. Below, we will relate it to a one-loop diagram, and the gauge-field

dependence appears naturally through the matter-gauge field vertices. In our previous computation

the gauge-field dependence is due to our regulator f(−D/2/Λ2) which is made from the gauge-covariant

derivative. Had we used a regulator f(−∂µ∂µ/Λ2) there would be no chiral anomaly, but this regulator

would break the gauge invariance of the theory. The lesson is that an anomaly arises if the regulator

cannot maintain all the classical symmetries, and then one needs to make a choice which symmetries

are more important. Since the gauge symmetry is fundamental for the consistency of the theory the

regulator function must be taken gauge-invariant (if possible).

The computation of the abelian anomaly and the result (6.34) bear a strong resemblance with

the index of the Dirac operator. It is instructive to spell out this relation in more detail, as we will

do in the next subsection. Later-on we will come upon another occurrence of index theorems which

will relate the chiral anomaly in d dimensions to the index of a Dirac operator in d+ 2 dimensions.
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6.2.3 Relation of the abelian anomaly with the index theorem

Let us then briefly explore the relation between the abelian anomaly and the index theorem. Let

us begin by recalling the definition of the abelian anomaly as the limit of the regularized quantity

(6.25) but now with ϵα → ϵ and tα → t :∫
d4x ϵ(x)A(x) = −2 lim

Λ→∞
Tr EΛ , where EΛ = ϵ(X̂)γ5t f

(
− D̂/

2

Λ2

)
. (6.36)

Note that if we set ϵ = t = 1, this relation becomes∫
d4xA(x) = −2 lim

Λ→∞
Tr γ5f(−D̂/

2
/Λ2) . (6.37)

As a matter of fact, we will show that the trace Tr γ5f(−D̂/
2
/Λ2) counts the number of positive

chirality zero-eigenmodes of iD/ minus the number of its negative chirality zero-eigenmodes. This is

called the index of iD/.

This argument is best done in Euclidean signature where iD/ is hermitian. Indeed, in Euclidean

signature, all γµ can be chosen to be hermitian and then, with appropriate boundary conditions,∫
d4xE (iD/χ)†ψ =

∫
d4xE χ

†iD/ψ. Let us now compute the trace in the eigenbasis of iD/. Let then ψn
be an eigenmode of iD/ with eigenvalue λn :

iD/ψn = λnψn. (6.38)

Since D/γ5 = −γ5D/ , we have

iD/(γ5ψn) = −γ5iD/ψn = −γ5λnψn = (−λn)(γ5ψn) , (6.39)

so that γ5ψn is an eigenmode of iD/ with eigenvalue −λn.
Then, if λn ̸= 0, ψn and γ5ψn are both eigenmodes of the hermitian iD/ with different eigenvalues

and, as such they are orthogonal, and in particular linearly independent. It follows that the two

combinations ψ±
n = ψn ± γ5ψn are both non-vanishing. Clearly, ψ±

n are eigenstates of γ5 and have

chirality ±1. However, they are no longer eigenmodes of iD/. Nevertheless, they are still eigenmodes of

(iD/)2 = −D/2 with eigenvalues λ2n. One concludes that ψ+
n contributes +f(λ2n/Λ

2) and ψ−
n contributes

−f(λ2n/Λ2) to Tr γ5f(−D̂/
2
/Λ2), and the sum of their contributions vanishes. Since this holds for all

non-zero modes (λn ̸= 0), only zero-modes possibly give a non-vanishing contribution to this trace.

Consider now the zero-modes, with λn = 0. Then ψn and γ5ψn have the same eigenvalue of iD/

(namely 0) and one no longer can conclude that they are linearly independent. If they are linearly

dependent, i.e. if γ5ψn ∼ ψn, one necessarily has γ5ψn = ±ψn and then ψn has definite chirality.

If they are linearly independent, one can still form the ψ±
n = ψn ± γ5ψn which have definite and

opposite chirality. This shows that within the zero-eigenspace of iD/, we can choose a basis of zero-

modes with definite chirality. However, there is no reason any more to have (only) pairs of opposite

chirality, and the number of positive chirality zero-modes may differ from the number of negative

chirality zero-modes. As already said, this difference is called the index of iD/. Since λn = 0, all these

zero-modes just contribute a ±f(0/Λ2) = ±1 to the trace Tr γ5f(−D̂/
2
/Λ2). Thus (writing D/E to

insist that this is in Euclidean signature)

index(iD/E) = Tr γ5f(−D/2E/Λ
2) , (6.40)
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independently of the value of Λ. Above we have computed this trace in the large Λ limit. As discussed

below (6.33), our computation is reliable only in this limit, and we conclude that the integral of the

abelian anomaly
∫
d4xA(x)

∣∣
t=1

is just (−2) times the quantity (6.40) (in the large Λ limit). In view

of (6.34) we find that

index(iD/E) =
1

32π2

∫
d4xE ϵ

µνρσ
E trR F

E
µν(x)F

E
ρσ(x) . (6.41)

This is a special case of the famous Atiyah-Singer index theorem [17, 26, 27].

6.3 Matter effective action and more Ward identities

In the next section we will do a Feynman diagram computation of one-loop triangle diagrams. In

order to relate these computations to the non-conservation of the currents, we need to derive some

further identities which usually go under the name of (generalized) Ward identities.

As mentioned above, it is useful to consider the partial functional integral done over the matter

fields only :

eiΓ̃[A] =

∫
DψDψ̄ ei

∫
Lmatter[ψ,ψ̄,A] . (6.42)

Integrating over the matter fields only, and not over the gauge fields, avoids all the complications

related to the gauge fixing, Faddeev-Popov determinant and introduction of ghost fields. More

importantly, for the discussion of anomalies under gauge transformations, the Γ̃[A] is the appropriate

object to consider. This Γ̃[A] is some sort of quantum effective action. It is different from - but related

to - the quantum effective action Γ discussed in subsection 1.5. Indeed, the matter Lagrangian

Lmatter[ψ, ψ̄, A] = −ψ̄(D/ +m)ψ is quadratic in ψ and ψ̄ and, at least formally, the integral is given

by the determinant

Det (D/+m) = Det (∂/+m− iA/) = Det
(
(∂/+m)(1− i(∂/+m)−1A/)

)
= Det (∂/+m)Det (1− i(∂/+m)−1A/) = N ×Det (1− i(∂/+m)−1A/) , (6.43)

so that

iΓ̃[A] = logDet (D/+m) = iΓ̃[0]+ Tr log(1−i(∂/+m)−1A/) = iΓ̃[0]+
∑
r≥1

1

r
Tr
(
i(∂/+m)−1A/

)r
. (6.44)

This sum is to be interpreted as a sum of one-loop diagrams with r Dirac propagators −i(∂/+m)−1

and r vertices −γµtα where the Aαµ are attached. These are all 1PI diagrams that contribute to the

full quantum effective action Γ. The full Γ also contains higher-loop diagrams with internal gauge

field propagators that arise when also doing the functional integral over the gauge fields. For our

present purpose, it is enough to work with Γ̃[A] and we simply refer to it as an effective action.

Taking functional derivatives of eiΓ̃[A] with respect to Aαµ will insert into the functional integral

a factor i ∂L
∂Aα

µ
= ijµα where jµα = iψ̄γµtαψ is the “gauge current”. Taking multiple functional deriva-

tives produces multiple insertions of the corresponding currents and then the functional integral

computes the vacuum expectation value of the corresponding product of quantum currents (up to a

normalization constant that we drop) :

δ

δAα1
µ1(x1)

. . .
δ

δAαr
µr (xr)

eiΓ̃[A] = ir ⟨vac, out|T
{
Jµ1α1

(x1) . . . J
µr
αr
(xr)

}
|vac, in⟩A (6.45)
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This same result can also be obtained directly from Dyson’s formula derived in subsection 1.3.2,

without the need to rely on the functional integral. As discussed in subsection 1.4, we get the

connected vacuum expectation value if we take functional derivatives of iΓ̃[A] instead. We may

furthermore set A = 0 in the end :

δ

δAα1
µ1(x1)

. . .
δ

δAαr
µr (xr)

iΓ̃[A]
∣∣∣
A=0

= ir ⟨vac, out|T
{
Jµ1α1

(x1) . . . J
µr
αr
(xr)

}
|vac, in⟩connected . (6.46)

This corresponds exactly to a one-loop diagram with r currents (times i) inserted at the vertices and

Dirac propagators in between. We will compute such diagrams in the next section.

6.3.1 Anomalous Ward identity for the abelian anomaly

We can apply similar manipulations to

∂

∂xµ
⟨Jµ5 (x)⟩A =

∫
DψDψ̄ ∂µjµ5 (x) ei

∫
Lmatter[ψ,ψ̄,A] , (6.47)

which yields 36

δ

δAα1
µ1(x1)

. . .
δ

δAαr
µr (xr)

∂

∂xµ
⟨Jµ5 (x)⟩A = ir

∂

∂xµ
⟨vac, out|T

{
Jµ5 (x) J

µ1
α1
(x1) . . . J

µr
αr
(xr)

}
|vac, in⟩connectedA .

(6.48)

Now use (6.35) to replace ∂µ⟨Jµ5 (x)⟩A by −A(x) and, after taking the functional derivatives, set

A = 0 to get

δ

δAα1
µ1(x1)

. . .
δ

δAαr
µr (xr)

A(x)
∣∣∣
A=0

= −ir ∂

∂xµ
⟨vac, out|T

{
Jµ5 (x) J

µ1
α1
(x1) . . . J

µr
αr
(xr)

}
|vac, in⟩connected .

(6.49)

The abelian anomaly (6.34) contains terms that are quadratic and higher in the gauge fields. Thus

the first non-trivial relation (6.49) is for r = 2 and reads

δ

δAβν (y)

δ

δAγρ(z)
A(x)

∣∣∣
A=0

=
∂

∂xµ
⟨vac, out|T

{
Jµ5 (x) J

ν
β (y)J

ρ
γ (z)

}
|vac, in⟩connected ≡ − ∂

∂xµ
Γµνρ5βγ ,

(6.50)

where iΓµνρ5βγ is exactly the 1PI one-loop triangle diagram with one (abelian) chiral current and two

(non-abelian) non-chiral currents at the vertices.37 This makes the precise relation with the Feynman

diagram computation given in the next section. Using the explicit form (6.34) of A and Fourier

transforming from (x, y, z) to (k, p, q) and factoring the usual (2π)4δ(4)(p+k+q), one can show that

the previous relation is equivalent to

−i(pµ + qµ)Γ
µνρ
5βγ(−p− q, p, q) = − 1

2π2
ϵνρλσpλqσtrR t t(βtγ) . (6.51)

36One might worry whether this is also justified if x coincides with one of the xj . This corresponds exactly to the
possible occurrence of the contact terms that originate from [J0

5 , J
µr
αr

]. But these commutators vanish again, and one
does not need to worry.

37More precisely, there is an insertion of i× J at each vertex, in agreement with the factors ir in (6.48) or (6.49).
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6.3.2 Anomalous Ward identity for the chiral anomaly

Somewhat misleadingly, the name chiral anomaly refers to an anomaly under gauge transformations.

Let us first consider whether Γ̃[A] is gauge invariant. Let A′
µ = Aµ +Dµϵ be the gauge transformed

gauge field. Then

eiΓ̃[A
′] =

∫
DψDψ̄ei

∫
Lmatter[ψ,ψ̄,A′] =

∫
Dψ′Dψ̄′ei

∫
Lmatter[ψ′,ψ̄′,A′] =

∫
DψDψ̄ eiÂ ei

∫
Lmatter[ψ,ψ̄,A] ,

(6.52)

where we first renamed (ψ, ψ̄) into (ψ′, ψ̄′), and then identified them with the gauge transformed

fields (under the same transformation as A′
µ). Lastly, we used the gauge invariance of the matter

Lagrangian and the possibly anomalous transformation of the integration measure. It turns out that

Â =
∫
d4x ϵα(x)Aα(x) only depends on the gauge fields Aµ, and not on ψ or ψ̄, and can be taken

out of the functional integral. Thus Γ̃[A′] = Â+ Γ̃[A], or∫
d4x ϵα(x)Aα(x) = δΓ̃[A] = Γ̃[A′]− Γ̃[A] = Γ̃[A+ δA]− Γ̃[A] =

∫
d4x δAαµ(x)

δΓ̃[A]

δAαµ(x)

=

∫
d4x (Dµϵ(x))

α⟨Jµα(x)⟩A . (6.53)

Thus the anomaly here exactly equals the non-invariance of the effective action Γ̃. Upon integrating

the gauge covariant derivative by parts, we relate again the anomaly to the, now covariant, current

non-conservation :

(Dµ⟨Jµ(x)⟩A)α = −Aα(x) , (6.54)

much analogous to the relation (6.35) for the abelian anomaly. As before, one can take successive

functional derivatives of this relation with respect to the gauge fields. Since now the covariant

derivative also involves the gauge field, there are some extra contributions involving the structure

constants. In particular, taking two functional derivatives with respect to the gauge fields gives [14]

− δ

δAβν (y)

δ

δAγρ(z)
Aα(x)

∣∣∣
A=0

=
∂

∂xµ
Γµνραβγ(x, y, z) +Cαγϵδ

(4)(x− z)Γρνϵβ(x, y) +Cαβϵδ
(4)(x− y)Γνρϵγ (x, z) .

(6.55)

Note that −Γµνραβγ(x, y, z) = ⟨T{Jµα(x)Jνβ (y)Jργ (z)}⟩connected and that, upon taking ∂
∂xµ

one gets

⟨T{∂µJµα(x)Jνβ (y)Jργ (z)}⟩connected, plus two equal-time commutator terms of the form δ(x0 − y0)

×⟨T{[J0
α(x), J

ν
β (y)]J

ρ
γ (z)}⟩connected. The latter are non-vanishing at present, and will exactly can-

cel the two terms in (6.55) involving the structure constants, thus showing that the anomaly “is

contained” in ∂µJ
µ
α .

In any case, (6.55) shows that the computation of the triangle diagram Γµνραβγ with a gauge current

at each vertex will allow us to obtain the part of the anomaly that is bilinear in the gauge fields.

(The Γρνϵβ are vacuum-polarization type 2-point functions.) Again, we will present this computation

in the next section.
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7 Computing the triangle diagrams

This section focuses on the Feynman diagram computation of the two anomalies we have discussed :

the abelian anomaly under chiral transformations and the chiral anomaly which is an anomaly under

gauge transformations in the presence of chiral fermions. As we have shown in the previous section

via the anomalous Ward identities, these anomalies manifest themselves in one-loop triangle Feynman

diagrams.

Firstly, we will compute the triangle diagram with one chiral current and two non-chiral gauge

currents at the vertices. This will allow us to confirm exactly the relation (6.51), which in turn

confirms the form and precise coefficient of the abelian anomaly (6.33) (or at least of the part that is

bilinear in the gauge fields). Secondly, we will tackle the triangle diagram for chiral fermions coupled

to non-abelian gauge fields. This corresponds to computing the terms on the right-hand side of the

anomalous Ward identity (6.55), and hence will establish the form and coefficient of the part of the

chiral (gauge) anomaly that is bilinear in the gauge fields. We will explain later-on how the higher

order terms are determined by the Wess-Zumino consistency condition.

We will see throughout this section how anomalies originate in the impossibility to regulate the

one-loop triangle diagrams in a way that manifestly preserves all the symmetries we would like to

preserve. In particular, due to the prominent presence of the γ5 matrix, dimensional regularization

is not available. We will instead rely on Pauli-Villars regularization and will pay special attention to

where the anomalies arise. The computations follow closely those in [14], see also [7].

7.1 Computations for the abelian anomaly

Let us then compute the so-called AVV triangle diagram, with one axial current and two vector

currents and rederive the non-conservation of the axial current. We will carry out our computations

in a slightly more general, non-abelian setting, thus replacing jµ5 = iψ̄γµγ5tψ with

jµ5α = iψ̄γµγ5tαψ , (7.1)

and compute the vertex function Γ µνρ
5αβγ. In the end, we substitute back tα → t to get the abelian

anomaly.

5k

k+p

k−q

k

k+q

k−p

αα

p

q

−p−q
j

j γ

jν
β

µ

ρ

5

p

q

−p−q
j

j γ

jν
β

µ

ρ

Figure 5: The two triangle diagrams contributing to the abelian anomaly

As shown in Fig. 5, there are two diagrams contributing to Γ µνρ
5αβγ, corresponding to the two

ways to contract the fermion fields contained in the currents. The vertices contribute i(2π)4 ×
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iγµγ5tα = −(2π)4γµγ5tα and −(2π)4γνtβ, resp. −(2π)4γρtγ, while the fermion loop contributes

an extra minus sign. Recall also that a propagator for a fermion of momentum k and mass m is
−i

(2π)4
1

ik/+m−iϵ =
−i

(2π)4
−ik/+m

k2+m2−iϵ . Of course, here the fermions are massless. The different factors of (2π)4

cancel between the vertices and propagators, but there is one factor (2π)4 left since the Feynman

diagrams compute 38 i(2π)4Γ µνρ
5αβγ. Then

iΓ µνρ
5αβγ(−p− q, p, q)

= −
∫

d4k

(2π)4
tr
[
(−γµγ5tα)(−i)

−i(k/+ p/)

(k + p)2 − iϵ
(−γνtβ)(−i)

−ik/
k2 − iϵ

(−γρtγ)(−i)
−i(k/− q/)

(k − q)2 − iϵ

]
+{(p, ν, β) ↔ (q, ρ, γ)} . (7.2)

Let us focus on the first term, which we denote iΓ
(I)µνρ
5αβγ (−p−q, p, q) and which corresponds to the left

diagram. The second term then is simply obtained through the permutations {(p, ν, β) ↔ (q, ρ, γ)}.
Simplifying the numerical factors and signs,39 and specifying the trace, this yields:

Γ
(I)µνρ
5αβγ (−p− q, p, q) = −i

∫
d4k

(2π)4
trD

[
γ5γ

µ (k/+ p/)

(k + p)2 − iϵ
γν

k/

k2 − iϵ
γρ

(k/− q/)

(k − q)2 − iϵ

]
trR tαtβtγ . (7.3)

For large loop-momentum k the integrand behaves as ∼ d4k k−3 and the integral is linearly divergent.

Again, the presence of γ5 prevents us from using dimensional regularization. As such, we revert to

Pauli-Villars regularization, which consists of adding an artificial term with “fermions” of mass M

and opposite statistics. Since it follows opposite statistics, the minus sign due to the fermion loop

is not there and this term appears with an opposite sign. It should be noted that if the integral

(7.3) had been convergent, the contribution of the regulator fields would have vanished as M → ∞,

as expected. However, since the integral is divergent, this translates into an M -dependence of the

regularized integral. The regularized Γ
(I)µνρ
5αβγ can be expressed as:

Γ
(I)µνρ
5αβγ (−p− q, p, q)

∣∣∣
reg

= i

∫
d4k

(2π)4

(
JµνρM (k, p, q)− Jµνρ0 (k, p, q)

)
trR tαtβtγ, (7.4)

where (m = 0 or m =M)

Jµνρm (k, p, q) = trD

[
γ5γ

µ k/+ p/+ im

(k + p)2 +m2 − iϵ
γν

k/+ im

k2 +m2 − iϵ
γρ

k/− q/+ im

(k − q)2 +m2 − iϵ

]
. (7.5)

For a finite value of M , (7.4) is a convergent well-defined integral. As previously discussed, the

Lagrangian for massive regulator Dirac fields lacks the chiral symmetry, and this is why an anomaly

is found in the end. We are only interested in (pµ + qµ)Γ
µνρ
5αβγ(−p − q, p, q)

∣∣∣
reg

and, hence, we only

need to compute (pµ + qµ)J
µνρ
m (k, p, q). Rewriting:

γ5(p/+ q/) = γ5(p/+ k/− im) + (k/− q/− im)γ5 + 2imγ5 , (7.6)

38More precisely, we should take external momenta p, q and k and then the Feynman diagrams compute
i(2π)4δ(4)(k + p + q)Γ µνρ

5αβγ(k, p, q). The (2π)4δ(4)(k + p + q) arises upon Fourier transforming Γ µνρ
5αβγ(x, y, z). But

as usual, we “factorize” and drop the overall δ(4)(k + p+ q) on both sides of the equation (7.2). We could have made
similar remarks when we computed the vacuum polarization in (1.48).

39Note that we have anticommuted the γ5 with the γµ, resulting in another minus sign.
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and using the cyclicity of the trace, certain terms cancel out between the numerator and denominator,

and we end up with:

(pµ + qµ)J
µνρ
m (k, p, q) =

trDγ5γ
ν(k/+ im)γρ(k/− q/+ im)

[k2 +m2 − iϵ][(k − q)2 +m2 − iϵ]
+

trDγ5(k/+ p/+ im)γν(k/+ im)γρ

[(k + p)2 +m2 − iϵ][k2 +m2 − iϵ]

+ 2im
trDγ5(k/+ p/+ im)γν(k/+ im)γρ(k/− q/+ im)

[(k + p)2 +m2 − iϵ][k2 +m2 − iϵ][(k − q)2 +m2 − iϵ]
. (7.7)

For the Dirac trace involving γ5 to be non vanishing, it should involve at least four γµ. Thus, the

only non-vanishing contribution to the first term comes from trDγ5γ
νk/γρ(k/ − q/) = 4iϵνλρσkλ(−qσ).

Then, when computing the regularized integral
∫
d4k, the kλ necessarily gets replaced by a four-

vector proportional to qλ, which is the only available one in this expression. When contracted with

ϵνλρσqσ this vanishes. Similarly, the second term in (7.7) only involves k and p and, after integration

over d4k, yields a contribution ∼ ϵλνσρpλpσ = 0. Hence, only the third term in (7.7) will contribute

and, since trDγ5(k/+ p/+ im)γν(k/+ im)γρ(k/− q/+ im) = 4mϵνρλσpλqσ, we have∫
d4k (pµ + qµ)J

µνρ
m (k, p, q) =

∫
d4k

8im2 ϵνρλσpλqσ
[(k + p)2 +m2 − iϵ][k2 +m2 − iϵ][(k − q)2 +m2 − iϵ]

. (7.8)

This term vanishes for m = 0, i.e. in (pµ + qµ)J
µνρ
0 , making it seem that the anomalous contribution

solely comes from the regulator term. However, it should be noted that the first two terms in (7.7)

only vanish after integration if we consider convergent integrals, and thus the combination J0 − JM .

This is reassuring as it shows that the anomaly is not an artifact. Using (7.8) and (7.4) we arrive at

−i(pµ + qµ)
[
Γ
(I)µνρ
5αβγ (−p− q, p, q)

]
reg

= 8iM2 ϵνρλσpλqσ J(p, q,M) trR tαtβtγ , (7.9)

with

J(p, q,M) =

∫
d4k

(2π)4
1

[(k + p)2 +M2 − iϵ][k2 +M2 − iϵ][(k − q)2 +M2 − iϵ]
. (7.10)

The regulator M should be taken to ∞ in the end, so we only need the asymptotics of this integral

for large M which is easily obtained by letting k =M l:

J(p, q,M) ∼ 1

M2

∫
d4l

(2π)4
1

[l2 + 1− iϵ]3
=

i

32π2M2
, (7.11)

where the i comes from the Wick rotation.40 Hence, we get a finite limit for M2J(p, q,M) as

we remove the regulator (M → ∞). Adding the contribution from the second diagram with the

appropriate permutations results in

−i(pµ + qµ)Γ
µνρ
5αβγ(−p− q, p, q) = − 1

2π2
ϵνρλσpλqσ trR tαt(βtγ) . (7.12)

Upon setting tα = t, this exactly reproduces the result (6.51), confirming once more that in the

quantum theory the axial current Jµ5 is not conserved.

40One has
∫

d4l
(2π)4

1
[l2+1−iϵ]3 = i

∫
d4lE
(2π)4

1
[l2E+1]3

= i
(2π)4 2π

2
∫∞
0
l3dl 1

[l2+1]3 = i
8π2

1
2

∫∞
0

dξ ξ
(ξ+1)3 = i

32π2 .
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At this stage, it is important to assess if this truly is a problem. In the present case, the anomaly

is a mere indicator that the (anomalous) global chiral symmetry ψ → eiϵγ5ψ is broken by a quantum

effect. This means that certain selection rules no longer hold and otherwise forbidden (or suppressed)

processes may occur. As previously mentioned, this precisely explains the observed disintegration

rate π0 → γγ. On the other hand, anomalies become problematic if they break gauge-invariance.

In non-abelian gauge theories, vector currents couple to gauge fields and their non-conservation

thus becomes a serious issue. Let us check that the vector currents are conserved. Because of the

symmetry under exchange of (p, ν, β) and (q, ρ, γ), it is enough to probe one of them and compute

pν

[
Γ µνρ
5αβγ(−p− q, p, q)

]
reg
. But now pνJ

µνρ
m (k, p, q) contains(

k/+ p/+ im
)
p/
(
k/+ im) =

(
k/+ p/+ im

)[(
p/+ k/− im

)
−
(
k/− im

)](
k/+ im

)
=

[
(k + p)2 +m2

](
k/+ im

)
−
(
p/+ k/+ im

)[
k2 +m2

]
, (7.13)

which now leads to

pνJ
µνρ
M (k, p, q) =

trD γ5γ
µ(k/+ im)γρ(k/− q/+ im)

[k2 +m2 − iϵ][(k − q)2 +m2 − iϵ]
− trD γ5γ

µ(k/+ p/+ im)γρ(k/− q/+ im)

[(k + p)2 +m2 − iϵ][(k − q)2 +m2 − iϵ]
.

(7.14)

As compared to (7.7) the third term is now absent. This difference is due to the absence of γ5 in the

vector current and hence in (7.14). As before, the two terms in (7.14) vanish after integration over

d4k, provided we always consider the convergent combination 41 pν
(
JµνρM (k, p, q)− Jµνρ0 (k, p, q)

)
. We

conclude that

pν Γ
µνρ
5αβγ(−p− q, p, q) = qρ Γ

µνρ
5αβγ(−p− q, p, q) = 0 . (7.15)

7.2 Computations for the chiral anomaly

7.2.1 Chiral fermions

Let us begin by going over some facts about chiral fermions. Chirality projectors 42 PL and PR are

defined as:

PL =
1 + γ5

2
, PR =

1− γ5
2

. (7.16)

Denoting H the Hilbert space of all fermions, these projectors define the supplementary subspaces

of left- and right-handed fermions, respectively HL and HR. Left-handed and right-handed fermions

are thus defined as follows:

ψL = PL ψ , ψR = PR ψ , ψ = ψL + ψR . (7.17)

The projected fields ψL and ψR are eigenstates of the chirality matrix γ5:

γ5ψL = ψL , PLψL = ψL , PRψL = 0

γ5ψR = −ψR , PRψR = ψR , PLψR = 0 . (7.18)

41For the first term the argument is exactly as before. For the second term, since the integral is convergent, we may
shift k → k+ q and then the integral can only depend on p+ q and there is no way to get a non-vanishing result when
contracting with the ϵ-tensor.

42There does not seem to be a unique choice of conventions used in the literature about what is called left-handed
and right-handed. It would be better to talk about positive and negative chirality. But even then, the definitions used
for γ5 often differ by a sign. However, as long as we stick to one set of conventions, observable quantities will not
depend on which one is chosen. Here, we follow the same conventions as [7, 14].
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ψL has positive chirality and ψR has negative chirality.

Since γ†5 = γ5 and {γ5, γµ} = 0, the projectors are hermitian and satisfy the following relations:

PLγ
µ = γµPR , PRγ

µ = γµPL , PLPR = PRPL = 0 , PLγ
µPL = 0 (7.19)

ψLPL = 0 , ψLPR = ψL , ψRPR = 0 , ψRPL = ψR . (7.20)

As such,

ψLψL = ψL (PLψL) =
(
ψLPL

)
ψL = 0 , ψRψR =

(
ψRPR

)
ψR = 0 . (7.21)

It follows that a mass term only couples opposite-chirality parts of a fermion,

ψψ = ψLψR + ψRψL , (7.22)

and a chiral fermion (with either ψL = 0 or ψR = 0) cannot have a mass term.43 On the other hand,

PRD/ψL = D/PLψL = D/ψL , PLD/ψR = D/PRψR = D/ψR , (7.23)

so that D/ψL is right-handed and D/ψR is left-handed, and ψLD/ψL and ψRD/ψR are non-vanishing.

7.2.2 Matter Lagrangian for chiral fermions

For a massless right-handed fermion, one can write a gauge-invariant kinetic term in the Lagrangian

as

LRmatter = −ψRD/ψR = −ψ̄D/PRψ . (7.24)

The latter formulation, relying on non-chiral fermion fields and chirality projectors, allows us to

continue using the usual Feynman rules. It follows that the propagators are now simply −i
(2π)4

×PR −ik/
k2−iϵ

and that the vertices are i(2π)4 × (iγµtα)PR.

Taking a closer look at the computation of the triangle diagram, one notices that there is always

a projector PR from a vertex next to a projector PR from a propagator,

. . . (iγµtα)PR PR
−i(k/+ p/)

(k + p)2 − iϵ
. . . = . . . (iγµtα)PR

−i(k/+ p/)

(k + p)2 − iϵ
(7.25)

so that this expression coincides exactly with the expression that would have been obtained if the

vertices had been the same but the propagators were −i
(2π)4

× −ik/
k2−iϵ i.e. without the chirality projector.

These Feynman rules would be obtained from a matter Lagrangian

LR ′

matter = −ψ̄∂/ψ − ψ̄(−iA/)PRψ = −ψ̄∂/PLψ − ψ̄D/PRψ , (7.26)

containing a left- and a right-handed (i.e. a non-chiral) propagating fermion, but only the right-

handed part couples to the gauge field. This asymmetry causes the Lagrangian LR ′
matter to not be

gauge-invariant.

43One can still write a so-called Majorana mass term for chiral fermions, of the form (ψcL)ψL using the charge
conjugate spinor ψcL (which is right-handed). But such terms violate fermion number conservation. Moreover, they
are only compatible with gauge invariance if ψL is in a real representation of the gauge group, and, as we will see, for
real representations the anomaly vanishes.
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In the case of the gauge-invariant Lagrangian (7.24), the origin of the anomaly manifests itself

through the definition of the following functional integral:

eiΓ̃[A] =

∫
DψRDψR e−i

∫
ψRD/ψR ∼ DetR(D/PR) . (7.27)

Since the functional integral is only over right-handed fermions, the corresponding determinant should

be that of the restriction of D/PR to HR. Since D/PR is an operator that maps right-handed fermions

to left-handed fermions, which live in supplementary subspaces of the Hilbert space, this restriction

is not well defined and thus neither is the determinant. As we had seen in subsection 6.2.2, in the

case of the abelian anomaly, the presence of an anomaly can again be related to the ill-definition of

a determinant.

One may instead consider, in Euclidean signature, (D/EPR)
†D/EPR which maps HR to itself and

does have a well-defined and positive determinant. Taking its square root allows to define the modulus

of what we would like to be the determinant of D/PR, but there remains an ambiguity in its phase.

The phase corresponds to the imaginary part of the Euclidean effective action. If this ambiguity

cannot be fixed in a gauge-invariant way one precisely has an anomaly. Thus the anomaly resides in

the imaginary part of the Euclidean effective action. As we will discuss later-on, such an imaginary

part necessarily involves the ϵ-tensor !

7.2.3 Feynman diagram computation of the triangle for chiral fermions

Let us now compute the three-point vertex function Γ µνρ
R,αβγ for a chiral right-handed fermion using

the second formalism, i.e. using ordinary propagators and inserting a chirality projector PR at each

vertex. This is equivalent to computing the expectation value of three right-handed currents, Γ µνρ
R,αβγ =

−⟨T
(
JµRαJ

ν
RβJ

ρ
Rγ

)
⟩ where JµRα = iψ̄γµtαPRψ. There are again two Feynman diagrams as shown in

Fig. 6. The same computations as in the case of the abelian anomaly lead us to the following

γ
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p
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R
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R
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Figure 6: The two triangle diagrams contributing to the non-abelian chiral anomaly

expression 44:

Γ µνρ
R,αβγ(−p− q, p, q) = i

∫
d4k

(2π)4
trD

{
γµPR

(k/+ p/)

(k + p)2 − iϵ
γνPR

k/

k2 − iϵ
γρPR

(k/− q/)

(k − q)2 − iϵ

}
trR tαtβtγ

+ {(p, ν, β) ↔ (q, ρ, γ)} . (7.28)

44The sign difference with respect to (7.3) is only due to the fact that in (7.3) we have anti-commuted the γ5 to the
left of the γµ.
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We will, once more, regularize this integral using the Pauli-Villars method. This seems quite counter

intuitive as we had established that it does not make sense to consider a mass term in the case of chiral

fermions. This obstacle is overcome through the alternative formulation (7.26) where we consider

non-chiral fermions and chiral interactions. This allows us to add a mass term to the propagator,

and thus to regularize using the Pauli-Villars method. The origin of the anomaly can then be traced

back to the fact that the Lagrangian (7.26) used is not gauge invariant.

Since Γ µνρ
R,αβγ(−p−q, p, q) has a degree of divergence equal to one it is enough to add one regulator

field of opposite statistics. However, at intermediate steps of the computation, we will encounter

integrals of degree of divergence equal to two and, for this reason, we add one more pair of regulator

fields (one fermionic and one bosonic). We use the notation η1 = η3 = 1 for the fermionic fields, and

η2 = η4 = −1 for the bosonic ones, and denote their masses by Mn where, of course, the original

field has M1 = 0. Then we have

[
Γ µνρ
R,αβγ(−p− q, p, q)

]
reg

= i

∫
d4k

(2π)4

(
4∑

n=1

ηnK
µνρ
Mn

(k, p, q)

)
trR tαtβtγ + {(p, ν, β) ↔ (q, ρ, γ)} ,

(7.29)

with

Kµνρ
M (k, p, q) = trD

[
γµPR

k/+ p/+ iM

(k + p)2 +M2 − iϵ
γνPR

k/+ iM

k2 +M2 − iϵ
γρPR

k/− q/+ iM

(k − q)2 +M2 − iϵ

]
. (7.30)

Let us now simplify this expression using the properties of the chiral projectors. Firstly, due to

the cyclicity of the trace, all mass terms of the numerator appear as

. . . γλPRiMγσPR . . . = . . . γλiMPRPLγ
σ . . . = 0 . (7.31)

Thus, they do not contribute. We can then further simplify this expression using the fact that

P 2
R = PR:

Kµνρ
M (k, p, q) =

trD
(
k/− q/

)
γµ
(
k/+ p/

)
γνk/γρPR

[(k + p)2 +M2 − iϵ][k2 +M2 − iϵ][(k − q)2 +M2 − iϵ]
. (7.32)

Again, we are only interested in (pµ + qµ)K
µνρ
M (k, p, q). Thus we need

trD
(
k/− q/

)(
p/+ q/)

(
k/+ p/

)
γνk/γρPR = trD

(
k/− q/

)(
p/+ k/− k/+ q/)

(
k/+ p/

)
γνk/γρPR

= (k + p)2trD
(
k/− q/

)
γνk/γρPR − (k − q)2trD

(
k/+ p/

)
γνk/γρPR

=
[
(k + p)2 +M2

]
trD
(
k/− q/

)
γνk/γρPR −

[
(k − q)2 +M2]trD

(
k/+ p/

)
γνk/γρPR

+M2 trD
(
p/+ q/

)
γνk/γρPR , (7.33)

which, through cancellations between the numerators and denominators, leads us to:

(pµ + qµ)K
µνρ
M (k, p, q) =

trD
(
k/− q/

)
γνk/γρPR

[k2 +M2 − iϵ][(k − q)2 +M2 − iϵ]
−

trD
(
k/+ p/

)
γνk/γρPR

[(k + p)2 +M2 − iϵ][k2 +M2 − iϵ]

+ M2 trD
(
p/+ q/

)
γνk/γρPR

[(k + p)2 +M2 − iϵ][k2 +M2 − iϵ][(k − q)2 +M2 − iϵ]
. (7.34)

Again, in the first two terms, the γ5 in the projectors PR give vanishing contributions after doing

the integration (since they only involve a single independent momentum), but now the 1 in PR does
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lead to a non-vanishing integral for each of these to terms. Hence,

−i(pµ + qµ)
[
Γ µνρ
R,αβγ(−p− q, p, q)

]
reg

=
(
Lνρ(−q)− Lνρ(p) +

4∑
n=2

ηnM
2
nJ

νρ
Mn

(p, q)
)
trR tαtβtγ

+ {(p, ν, β) ↔ (q, ρ, γ)} , (7.35)

where Lνρ(p) and JνρMn
(p, q) are convergent integrals (at least as long as we keep the regulator masses

M2
N finite), allowing us in particular to shift the integration variables:

Lνρ(p) =
1

2

∫
d4k

(2π)4

4∑
n=1

ηn
trD
(
k/+ p/

)
γνk/γρ

[(k + p)2 +M2
n − iϵ][k2 +M2

n − iϵ]
, (7.36)

and, introducing Feynman parameters,

JνρMn
(p, q) =

∫
d4k

(2π)4
trD
(
p/+ q/

)
γνk/γρPR

[(k + p)2 +M2
n − iϵ][k2 +M2

n − iϵ][(k − q)2 +M2
n − iϵ]

= 2

∫ 1

0

dx

∫ 1−x

0

dy

∫
d4k

(2π)4
trD
(
p/+ q/

)
γνk/γρPR

[(k + xp− yq)2 +M2
n + r(p, q, x, y)− iϵ]3

= 2

∫ 1

0

dx

∫ 1−x

0

dy trD
(
p/+ q/

)
γν
(
yq/− xp/

)
γρPR

∫
d4k′

(2π)4
1

[k′2 +M2
n + r(p, q, x, y)− iϵ]3

,

(7.37)

where we used that the odd power of k′ in the numerator does not contribute, and where r(p, q, x, y) =

x(1− x)p2 + y(1− y)q2 +2xy pq. We only need the large Mn limits of M2
nJ

νρ
Mn

(p, q). They are all the

same, (cf (7.11))

lim
Mn→∞

M2
nJ

νρ
Mn

(p, q) = 2

∫ 1

0

dx

∫ 1−x

0

dy trD
(
p/+ q/

)
γν
(
yq/− xp/

)
γρPR × i

32π2

=
i

16π2

1

6
trD
(
p/+ q/

)
γν
(
q/− p/

)
γρPR

=
i

24π2

[
qνqρ − pνpρ +

p2 − q2

2
ηνρ − iϵλνσρpλqσ

]
. (7.38)

We have mentioned above in subsection 7.2.2 (and explicitly observed for the abelian anomaly)

that the anomaly is given by the terms involving ϵνρλσ. The Lνρ(p) and Lνρ(−q) do not give rise

to any such terms. But we know from the (anomalous) Ward identity (6.55) that these additional

pieces without ϵ-tensor are present. They correspond to the two terms in (6.55) that involve the

structure constants 45 Cαγϵ and Cαβϵ. They are essentially vacuum-polarization diagrams, similar to

the one computed above in QED. Just as the latter, they require the addition of a counterterm to

yield a finite limit as the regulator masses are taken to infinity. We will not discuss this any further

here.

45One easily sees that Lνρ(p) = Lνρ(−p) = Lρν(p), so that the combination Lνρ(−q)−Lνρ(p) is odd under exchange
of (p, ν) and (q, ρ). The same is true for the terms in (7.38) that do not involve the ϵ-tensor. This means that upon
adding the second diagram, one has trR tαtβtγ → trR tα(tβtγ − tγtβ) = iCβγδ trR tαtδ ∼ Cβγα, and this is how the
structure constants arise from these terms.
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Hence, inserting the ϵλνσρ-terms of (7.38) into (7.35), we can already state the main result of this

section

−i(pµ + qµ)Γ
µνρ
R,αβγ(−p− q, p, q)

∣∣∣
ϵ−terms

=
4∑

n=2

ηn
i

24π2
(−i)ϵλνσρpλqσ trR tαtβtγ + {(p, ν, β) ↔ (q, ρ, γ)}

=
1

12π2
ϵνρλσpλqσD

R
αβγ , (7.39)

where we used
∑4

n=2 ηn = −η0 = −1 and trR tαt(βtγ) ≡ DR
αβγ, (and another sign comes from rear-

ranging the indices on the ϵ-tensor). As compared to the analogous formula (6.51) for the abelian

anomaly where the numerical factor was − 1
2π2 , we now have a factor 1

12π2 . The sign difference and

one factor 1
2
are easily understood as coming from the replacement of γ5 by PR = 1

2
(1 − γ5), but

the presence of the 3 projectors also eliminated all mass terms in the numerator, implying further

differences in the computation.

Using a reasoning similar to what we did for the abelian anomaly, equation (7.39) allows us to

infer the part of the anomaly that is bilinear in the gauge fields :

AR
α (x) =

1

24π2
ϵµνρσtrR tα∂µAν∂ρAσ +O(A3) , (7.40)

where we added a superscript R on Aα(x) to remind us that this anomaly is computed for right-

handed fermions. Note that our computation did not yield the O(A3) contributions to the anomaly.

To determine them one would need to evaluate similarly a four-point function which is given by the

sum of 6 box diagrams. Of course, one only needs to compute one of them, the others correspond

to permutations of the cyclic order of the vertices. Actually, this computation is not needed as the

so-called Wess-Zumino consistency condition, to be discussed in the next section, completely fixes

these higher-order contributions in terms of (7.40). The result is

AR
α (x) =

1

24π2
ϵµνρσtrR tα ∂µ

(
Aν∂ρAσ −

i

4
Aν [Aρ, Aσ]

)
. (7.41)

Note the absence of terms quartic in A, which means that the 5-point function (pentagon diagrams)

is not anomalous. Finally the A3-term can also be rewritten in terms of the symmetrized trace of 3

generators,46 i.e. the DR
abc-symbol :

AR
α (x) =

1

24π2
ϵµνρσ∂µ

(
Aβν∂ρA

γ
σ −

i

4
Aβν [Aρ, Aσ]

γ
)
DR
αβγ . (7.42)

If one does the same computations for a left-handed fermion, the only difference being γ5 → −γ5,
and then obviously the anomaly obtained is exactly the opposite :

AL
α(x) = −AR

α (x) . (7.43)

Obviously also, since a non-chiral fermion is composed of a left-handed and a right-handed fermion,

both in the same representation of the gauge group, there is no anomaly for a non-chiral fermion.

46Note that ϵµνρσ[Aν , [Aρ, Aσ]] vanishes by the Jacobi identity. This allows us to rewrite ϵµνρσtrR tαAν [Aρ, Aσ] =
1
2ϵ
µνρσtrR tα

(
Aν [Aρ, Aσ] + [Aρ, Aσ]Aν

)
= 1

2ϵ
µνρσAβν iC

γ
δϵA

δ
ρA

ϵ
σ trR tα(tβtγ + tγtβ) = ϵµνρσAβν iC

γ
δϵA

δ
ρA

ϵ
σD

R
αβγ .
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8 General characterization and properties of the anomalies

8.1 Group structure

The possibility of having an anomaly is intrinsically linked to the structure of the gauge group. In

fact, if DR
αβγ = trR tαt(βtγ) = strRtαtβtγ vanishes, then so does the chiral anomaly (7.42) . This is the

case when we consider real or pseudo-real representations. Indeed, if the representation R is real, it

is equal to its complex conjugate representation R∗ which is given by exp(iθαtR
∗

α ) =
(
exp(iθαtRα )

)∗
=

exp(−iθα(tRα )∗) = exp(−iθα(tRα )T ). 47 This translates into the following condition on the generators

tR
∗

α = −(tRα )
T and for a real representation tRα = tR

∗
α = −(tRα )

T , while for a pseudo-real one, this

relation reads: tRα = PtR
∗

α P−1 = −P (tRα )TP−1, with some fixed matrix P . As such, for a real or

pseudo-real representation

DR
αβγ = strR tαtβtγ = (−)3strR P (tα)

TP−1P (tβ)
TP−1P (tγ)

TP−1

= −strR t
T
αt
T
β t
T
γ = −strR (tγtβtα)

T = −strR tγtβtα = −strR tαtβtγ = −DR
αβγ , (8.1)

(where P = 1 if the representation is real). This implies that DR
αβγ = 0.

Thus, we cannot have anomalies in (four-dimensional) gauge theories with a gauge group which

only has real and pseudo-real representations. This is the case for many well-known groups such

as SO(4n), n ≥ 2 or SO(2n + 1), n ≥ 1 as well as several others. Yet other groups do have non

(pseudo) real representations, but still with all DR
αβγ vanishing. In fact, the only groups which have

non-vanishing DR
αβγ and can lead to anomalies are SU(n), n ≥ 3, U(1) and product groups involving

these as factors. Note that this argument is specific to 4 mod 4 dimensions where the relevant

D-symbol is the trace of an odd number of generators.

In particular, in the low-energy QFT limit of ten-dimensional superstring theories anomalies will

involve the 6-index Dα1...a6-symbol, which has no reason to vanish for the SO(n) groups.

8.2 Particles or antiparticles

It should be clear that if different chiral particles (fields) are present, one has to add the contributions

of the different one-loop diagrams. As a result, all chiral particles contribute additively to the

anomaly. Since the chiral fermions are massless, their contributions to the anomaly cannot depend on

a mass parameter, but only on the group representation R they are in. As a result, their contribution

to the anomaly is fully captured by the corresponding DR-symbol. Since the fermionic propagator

in the loop is the propagator of the particle and its anti-particle, it is clear that each particle-anti-

particle pair only contributes once. But in four dimensions the antiparticle of a left-handed particle

is right-handed and vice versa, so one might ask whether it is important which one of the pair has

been designated as the particle. We will now show that it does not matter.

Suppose we have a left-handed fermionic particle in some representation RL of the gauge group,

with associated quantum field ψ. Then its antiparticle is described by the charge-conjugated ψc =

iγ0Cψ∗. The charge conjugation matrix C satisfies Cγ∗5 = γ5C so that

γ5ψ
c = γ5iγ

0Cψ∗ = −iγ0C(γ5ψ)∗ = ∓iγ0Cψ∗ = ∓ψc if γ5ψ = ±ψ . (8.2)

47We take the generators to be hermitian.
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We see that indeed, the charge conjugated field has opposite chirality. On the other hand, due to

the complex conjugation, ψc transforms in the complex conjugate representation (RL)
∗. As we have

just seen, the D-symbol for the complex conjugate representation has the opposite sign. So if one

starts out with the anti-particle, one gets one minus sign from having the opposite chirality and

one gets another minus sign from being in the complex conjugate representation, so that overall the

contribution to the anomaly is the same. Again, this argument is correct in 4 mod 4 space-time

dimensions. In 2 mod 4 dimensions the complex conjugate representation has the same D-symbol.

But one also has Cγ∗ = −γC (where γ is the chirality matrix ∼ γ0 . . . γd−1 in d dimensions), so that

particles and anti-particles have the same chirality. Then switching from particles to anti-particles

results in two plus signs rather than two minus signs, and again it does not matter.

Note that in 2, 6, 10, etc dimensions one can have a chiral particle that is its own anti-particle,

usually called a Majorana-Weyl fermion.

8.3 Locality

Let us show that the anomaly is local i.e. that it can be written as
∫
d4x f(x) where f(x) only

depends on the values of the fields and their derivatives at x. In Fourier transform terms, this means

that the anomaly is polynomial in the momenta.

Firstly, it should be underlined that anomalies arise from the regularization of divergent one-loop

diagrams, and that convergent diagrams do not need to be regularized. Secondly, taking a derivative

with respect to external momenta decreases the degree of divergence by one.48

The three-point vertex function has a degree of divergence D = 1, and two derivatives result in a

convergent integral. Then three derivatives of (p1)µ1Γ
µ1...µ3(p1, p2, p3) result in a convergent integral

which doesn’t need regularization and which then cannot have any anomalous part. As such, three

derivatives kill the anomaly meaning that it is a polynomial of degree at most two in the momenta.

This is indeed what we have observed. This argument is general for all anomalous one-loop diagrams

in an arbitrary (even) space-time dimension : If the diagram has degree of divergence D, then

D + 1 derivatives with respect to the external momenta result in a convergent integral that needs

no regularization. As such, D + 2 derivative kill the anomalous contribution to (p1)µ1Γ
µ1...µn which

must be a polynomial of degree D + 1 in the pj.

8.4 How many points necessary for an anomalous diagram?

This observation leads to an interesting constraint on the number of points (vertices) needed to

observe an anomaly for a given space-time dimension d. Firstly, in odd dimensions, one cannot

define a γ5 matrix satisfying the ordinary properties. Thus, there are no anomalies.49 Secondly, let

us consider an even dimensional space-time with d = 2n. The quantity we are interested in is the

contraction of the (m+1)-point vertex function with one of the external momenta, p
(1)
µ1 Γ

µ1...µm+1 , and

48In fact, the derivation yields a sum of terms where one of the internal propagators is replaced by ∂
∂pµ

(
− 1
k/+p/+...

)
=

(k/+p/+...)γµ(k/+p/+...)
[(k+p+...)2]2 . For a one-loop diagram it is easy to see that all terms have their degree of divergence reduced by

one.
49More precisely, there are no anomalies of the kind we discuss here : abelian anomaly, anomaly under gauge

transformations, or anomalies under diffeomorphims / local Lorentz transformations. There are however anomalies
under discrete symmetries like parity [28].
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we expect to find a quantity proportional to the epsilon tensor ϵν1...νd . As just seen, we also expect

the anomaly to be polynomial in the momenta. Thus, we need d−m independent external momenta

that we can contract this quantity with. This means that we need to have d−m ≤ m, i.e. m ≥ n.

Thus, the minimal number of points that can lead to an anomalous one loop diagram is n + 1. In

the case of 4 dimensional spacetime, this is in fact the triangle, as we have extensively discussed. In

6 dimensions the anomaly first shows up in a box diagram, in 8 dimension in the pentagon diagram,

and in 10 dimensions one must compute the hexagon diagram. This requires way more work and

quite a few tricks [6] !

8.5 Finiteness

Both in the case of the abelian and chiral anomaly, the anomalies we computed had finite, i.e. reg-

ulator independent, coefficients. (This was not the case for the non-anomalous part of the triangle

amplitude which required addition of counterterms to cancel their divergent pieces.)

Let us now show why this in fact has to be the case because of locality and dimensionality.

Firstly, the three-point vertex function has a degree of divergence one, which means, per Section 8.3,

that the anomalous part is a polynomial of degree at most two in the external momenta. The most

general form of such a polynomial is the following:

(pµ+qµ)Γ
µνρ
αβγ(−p−q, p, q)

∣∣∣
anom part

= D1
νρλσ
αβγ pλpσ+D2

νρλσ
αβγ qλqσ+D3

νρλσ
αβγ pλqσ+C1

νρλ
αβγpλ+C2

νρλ
αβγqλ+B

νρ
αβγ ,

(8.3)

where D1, D2, D3, C1, C2, B are constant Lorentz tensors independent of momenta. First of all, there

are no constant Lorentz tensors independent of momenta with three indices, so that C1 and C2 must

vanish. Next, we expect the anomaly to be proportional to the epsilon tensor. Thus, D1, D2 and B

have to vanish also, as the associated terms do not respect the required anti-symmetry. All that we

are left with is the term D3
νρλσ
αβγ pλqσ.

Secondly, let us look at how the scaling dimension constrains the tensor D3
νρλσ
αβγ . The three-point

vertex function Γµνραβγ(−p−q, p, q) has a scaling dimension 1 since each fermion propagator contributes

a −1 and the integration contributes a +4. Thus, (pµ+ qµ)Γ
µνρ
αβγ(−p− q, p, q) has a scaling dimension

2, which implies that D3
νρλσ
αβγ has a scaling dimension 0. As it does not involve the momenta (and the

fields are massless), by dimensional considerations, it cannot involve the Pauli-Villars regulator mass

M . This means that the anomaly is necessarily finite, i.e. does not involve regularization-dependent

coefficients.

The same type of argument can also be applied to the box-diagram responsible for the A3-part

of the anomaly Acubic ∼ (pµ + qµ + kµ)Γ
µνρσ
αβγδ(−p− q − k, p, q, k)

∣∣∣
anom part

. This box diagram has one

more fermion propagator and a degree of divergence 0, so that Acubic is a polynomial of degree one.

On the other hand the box diagram has scaling dimension 0, so that Acubic has scaling dimension 1.

Again, the only possible structure is E3
νρσλ
αβγδ(pλ + qλ + kλ) with a dimensionless E3 proportional to

the ϵ-tensor. So this term is also finite.

It is easy to see that these arguments generalize to arbitrary even dimensions : in d = 2n

dimensions, the n + 1 point one-loop diagram has degree of divergence d − (n + 1) = n − 1 so that

kµΓ
µ... is annihilated by n + 1 derivatives and must be a polynomial of degree n in the external

momenta. But this expression has scaling dimension n and contains n momenta, hence the tensor-
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coefficient is dimensionless and independent of any momentum and, again, cannot depend on the

Pauli-Villars regulator mass M . The anomalous higher-point functions are treated similarly. This

proves finiteness of the anomaly in any (even) dimension.

8.6 One-loop exactness

The Adler-Bardeen theorem [4] states that higher loop diagrams do not contribute to the anomaly,

meaning that the one-loop computation we have done here is actually exact to all orders in perturba-

tion theory. The original proof is complicated and well beyond the scope of these notes. Part of the

reasoning is that higher loops necessarily contain bosonic (gauge field) propagators and these can be

regulated in a gauge invariant way, thus effectively regulating the full diagram [6, 7]. The subtlety

here is to show that regulating the gauge boson propagators sufficiently regulates all loop integrals

and that this does not generate any non-gauge invariant (anomalous) terms.

Alternatively, we have argued that anomalies originate from a non-trivial transformation of the

functional integral measure, giving rise to a non-trivial (functional) Jacobian determinant. But

determinants always correspond to one-loop effects. This can be seen e.g. by introducing a loop

counting parameter λ, as we did in subsection 2.5. The determinant cannot contain any λ, so it is

of order λL−1 = λ0, confirming indeed L = 1, i.e. it contributes at the one-loop order only.

Below, we will sketch how the chiral anomaly can be related to the index of an appropriate

extension of the Dirac operator. This shows again that the anomaly is independent of any loop-

counting parameter and must correspond to a one-loop contribution only.

8.7 Relevant and irrelevant anomalies

We have shown that the anomaly is related to the non-invariance of the quantum effective action, see

e.g. (6.53),
∫
d4x ϵα(x)Aα(x) = δϵΓ̃[A]. Obviously also, since the anomaly arises as a one-loop effect,

it is of “higher order” than the classical action. If we re-introduced ℏ as a loop counting parameter,

one would see that the anomaly has an extra ℏ as compared to the classical action. Also, as obvious

from the triangle, it involves 3 gauge coupling constants g (which we have hidden in the generators

and hence in the D-symbol). As such the anomaly is of order g3 where the tree-level couplings are

of order g. We see that the anomaly is of the same order as the counterterms one adds to the action

to cancel possible divergences (in other diagrams). One may then wonder whether it is possible to

add some non gauge-invariant higher-order “counterterm” Ŝct[A] to the classical action such that

δϵŜct = −δϵΓ̃[A]. More precisely, Ŝct[A] would be an order g3 term to be added to the classical action

and then would also appear as an additional term in Γ̃[A] :

Γ̃[A] → Γ̃[A] + Ŝct[A] , δϵ(Γ̃[A] + Ŝct[A]) = 0 . (8.4)

It looks as if one can simply take Ŝct[A] = −Γ̃[A] and get rid of the anomaly. This is of course

not true. In any local quantum field theory, we are only allowed to add local counterterms to the

action, i.e. a space-time integral of a local expression involving only the fields at the point x as well

as a finite number of derivatives acting on these fields. While we have shown that the anomaly

δϵΓ̃[A] is such a local functional, the effective action Γ̃[A] itself is not. To understand this, note that

the anomaly corresponds to (p1)µΓ
µνρ
αβγ(p1, p2, p3) which upon Fourier transforming is ∂

∂xµ
Γµνραβγ(x, y, z).
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On the other hand, the effective action contains the Γµνραβγ itself, and “removing” the derivative with

respect to xµ is not a local operation.

Thus the question is whether or not we can find a local functional of the gauge fields Ŝct[A] such

that its gauge variation cancels the anomaly δϵΓ̃[A]. If we can, the anomaly is called irrelevant

because it can be removed by adding such a counterterm to the classical action. If we cannot, the

anomaly is called relevant :

The anomaly is relevant ⇐⇒ −
∫

d4x ϵα(x)Aα(x) ̸= δϵŜct[A] with Ŝct[A] a local functional.

(8.5)

It is relatively easy to see that the chiral anomaly is a relevant anomaly. The Ŝct[A] would need to give

an additional contribution ∆Γµνραβγ(k, p, q) to the 3-point function that must be of scaling dimension

1, i.e. linear in the external momenta and totally symmetric under exchange of the external legs

(i.e. (k, µ, α) ↔ (p, ν, β) ↔ (q, ρ, γ)). This is usually referred to as the Bose symmetry, since this

∆Γµνραβγ arises from three functional derivatives with respect to the gauge fields which are bosonic

and commute. On the other hand, ∆Γµνραβγ must involve the ϵ-tensor in order to possibly cancel the

anomaly. To cancel the anomaly due to a right-handed fermion, the requirement is that

−i(pµ + qµ)∆Γµνραβγ(−p− q, p, q) = − 1

12π2
ϵνρλσpλqσDαβγ , (8.6)

and similarly (with the opposite sign) for a left-handed fermion. It is easy to see that no such

∆Γµνραβγ(k, p, q) with the required Bose symmetry can exist. We conclude that the chiral anomaly is

indeed relevant.

8.8 Anomaly cancellation

As already mentioned, the contribution of fermions to the gauge anomaly is additive: the total

anomaly is obtained by summing over all chiral species. Furthermore, the structure of the anomaly

is universal and the only model dependence factors in through the group–theoretical factor DR
αβγ,

which depends only on the gauge group and representations R of the fermions.

For a general chiral gauge theory with left-handed fermions in representations RL
i and right-

handed ones in representations RR
j , the anomaly reads:

Aα = − 1

24π2
ϵµνρσ ∂µ

(
Aβν∂ρA

γ
σ −

i

4
Aβν [Aρ, Aσ]

γ
)(∑

i

D
RL

i
αβγ −

∑
j

D
RR

j

αβγ

)
. (8.7)

Breaking of the gauge invariance by anomalies ruins the consistency of the quantum theory. Hence,

gauge invariance at the quantum level requires that the expression (
∑

iD
RL

i
αβγ −

∑
j D

RR
j

αβγ) vanishes,

which is the condition for anomaly cancellation.

In the standard model the gauge group is the product SU(3)×SU(2)×U(1). While we have seen

that SU(2) alone has a vanishing D-symbol, for product groups one can have different generators

appear in the trace of the D-symbol. Since the generators for the different groups act on different

representation spaces, the trace factorizes accordingly. If we call Ta the 8 generators of the SU(3),

tα the 3 generators of SU(2) and q the generator of the U(1) then the different non-vanishing traces

are (within any irreducible reprsentation)

trTaTbTc , tr tαtβq = q tr tαtβ ∼ qδαβ trTaTbq = q trTaTb ∼ qδab , tr qqq = q3 . (8.8)
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For example, tr tαtβq will result form a triangle diagram with two vertices where one could attach

SU(2) gauge bosons and one vertex where a U(1) gauge boson could be attached. q is the U(1)

(hyper) charge of the chiral fermion “circulating” in the loop. The different anomalies corresponding

to the terms in (8.8) are referred to as SU(3)3, SU(2)2 ×U(1), SU(3)2 ×U(1) and U(1)3-anomalies.

For each of these anomalies one must check that they vanish when summed over all chiral fermion

representations (with the signs according to the chirality). Remarkably, in the Standard Model this

condition is satisfied separately within each fermion generation, leading to a non-anomalous gauge

theory. Historically the requirement of anomaly cancellation had let to the prediction of the existence

of the (then still unobserved) charm quark [21].

8.9 Wess-Zumino consistency condition

We have defined the anomaly Aα as the gauge variation of the effective action after integration over

the matter fields:

δϵΓ̃[A] =

∫
ϵα(x)Aα(x) ⇔ Aα(x) = −

(
Dµ

δ

δAµ(x)

)
α
Γ̃[A] . (8.9)

This definition constrains the expression of Aα and leads to a linear equation called the Wess-Zumino

consistency condition. In fact, one can rewrite (8.9) using a functional derivative operator F defined

as:

Fα(x) = −
(
Dµ

δ

δAµ(x)

)
α

= − ∂

∂xµ
δ

δAαµ(x)
− CαδγA

δ
µ(x)

δ

δAγµ(x)
, (8.10)

which yields Aα(x) = Fα(x)Γ̃[A]. Using the Jacobi identity, one can show that this functional

derivative satisfies the following algebra:

[Fα(x),Fβ(y)] = δ(4)(x− y)CαβγFγ(x) , (8.11)

Applying this to the effective action then yields the following relation for the anomaly :

Fα(x)Aβ(y)−Fβ(y)Aα(x) = Cαβγδ
(4)(x− y)Aγ(x). (8.12)

This is Wess-Zumino’s consistency condition [15]. It constrains the form of the anomaly and, since

F mixes terms of different degrees in the gauge fields, it allows us to determine the higher order

(O(A3)) terms that contribute to the anomaly using only the term found in (7.40) from the trian-

gle computation. This will be done in the next section after a reformulation of the Wess-Zumino

consistency condition in terms of the nilpotency of the BRST transformation.

8.10 Reformulation in terms of differential forms

We have seen that the anomalies are intrinsically related to the presence of the γ5-matrix which in

turn implies that the expression of the anomaly involves the ϵµνρσ-tensor. This will allow us to rewrite

the anomaly
∫
d4x ϵaAa as the integral of a differential 4-form. Differential p-forms can be naturally

integrated over p-manifolds, and here the 4-manifold is the (flat) space-time. But the formulation in

terms of differential forms immediately generalizes to curved manifolds. On a curved manifold we

need to distinguish the antisymmetric symbol ϵ̂µνρσ which equals ±1 or 0 and the “true” ϵµνρσ-tensor.
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They are related as ϵ̂µνρσ =
√
−g ϵµνρσ where

√
−g is the square-root of (minus) the determinant of

the space-time metric gµν . Then

dxµ ∧ dxν ∧ dxρ ∧ dxσ = ϵ̂µνρσd4x = ϵµνρσ
√
−g d4x . (8.13)

The gauge field potentials Aµ = Aαµtα are combined into the Lie algebra-valued one forms

A = Aµdx
µ = Aαµdx

µtα . (8.14)

Recall that the exterior derivative is d = dxµ∂µ. Using these relations, we can rewrite the anomaly

for a left-handed (i.e. positive chirality) fermion, which is the opposite of (7.41), now on a curved

space-time manifold, as∫
d4x

√
−g ϵaAL

a = −
∫

d4x
√
−g 1

24π2
ϵµνρσ tr ϵ ∂µ

(
Aν∂ρAσ −

i

4
AνAρAσ +

i

4
AνAσAρ

)
= − 1

24π2

∫
dxµ ∧ dxν ∧ dxρ ∧ dxσ tr ϵ ∂µ

(
Aν∂ρAσ −

i

4
AνAρAσ +

i

4
AνAσAρ

)
= − 1

24π2

∫
tr ϵ d

(
A ∧ dA− i

2
A ∧ A ∧ A

)
. (8.15)

The final expression as the integral of a 4-form does not involve the metric, as usual with differential

forms. Note that in the language of differential forms the field strength is given by

F =
1

2
Fµνdx

µ ∧ dxν = (∂µAν − iAµAν)dx
µ ∧ dxν = dA− iA2 . (8.16)

We can similarly rewrite the abelian anomaly (6.34) in terms of the differential forms resulting in 50∫
d4x

√
−g ϵA = − 1

4π2

∫
ϵ tr t F ∧ F = − 1

4π2

∫
ϵ tr t

(
dA ∧ dA− 2i dA ∧ A ∧ A

)
. (8.17)

It is worth noting that the chiral anomaly (8.15) is not ∼
∫
tr ϵF ∧ F .

50Since t commutes with the A, it follows from the cyclicity of the trace that tr tA ∧A ∧ dA = tr tdA ∧A ∧A. For
the same reason tr tA ∧A ∧A ∧A = 0.
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9 BRST cohomology and descent equations

9.1 BRST transformations

We have discussed the anomalies under gauge transformations in terms of the effective action Γ̃[A]

obtained by doing the functional integral over the matter fields of eiSmatter[ψ,ψ̄,A], cf (6.42). Since

the gauge anomalies originated in the anomalous transformation of the functional integral measure

for the chiral matter fermions, this was indeed the appropriate object to consider for studying the

anomalies. However, in the full quantum theory one needs to go on and add the classical Yang-Mills

action 51
∫
(−1

4
Fα
µνF

αµν) and also do the functional integral over the gauge fields, possibly with the

relevant operator insertions, as described in Sect. 2. As is well known, one then needs to fix the gauge

by some appropriate gauge-fixing action and compensate for the arbitrariness of this gauge fixing

by inserting the Faddeev-Popov determinant. The latter can be rewritten in terms of a Gaussian

functional integral over a so-called ghost and anti-ghost fields. This results in the full action being

Sfull =

∫
d4x

Lmatter[ψ, ψ̄, A]−
1

4
Fα
µνF

αµν︸ ︷︷ ︸
Lclass

+
ξ

2
hαhα + hαf

α[A]︸ ︷︷ ︸
Lgauge fixing

+ω∗
αρ

α[A, ω]︸ ︷︷ ︸
Lghost

 (9.1)

The first two terms are referred to as the classical Lagrangian. fα[A] is the gauge-fixing condition,

e.g. fα = ∂µA
αµ, and hα is an (adjoint) auxiliary field. Since it appears quadratically, it can be

trivially integrated out, resulting in an equivalent gauge-fixing Lagrangian 1
2ξ
fαfα. The parameter

ξ is positive but otherwise arbitrary. The quantity ρα is given by

ρα(x) =

∫
d4y

δfα[A(x)]

δϵβ(y)
ωβ(y) , (9.2)

and ωα and ω∗
α are the anti-commuting ghost and anti-ghost fields. Integrating them out would give

back the Faddeev-Popov determinant Det δf
α[A(x)]
δϵβ(y)

. Note that the quantity ρα can be interpreted as

the gauge transformed gauge-fixing function fα with the parameter ϵα replaced by the ghost field ωα.

Despite its non-local appearance, for the standard choices of gauge-fixing functions fα, the quantity

ρα(x) only depends on Aβµ(x) and ω
β(x) and their derivatives.

Of course, Sfull is the gauge-fixed action and no longer is gauge invariant. But it is still invariant

under some “remnant” of the gauge invariance which is invariance under BRST transformations.

These BRST transformations are denoted by s and defined to act on the gauge and matter fields as

ordinary gauge transformations but with ωα replacing ϵα. Then the gauge-invariance of the classical

Lagrangian implies its BRST invariance. Defining ω = ωαtα, ω
∗ = ω∗

αtα as well as h = hαtα, the full

set of BRST transformations is defined as

sAµ = ∂µω − i[Aµ, ω] , sψ = iωψ , sψ̄ = iψ̄ω

sω = iωω , sω∗ = −h , sh = 0 , (9.3)

51Here we assume that the Lie algebra is compact, i.e. that tr tαtβ is a positive definite bilinear form. One can
then adopt a basis where trR tαtβ = CR δab with the constant CR depending on the representation. One can then use
the “metric” δαβ and its inverse δαβ to raise and lower the indices α, β, γ, . . . which means that we can write them
without distinction as upper or lower indices. Also, the structure constants Cαβγ then are totally antisymmetric - as
we already implicitly assumed earlier in these notes.
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together with the fact that s(FG) = (sF )G± FsG with a minus sign if F is anti-commuting. Note

for later use that this implies sωα = −1
2
Cαβγω

βωγ. The action of s on ω, ω∗ and h is chosen such

that this BRST transformation s is nilpotent, i.e. when s acts twice on any of the fields one gets

zero :

s2 = 0 . (9.4)

It is now easy to see that also the remaining part of the Lagrangian is BRST invariant. First note

that, by its definition, one has ρα = sfα, so that by the nilpotency of s one has sρα = 0. Then

s (Lgauge fixing + Lghost) = hα(sf
α) + (sω∗

α)ρ
α − ω∗

α(sρ
α) = hαρ

α − hαρ
α = 0 . (9.5)

One can actually write

Lgauge fixing + Lghost = s

(
−ω∗

α

(
ξ

2
hα + fα

))
≡ sG−1 , (9.6)

and then (9.5) trivially follows from (9.4).

Since the ghost fields are anti-commuting, as are the differential forms of odd degree, it makes

some sense to adopt the convention that the ghost (and anti-ghost) fields also anticommute with

dxµ. Accordingly then, one has s d = −d s. However, here we find it more straighforward not to

adopt this convention, and rather have the ghost fields commute with dxµ so that

s d = d s . (9.7)

9.2 Reformulating relevant anomalies as BRST cohomologies

Since s2 = 0, one introduces the notion of BSRT-closed functionals F obeying sF = 0, as well

as of BRST-exact functionals H obeying H = sG for some G. This is much as for the exterior

derivative d acting on differential forms. The role of the degree of the forms is played here by

the ghost number, with ω and ω∗ having ghost numbers +1 and −1. Indeed, acting on any field,

s increases the ghost number by one unit. We can now say that Lclass is BRST-closed and that

Lgauge fixing +Lghost is BRST-exact. Since gauge-invariant physical observables should not depend on

the gauge-fixing function fa[A], changing it amounts to changing this BRST-exact term. The physics

is then determined by the BRST-closed Lclass up to addition of BRST-exact terms., i.e. by the BRST

cohomology class at ghost number zero.

We now show that relevant anomalies can be understood as BRST-cohomology classes at ghost

number one. First, since Γ̃[A] only depends on A, its BRST variation simply is its gauge variation

with ϵ replaced by ω, i.e.

A[ω,A] ≡
∫

d4xωα(x)Aα(x) = sΓ̃[A] . (9.8)

From now on, we refer to the left-hand side as the anomaly. It clearly has ghost number one and

is BRST-closed since sA[ω,A] = s2Γ̃[A] = 0. Actually it looks as if the anomaly A[ω,A] is also

BRST-exact. But as with the discussion of relevant anomalies, we will only allow local functionals

and, although the anomaly is a local functional, Γ̃ is not. Hence, the anomaly is BRST-closed, but

not BRST-exact. As such it constitutes a BRST-cohomology class at ghost number one.

Adel Bilal : Advanced Quantum Field Theory 96 Lecture notes - October 5, 2026



We have seen before that the Wess-Zumino consistency condition simply was a consequence of

the anomaly being defined as the gauge variation of some (non-local) functional. At present this

condition is a simple consequence of s2 = 0. Indeed, applying s to (9.8), we get

0 = s2 Γ̃[A] = s

∫
d4xωα(x)Aα(x) =

∫
d4x
(
(sωα(x))Aα(x)− ωα(x)sAα(x)

)
= −1

2

∫
d4xCαβγω

β(x)ωγ(x)Aα(x)−
∫

d4x d4y ωα(x)ωβ(y)Fβ(y)Aa(x) , (9.9)

where we used the functional differential operator F introduced in (8.10) to express the BRST varia-

tion ofAα. Indeed, δϵAα(x) =
∫
d4y ϵβ(y)Fβ(y)Aα(x) translates into sA(x) =

∫
d4y ωβ(y)Fβ(y)Aα(x).

Since the ghost fields anti-commute, we can anti-symmetrize the last term in (α, x) and (β, y) and

then (9.9) can be written as

0 =

∫
d4xd4y ωα(x)ωβ(y)

(
δ(4)(x− y)CαβγAγ(x) + Fβ(y)Aα(x)−Fα(x)Aβ(y)

)
, (9.10)

which vanishes by the Wess-Zumino condition (8.12). Hence, the fact that the anomaly is BRST

closed is equivalent to satisfying the Wess-Zumino condition.52

9.3 Solving the WZ-condition

The next task is to solve sA[ω,A] = 0 which will determine the terms cubic in A in terms of the

quadratic terms. One way to do this is by “brute force”, i.e. one writes all possible terms compatible

with the general constraints on the anomaly, i.e. A[ω,A] must be the integral of a 4-form since, as

discussed in subsection 8.10, it must necessarily involve the ϵ-tensor, and it must be made from d’s

and A’s. Thus we may start with

AL[ω,A] = − 1

24π2

∫
trω
(
dAdA+ β1dAA

2 + β2AdAA+ β3A
2dA+ γA4

)
, (9.11)

where the wedge product is understood, i.e. dAA2 = dA∧A∧A, etc. We have already adjusted the

coefficient of the dAdA-term as appropriate for the anomaly due to a left-handed (positive chirality)

fermion. In principle one could also add double-trace terms such as trωA trAdA. But there is no

way to achieve a cancellation between such double-trace terms and the single trace terms written in

(9.11).

Note that since s changes the scaling dimensions of all field uniformly, we can only achieve

cancellation between the different terms if we start out with all terms in (9.11) having the same

scaling dimension. One can then compute sA[ω,A] and impose that it vanishes. Note that one

assumes that ω = ωa(x)ta vanishes at spatial infinity as well as at t→ ±∞ so that one is allowed to

freely integrate by parts.53 Said differently
∫
d(. . .) = 0. This means that s of the integrand must

52At first sight it looks as if the Wess-Zumino condition only implies BRST-closedness. But the vanishing of
the double integral in (9.10) for all ghost fields ω implies the vanishing of the term in parenthesis. Indeed the
latter has exactly the same antisymmetry properties as ωα(x)ωβ(y). Upon setting ωa = ωa(1) ± ωa(2) with arbitrary

(anticommuting) ωa(1,2), a standard argument then implies the vanishing of the parenthesis. But this is exactly the

Wess-Zumino consistency condition.
53For topologically non-trivial space-times requiring several charts, one would need to further assume that the

transition functions for the gauge-field are trivial or else that ωα(x) is non-vanishing only inside a given chart.
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be an exact 4-form. A straightforward computation then yields γ = 0 and β1 = −β2 = β3 = − i
2
, so

that β1dAA
2 + β2AdAA+ β3A

2dA = − i
2
dA3, and one gets exactly the expression (8.15) we already

anticipated.

The previous method to solve the Wess-Zumino consistency condition is certainly sufficient in 4

dimensions, but when one wants to study anomalies in higher dimensions d = 2n, things quickly

become painful. There is a much more elegant way to solve for the BRST-cohomology at ghost-

number one on the space of local functionals that are integrals of local d-forms made from the

gauge-field one-forms, exterior derivatives and one ghost field. It is based on the so-called descent

equations which relate this d-form to a charcteristic class which is a (formal) (d+2)-form on a (d+2)-

dimensional space-time. This higher-dimensional space can be constructed as a product manifold

M = M×D with M the space-time manifold and D a (two-dimensional) disc. The geometry of this

(d+ 2)-dimensional space-time, as well as the descent equations play quite an important role in the

study of [18] which relates the anomaly on the d-dimensional M to the index of the Dirac operator

D/ on the (d+ 2)-dimensional space-time M , as we will briefly explain in the next section.

9.4 Descent equations : characteristic classes and Chern-Simons forms

9.4.1 Characteristic classes

Within the present context, we define a characteristic class Pr as a local 2r-form on a (compact)

2r-dimensional manifold M that is constructed from the gauge field strength F (or curvature 2-form

R) such that its integral over the manifold is sensitive only to non-trivial transition functions of

the gauge bundle. Well-known examples are instantons and magnetic monopoles. For the (four-

dimensional) instantons P = trF ∧ F and the manifold is compactified R4 ≃ S4. For the monopole

P = F and the manifold is S2. Since this is the simplest example let us exhibit the construction of

the monopole bundle in some more detail.

For the (abelian) magnetic monopole one looks at static configurations with space being ordinary

space R3 with a little ball of radius r0 at the origin removed, so that one deals with [r0,∞) × S2.

Since the gauge field strength 2-form here does not depend on the radial coordinate we may view

it as defined on the sphere S2. The integral
∫
S2 F computes the flux of the magnetic field through

the sphere and, by Gauss’ theorem, this measures the total magnetic charge “inside” the sphere.

Obviously, if F = dA with a globally well-defined gauge-field one-form A, then by Stoke’s theorem

one has
∫
S2 F =

∫
S2 dA =

∫
∂S2 A = 0 since the boundary ∂S2 of the sphere is empty, and there is no

magnetic charge inside. If instead F = gm sin θdθdφ, then
∫
S2 F = 4πgm. Since this is independent

of the radius of the sphere, we interpret gm as the magnetic charge of a monopole sitting at the

origin (or rather inside the little ball of radius r0). Since F is closed, it must be locally exact,

i.e. given locally by F = dA, but A can no longer be globally defined. One needs to introduce two

(topologically trivial) charts which are the upper half and lower half spheres S2
± (or the product of

these half-spheres with [r0,∞)), and then

A+ = gm(1− cos θ)dφ on S2
+ , A− = gm(−1− cos θ)dφ on S2

− . (9.12)

Each A± is well-defined and non-singular on its domain of definition, but would become ill-defined
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when one tried to extend it to the full sphere.54 Both A± yield the same F as F = dA± and are

related by a U(1) gauge transformation on the overlap S2
+ ∩ S2

− = S1 :

A+ − A− = 2gmdφ = ig−1
+−dg+− , g+− = exp(−2igmφ) . (9.13)

For g+− to be well-defined on S1 one must have gm = N
2
with integer N , so that g+− = exp(−iNφ).

We see that the magnetic charge is quantized, and equivalently

1

2π

∫
S2

F = N . (9.14)

One can change F by adding an exact term F → F + dÃ (with a globally well-defined Ã) and this

does not change the integral of F over the manifold S2. The value off this integral only depends on

the transition function g+−, i.e. on N . Thus F is the characteristic class P1 for the U(1) gauge field

strength on S2. It is instructive to compute
∫
F again, in a way which clearly shows why the value

of the integral is only sensitive to the transition function g+−∫
S2

F =

∫
S2
+

F +

∫
S2
−

F =

∫
S2
+

dA+ +

∫
S2
−

dA− =

∫
∂S2

+

A+ +

∫
∂S2

−

A−

=

∫
S1

A+ −
∫
S1

A− =

∫
S1

ig−1
+−dg+− = 2πN , (9.15)

where the minus sign in the second line is due to the fact that the boundaries S1 of the upper and

lower half spheres have opposite orientation.

The general case proceeds exactly along the same line of argument. For an arbitrary gauge group,

define

Pr(F ) = trF r ≡ tr F ∧ . . . ∧ F︸ ︷︷ ︸
r times

= Fα1 ∧ Fαr tr tα1 . . . tαr = Fα1 ∧ Fαr str tα1 . . . tαr , (9.16)

since the 2-forms Fαi and Fαj all commute and effectively symmetrise the trace of the product of

the tα. The Pr(F ) are gauge invariant, since under a gauge transformation F → gFg−1, and by

the cyclicity of the trace all g and g−1 cancel. Hence, Pr(F ) has trivial transition functions and

is a globally well-defined 2r-form. Recall the Bianchi identity, DF ≡ dF − i[A,F ]=0, from which

follows 55

dPr(F ) = d trF r = r tr (dF )F r−1 = ir trAF r − ir trFAF r−1 = 0 , (9.17)

so that Pr(F ) is closed, and hence locally (i.e. on each topologically trivial chart) exact. Moreover,

as we now show, if A1 and A2 have the same transition functions, then Pr(F1)− Pr(F2) = dQ with

some globally well-defined 2r − 1 form Q. Since we assume the manifold M to be compact it then

follows from Stoke’s theorem that ∫
M

Pr(F2) =

∫
M

Pr(F1) , (9.18)

54The point is that dφ is well-defined, except at the north pole (θ = 0) and at the south pole (θ = π). Now, in A+

the factor 1 − cos θ vanishes at the north pole, and in A− the factor −1 − cos θ vanishes at the south pole. So, A+

would be singular at the south pole and A− at the north pole. If one tries to just use a single gauge potential, its
singularity corresponds to the “Dirac string” in the earlier descriptions of the Dirac monopole.

55Note that for Lie-algebra-valued p and q-forms ζ and ξ one has tr ζξ = (−)pq tr ξζ.
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as required for a characteristic class. We now construct the 2r−1 from Q. Let At = A1+ t(A2−A1),

t ∈ [0, 1] be a gauge field interpolating between A1 and A2. Clearly, At has the same transition

functions as both A1 and A2. Let Ft be the associated field strength Ft = dAt − iA2
t . One computes

∂

∂t
Ft = d(A2 − A1)− i(A2 − A1)At − iAt(A2 − A1) = Dt(A2 − A1) , (9.19)

where Dt is the covariant derivative with gauge field At. In particular, the Binchi identity for Ft is

DtFt = 0. Then

∂

∂t
Pr(Ft) = r tr

∂Ft
∂t

F r−1 = r tr
(
Dt(A2 − A1)

)
F r−1
t = rDt

(
tr (A2 − A1)F

r−1
t

)
. (9.20)

Now while A2 and A1 each transform inhomogeneously under gauge transformations (on the overlap

of two charts), their difference transforms homogeneously, just as does Ft. Hence tr (A2 − A1)F
r−1
t

is invariant and the covariant derivative Dt in the last expression in (9.20) reduces to an ordinary

exterior derivative. Integrating t from 0 to 1, one gets

Pr(F2)− Pr(F1) = dQ , Q = r

∫ 1

0

dt tr (A2 − A1)F
r−1
t , (9.21)

with a globally well defined 2r − 1 form Q. This proves (9.18). Note that we always wrote tr , but

we could have just as well written everything in terms of the symmetrized trace str , cf. the remark

after (9.16)

9.4.2 Chern-Simons forms and descent equations

For reasons that will become clear in the next subsection, we now set r = n+ 1. Since the Pn+1(F )

are closed, they must be locally exact, i.e. within each (topologically trivial) chart one must have

Pn+1(F ) = dQ2n+1. The previous construction tells us how to construct these Q2n+1. Within each

chart, there is no issue of transition function, and we can simply take A2 = A and A1 = 0, and then

conclude from (9.21) that

Pn+1(F ) = dQ2n+1 , Q2n+1 = (n+ 1)

∫ 1

0

dt trA
(
tdA− it2A2

)n
. (9.22)

Of course, Pn+1(F ) = dQ2n+1 defines Q2n+1 only up to adding an exact term dα2n. The Q2n+1

defined as in (9.22) are called the Chern-Simons forms. Explicitly one has 56

Q3 = tr
(
AdA− 2i

3
A3
)
,

Q5 = tr
(
AdAdA− 3i

2
A3dA− 3

5
A5
)
. (9.23)

We should stress that these Chern-Simons forms are defined on each chart in terms of the gauge field

on this chart.

56One may e.g. want to check that indeed dQ3 = trF 2. First note that while F 2 contains a term A4 its trace
vanishes. This is fortunate since when acting with d on Q3 one cannot generate a term ∼ A4. It is then easy to check
that dQ3 = tr

(
dAdA− 2idAA2

)
= trF 2.
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Unlike the Pn+1(F ), the Chern-Simons forms Q2n+1 are not gauge invariant, but one can use the

gauge invariance of the Pn+1(F ) to constrain the gauge variation of the Q2n+1 as follows :

0 = δϵPn+1(F ) = δϵdQ2n+1 = dδϵQ2n+1 . (9.24)

We see that the (infinitesimal) gauge variation of Q2n+1 is closed and, hence, locally exact. We

conclude that on a given chart

δϵQ2n+1 = dQ1
2n . (9.25)

The ambiguity of adding dα2n to Q2n+1 results in an ambiguity of adding δϵα2n to Q1
2n. Of course,

(9.25) only defined Q1
2n up to adding an exact term. Thus, overall, Q1

2n is only defined up to adding

δϵα2n + dβ1
2n−1. Altogether one has the following descent equations relating the 2n+ 2 form Pn+1 to

the 2n+ 1 form Q2n+1 and to the 2n form Q1
2n (locally on each chart) as :

dPn+1 = δϵPn+1 = 0 ⇒ Pn+1 = dQ2n+1 , δϵQ2n+1 = dQ1
2n , Q

1
2n ≃ Q1

2n + δϵα2n + dβ1
2n−1 . (9.26)

By replacing the gauge variation parameter ϵ by the ghost field ω one immediately gets the BRST

version of the descent equations :

dPn+1 = sPn+1 = 0 ⇒ Pn+1 = dQ2n+1 , sQ2n+1 = dQ1
2n , Q

1
2n ≃ Q1

2n + sα2n + dβ1
2n−1 . (9.27)

The upper index now indicates the ghost number, i.e. Q1
2n contains one ghost field. Explicitly one

has for n = 1 and n = 2

Q1
2 = trωdA , Q1

4 = trω d
(
AdA− i

2
A3
)
. (9.28)

Again, we could have used the symmetrized trace throughout. Indeed, one can explicitly show that

Q1
2 and Q1

4 as given here are equal to the same expressions but using the symmetized trace.57

We have seen that the 2n form Q1
2n is determined, up to the equivalence just mentioned, by the

characteristic class Pn+1. The question then arises how many different characteristic classes there

are. Gauge (or BRST) invariance implies that they must be constructed from traces of the field

strengths F . Thus the only possible characteristic classes are of the form

Pn+1 = trF n+1 , P
(k,n+1−k)
n+1 = trF k ∧ trF n+1−k ,

P
(k1,k2,n+1−k1−k2)
n+1 = trF k1 ∧ trF k2 ∧ trF n+1−k1−k2 , . . . . (9.29)

It is instructive to look at an example. Let n = 4 and consider the 10-form characteristic class

P
(2,3)
5 = trF 2 ∧ trF 3. Then P

(2,3)
5 = dQ

(2,3)
9 with Q

(2,3)
9 = Q3 ∧ trF 3 or Q

(2,3)
9 = trF 2 ∧ Q5, and

correspondingly Q
1,(2,3)
8 = Q1

2 ∧ trF 3 or Q
1,(2,3)
8 = trF 2 ∧Q1

4. One says that one is doing the descent

in the first or in the second factor. Obviously, any linear combination of the two with total coefficient

57Of course, for Q1
2 symmetrizing the trace follows from cyclicity. For Q1

4 the first term trωdAdA is symmetric
under exchange of the two factors dA which again symmetrizes the trace. The second term ∼ trωdA3 seems to involve
the trace of 4 generators, but one can easily see from the antisymmetry under exchanging two factors of A that one
really has the trace of two generators with the commutator of two other generators, so that one again has a trace of
only 3 generators. Actually it is not difficult to show that this trace of 3 generators also is a symmetrized trace, as
one expected since the whole Q1

4 is obtained through descent from P3(F ) which involved a symmetrized trace.
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one is also possible. As argued above, the difference of two solutions of the descent equations must

be the sum of a BRST-exact and a d-exact term. Indeed, it is easy to see that the difference is given

by

s
(
Q3 ∧Q5

)
− d
(
Q1

2 ∧Q5 −Q3 ∧Q1
4

)
= (sQ3) ∧Q5 +Q3 ∧ (sQ5)− (dQ1

2) ∧Q5 −Q1
2 ∧ dQ5 + (dQ3) ∧Q1

4 −Q3 ∧ dQ1
4

= −Q1
2 ∧ dQ5 + (dQ3) ∧Q1

4 = −Q1
2 ∧ trF 2 + trF 3 ∧Q1

4 . (9.30)

9.5 BRST cohomology at ghost number one

We will now consider a d = 2n dimensional space-time. We will show that starting with the char-

acteristic class Pn+1 defined on the d + 2 dimensional manifold M = M×D, the quantity
∫
Q1
d is

a non-trivial representative of the BRST cohomology at ghost number one, where Q1
d ≡ Q1

2n is ob-

tained by the descent equations (9.27) from Pn+1. As such, it provides a solution of the Wess-Zumino

consistency condition. This allows us to identify the anomaly as

A[ω,A] = c

∫
Q1
d , (9.31)

where the only freedom resides in the coefficient c. While we have seen that the characteristic classes

in 2n + 2 dimensions can be the single-trace Pn+1 or the multiple-trace P k1,...,n+1−k1−...
n+1 , only single

traces can originate from the one-loop diagrams and we must keep with the Pn+1 only.58 A single

computation of an n+ 1 point one-loop diagram is needed to determine this coefficient c. Moreover,

as we have seen, one does not need to compute the full diagram, only the part involving the ϵ-tensor.

Let us first note that the equivalence Q1
d ≡ Q1

d + sαd + dβ1
d−1 is exactly what we expect for the

anomaly. Indeed, the d-exact term disappears upon integrating and the s-exact term amounts to

adding a local countertem s
∫
αd to the anomaly, which we can always do, as discussed above. Hence,

up to adding local counterterms, a relevant anomaly is determined by a non-vanishing coefficient c.

This in turn is corresponds to exactly one characteristic class in d+ 2 dimensions.

Let us now prove that
∫
Q1
d ≡

∫
Q1

2n is a non-trivial representative of the BRST cohomology

at ghost number one. Let us recall that at ghost number zero the BRST-cohomology consists of

the gauge-invariant functionals of the gauge field only.59 Furthermore, there are no gauge-invariant

forms of odd degree, and then for these forms the BRST-cohomology at ghost number zero is empty.

Lastly, still at ghost number zero, a gauge invariant even form of the gauge field strengths like the

Pn+1 is a non-trivial representative of the BRST-cohomology. Indeed, the Pn+1 are BRST-invariant,

and cannot be sγ−1
2n+2 since this γ

−1
2n+2 must contain at least one anti-ghost field ω∗ and sω∗ ∼ h which

is not present in Pn+1.

Now the descent equation sQ2n+1 = dQ1
2n and s2 = 0 immediately give

0 = s(sQ2n+1) = s(dQ1
2n) = d(sQ1

2n) , (9.32)

58This is true for the chiral gauge anomalies. For the gravitational anomalies to be discussed below, things are more
complicated and the relevant characteristic classes are the Pontryagin classes that combine single trace and multiple
trace classes in a well-defined way, as fixed by the index theorems.

59One could also add gauge invariant functionals of the matter fields, but this is irrelevant here. The point is that
any term that involves the h field or an equal number of ghost and anti-ghost fields necessarily is BRST-exact.
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so that sQ1
2n is d-closed on the auxiliary d + 2-dimensional space-time M . Now, even though the

d-dimensional space-time may be topologically non-trivial and require several charts, as discussed

before, we may assume that the ghost field is non-vanishing only within a single chart so that Q1
2n,

as well as sQ1
2n are non-vanishing only within a single chart, and being d-closed then is d-exact.

We conclude that sQ1
2n = dβ2

2n−1 and then integrating this d = 2n form over the d-dimensional

space-time M one gets zero :

s

∫
M
Q1

2n =

∫
M

dβ2
2n−1 = 0 , (9.33)

and we have shown that
∫
MQ1

2n is BRST-closed, meaning that it satisfies the Wess-Zumino consis-

tency condition.

We must still show that
∫
MQ1

2n is not BRST-exact. We begin by showing that Q1
2n is not BRST-

exact. Suppose on the contrary that Q1
2n = sα2n. Then one would have sQ2n+1 = dQ1

2n = dsα2n =

sdα2n and s(Q2n+1 − dα2n) = 0, i.e. Q2n+1 − dα2n is BRST-closed. Being a form of odd degree and

ghost number 0 (where the BRST cohomology is empty), we must have Q2n+1 − dα2n = sγ−1
2n+1.

But by the same argument as above, there is no such γ−1
2n+1, and Q2n+1 − dα2n = 0. This would

imply dQ2n+1 = 0 which contradicts dQ2n+1 = Pn+1. Hence, Q1
2n is not BRST-exact. We must still

show that
∫
MQ1

2n is not BRST-exact. Suppose on the contrary that
∫
MQ1

2n = s
∫
β2n =

∫
sβ2n.

This implies that Q1
2n − sβ2n = dγ12n−1 for some γ12n−1. But Q1

2n was only defined modulo adding

such an exact term dγ12n−1 and then this redefined Q1
2n would be BRST-exact which cannot be as

we have just shown. Then
∫
MQ1

2n cannot be BRST-exact, and is a non-trivial representative of the

BRST-cohomology at ghost number one, which we wanted to show.

To conclude, for each characteristic class Pn+1 there is a unique BRST-cohomology class at ghost

number one, represented by
∫
MQ1

2n, and up to a multiplicative coefficient c, this is the anomaly in

d = 2n dimensions. Conversely, the anomaly is unambiguously characterized by cPn+1.

9.6 Gauge anomaly in d = 2n dimensions

After all these formal developments let us discuss some more physical details. We are looking at

the chiral anomaly, i.e. an anomaly under gauge transformations in the presence of chiral fermions,

much as before, but now in an arbitrary even dimension d = 2n. As discussed in the previous

section, this anomaly first manifests itself in the non-conservation an n + 1-point one-loop function

Γµν1...νnα1...αn+1
. One checks for conservation at the vertex with index µ. This involves n! individual

diagrams corresponding to the n! permutations of the indices of the n other vertices. Each diagram

gives rise to a trace trR tα1 . . . tαn+1 , and adding all other permutations (together with the cyclicity

of the trace) results in a totally symmetrized trace which is the corresponding D-symbol

DR
α1...αn+1

= strR tα1 . . . tαn+1 , (9.34)

where the symmetrized trace is taken in the representation R of the chiral fermion. Exactly the

same symmetrized trace emerges from the characteristic class, cf. (9.16)

PR
n+1(F ) = Fα1 ∧ . . . ∧ Fαn+1DR

α1...aν+1
. (9.35)
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More precisely, we had argued above that the anomalous contribution of the n + 1 point one-

loop diagram had to be of the form ϵµ1...µnν1...νnp1µ1 . . . p
n
µn D

R
α1...αn+1

which, upon multiplying with

ωαn+1Aα1
µ1
. . . Aαn

µn corresponds to a term in the anomaly proportional to

strR ω dA . . . dA︸ ︷︷ ︸
n times

. (9.36)

But this is exactly the first term of Q1
2n as obtained by descent from PR

n+1 = strR F
n+1. More

precisely, we should write Q1,R
2n to indicate in which representation the trace has to be taken. We

then know from the previous discussion about solving the Wess-Zumino consistency condition and

the BRST-cohomology at ghost number one, that the gauge anomaly in d = 2n dimensions is

A[ω,A] = c2n

∫ (∑
j

Q
1,RL

j

2n −
∑
i

Q
1,RR

i
2n

)
, (9.37)

where the first sum is over the different left-handed (positive chirality) fermions in representationsRL
i

and the second sum over the different right-handed (negative chirality) fermions in representations

RR
i . The coefficient c2n can be determined by a careful generalization of our triangle diagram

computation. One finds

c2n =
(−)n+1

(n+ 1)!(2π)n
, (9.38)

which for n = 2, i.e. d = 4 gives c4 = − 1
24π2 , in agreement with the coefficient in (8.15).

Above, we have discussed the issue of anomaly cancellation and the fact that this cancellation only

involved the D-symbols for the different representations of the different chiral classes. We now see

that the issue of anomaly cancellation can be equivalently discussed at the level of the characteristic

classes computed in the representations of the different chiral fermions.
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10 Gauge and gravitational anomalies and index theorems

In this last section, we want to briefly touch upon some further developments. Firstly, we will

mention - but not prove - the relation between anomalies in d = 2n dimensions and the index of an

appropriate Dirac operator in d + 2 dimensions. Then we will briefly show how our discussion of

gauge anomalies can be straightforwardly generalized to gravitational anomalies. Lastly, we discuss

a prominent example of anomaly cancellation in a 10-dimensional supergravity theory.

10.1 Anomalies and index theorems

We have already seen in subsection 6.2.3 that the abelian anomaly in four dimensions was closely

related to the index of the four-dimensional Dirac operator, and both were related in turn to the

characteristic class P2(F ) = trR F ∧ F = Fα ∧ F β trR tαtβ = cR F
α ∧ Fα. This is very different

from what we observed for the chiral anomaly under non-abelian gauge transformations where the

anomaly is given by Q1
4 which is related by descent to the characteristic class P3(F ) = trF 3 =

Fα∧F β∧F γ DR
αβγ and which instead involves the D-symbol. There is, however, an index theorem in

each even dimension, and the six-dimensional index theorem states that the index of an appropriate

6-dimensional Dirac operator equals some constant times P3(F ). It is then tempting to speculate

whether the chiral anomaly in 4 dimensions can be directly understood in terms of the index of some

6-dimensional extension of the 4-dimensional Dirac operator. More generally, the index theorem in

2n+ 2 (euclidean) dimensions states

ind
(
iD/2n+2(A)

)
=
c2n
2π

∫
Pn+1(F ) , (10.1)

with the same coefficient c2n as given in (9.38). The overall sign depends on the precise convention

used to define the chirality γ-matrix. One sees that the anomaly as given in (9.37) is precisely

obtained, up to a factor of 2π, by descent from the index of the 2n+ 2 dimensional Dirac operator.

While this is a very suggestive relation, it was the achievement of Alvarez-Gaumé and Ginsparg

[18] to precisely construct a 2n + 2 dimensional gauge-field and Dirac operator and show that the

anomaly is indeed given by descent from the corresponding index. Here we will not spell out the

details of their reasoning but only give a brief sketch.

The starting point is the observation that in euclidean signature the anomaly resides in the

imaginary part of the euclidean effective action ΓE[A], i.e. in the phase of e−ΓE [A]. It is indeed

the ambiguity in defining the phase of the ill-defined determinant Det
(
iD/(A)PL

)
which can be

viewed as being at the origin of the anomaly. More precisely, one looks at the determinant of

D̂(A) = D/(A)PL + ∂/PR. Note that the euclidean (effective) action ΓE and its continuation to

Minkowski signature ΓM differ by a factor of i as

ΓE = −iΓM . (10.2)

It is not difficult to see that the only terms in a Minkowski signature action that will become imag-

inary upon continuing to Euclidean signature are the terms involving the ϵ-tensor. This is very

consistent with the fact that the anomaly resides in the imaginary part of the Euclidean effective
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action ! Indeed, the terms involving the ϵ-tensor are integrals of d-forms over the d-dimensional

manifold,
∫
dx0 ∧ . . . dxd−1ξ0...(d−1). Upon the continuation, both dx0 and ξ0...(d−1) get a factor of

±i, so overall this term remains real. But it also gets an i from the relation (10.2) and thus re-

sults in an imaginary contributiuon to the Euclidean action. On the other hand, in a term like∫
dx0dd−1x

√
−g ζµ1...µrζµ1...µr , the integrand remains real, but one gets an i from continuing dx0. So

this term picks up an i, which together with the i in (10.2) results in a real contribution to the

Euclidean action.

If the phase of the determinant can be unambiguously defined in a gauge-invariant way, then there

is no anomaly. If not, an anomaly is present. Then [18] introduces a family of gauge transformations

g(x, θ) depending on some parameter θ ∈ [0, 2π] such that g(x, 0) = g(x, 2π) = 1 and, denoting

Aθ(x, θ) = g(x, θ)−1A(x)g(x, θ)− ig(x, θ)−1dg(x, θ) (10.3)

the corresponding gauge transformed field, they study how the phase of e−ΓE [Aθ] changes as θ goes

from 0 to 2π. Since for both θ = 0 and θ = 2π one has the original gauge field, this phase

change must be 2πm with m being an integer. This integer m then is related to the anomaly as 60

(ϵ̂ = −ig(θ)−1 ∂g(θ)
∂θ

)

m = − 1

2π

∫ 2π

0

dθ
∂ImΓE[A

θ]

∂θ
= − 1

2πi

∫ 2π

0

dθ
∂ΓE[A

θ]

∂θ

= − 1

2πi

∫ 2π

0

dθ

∫
M

d2nx
√

det g (Dθ
µϵ̂(x, θ))

a δΓE[A
θ]

δAθ,aµ (x)

= − 1

2πi

∫ 2π

0

dθ δϵ̂ΓE[A
θ] =

1

2π

∫ 2π

0

dθ δϵ̂ΓM [Aθ] . (10.4)

The next step is to relate the integer m to the index of an appropriate Dirac operator. To this end,

[18] extends Aθ to a two-parameter family of gauge fields Aρ,θ(x) with (ρ, θ) parametrizing a disc

(ρ ≤ 1) and Aρ=1,θ(x) = Aθ(x). The integer m is then interpreted as some sort of winding number

around the boundary of the disc. Then, in [18] it is shown that this winding number is the sum

of local winding numbers around points in the interior of the disc where Det (iD̂(Aρ,θ)) vanishes.

Of course this happens whenever D̂(Aρ,θ) has a zero-mode. The non-trivial point is that the local

winding numbers are ±1 according to the chirality of the zero-modes of a full 2n + 2 dimensional

Dirac operator iD/2n+2, and one sees that this computes precisely the index of this operator. One

concludes that

ind
(
iD/2n+2(A

ρ,θ)
)
= m =

1

2π

∫ 2π

0

dθ δϵ̂ΓM [Aθ] . (10.5)

One still needs to specify how Aρ,θ is determined, and how it is promoted to a true 2n+2 form, and

what exactly is the 2n + 2 dimensional manifold. This is done such that the manifold is S2 × M,

with S2 = S2
+∪S2

−, and the previous disc is identified with S2
+. Then we have Aρ,θ = A+ on S2

+×M,

while on S2
− ×M the gauge field Aρ,θ = A− is not extended (i.e. is missing the dρ and dθ-pieces).

60We have Aθµ = g(θ)−1Aµg(θ) − ig(θ)−1∂µg(θ) and under an infinitesimal variation of θ one has δAθ

δθ = ∂µ
∂ϵ
∂θ −

i[Aθ,
∂ϵ
∂θ ] = Dθ

µ
∂ϵ
∂θ = Dθ

µϵ̂ where ϵ̂ =
∂ϵ
∂θ = −ig(θ)−1 ∂g(θ)

∂θ .
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Specifically, one lets

A+(x, ρ, θ) = f(ρ)
(
Aθ(x, θ)− ig(x, θ)−1∂θg(x, θ) dθ

)
, A−(x) = A(x) , (10.6)

with Aθ defined in (10.3) and f(ρ) is a smooth function which is f(ρ) ∼ ρ for small ρ and f(ρ) = 1

for ρ close to 1 which corresponds to the fattened boundary of the disk. Then, on the overlap of

S2
+ ×M with S2

− ×M, the A+ and A− are related by the d + 1-dimensional gauge transformation

g(x, θ). The “true” space manifold is taken to be compactified R2n ≃ S2n. Since A− is missing the

dθ-piece, we have Q2n+1(A−) = 0. Then by the index theorem 61

ind
(
iD/2n+2(A

ρ,θ)
)

=
c2n
2π

∫
S2×S2n

trF n+1 =
c2n
2π

(∫
S2
+×S2n

trF n+1 +

∫
S2
−×S2n

trF n+1

)
=

c2n
2π

∫
S2
+×S2n

dQ2n+1(A+) =
c2n
2π

∫
S1×S2n

Q2n+1(A+) . (10.7)

It is then shown [18] that the last integral equals

ind
(
iD/2n+2(A

ρ,θ)
)
=
c2n
2π

∫ 2π

0

dθ

∫
S2n

Q1
2n(ϵ̂, A

θ) . (10.8)

Comparing with (10.5) we see that∫ 2π

0

dθ δϵ̂ΓM [Aθ] = c2n

∫ 2π

0

dθ

∫
S2n

Q1
2n(ϵ̂, A

θ) . (10.9)

The θ dependence of ϵ̂(x, θ) is fairly arbitrary, and one concludes on the equality of the “integrand” at

any θ and any ϵ̂. We may then fix some θ and simply rename Aθ(x) → A(x) and ϵ̂(x, θ) → ϵ(x). The

final result gives the anomalous variation of the Minkowskian effective action for a positive chirality

(left-handed) chiral spin-1
2
fermion as

A[ϵ, A] = δϵΓM [Aθ] = c2n

∫
S2n

Q1
2n(ϵ, A) , (10.10)

in perfect agreement with the above result (9.37).

In view of the generalization to include also gravitational anomalies to be discussed next, it is

useful to formalize the relation just established as follows :

ind
(
iD/2n+2(A

ρ,θ)
)
=

1

2π

∫
I2n+2 , I2n+2 = d J2n+1 , δJ2n+1 = dK1

2n , A[ϵ, A] =

∫
M
K1

2n ,

(10.11)

where for the pure chiral gauge anomalies I2n+2 = c2n trF
n+1, J2n+1 = c2nQ2n+1 and K1

2n = c2nQ
1
2n.

61On a general curved manifold M the index theorem involves an extra factor Â(M) to be discussed below, but

Â(S2 × S2n) = 1, so this is irrelevant here.
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10.2 Gravitational anomalies

Theories involving gravity bear some similarities with non-abelian gauge theories, but are rather

more complicated. With the basic dynamical field being the space-time metric gµν , the role of

gauge-invariance is played by diffeomorphism invariance. Under an infinitesimal diffeomorphism

xµ → xµ+ϵµ(xρ) the metric transforms as δgµν = −∇µϵν−∇νϵµ, where ∇ is the covariant derivative.

This diffeomorphism invariance must be “gauge-fixed” when trying to do the gravitational functional

integral. But again, one can do the functional integral in two steps, integrating over the matter fields

first, resulting in an effective action Γ[gµν ] ≡ Γ[g], with all the complications of gauge-fixing and

ghosts deferred to later. The question of anomalies then is again whether this effective action Γ[g] is

still diffeomorphism invariant :

δϵΓ[g] = −
∫ (

∇µϵν +∇νϵµ
)δΓ[g]
δgµν

. (10.12)

The (matter) energy-momentum tensor is defined as

δgSmatter =
1

2

∫
√
g T µνδgµν ⇒ T µν =

2
√
g

δSmatter

δgµν
. (10.13)

Since eiΓ[g] =
∫
Dψ eiS[g,ψ] where ψ stands collectively for all matter fields, we have, much as for the

gauge currents Jµα in the non-abelian gauge theories,

δΓ[g]

δgµν(x)
=

1

2

√
g ⟨T µν(x)⟩ (10.14)

Inserting this into (10.12) and integrating by parts 62 results in

Adiff [ϵ, g] ≡ δϵΓ[g] =

∫
√
g ϵν∇µ⟨T µν(x)⟩ , (10.15)

where we defined, much as before, the anomaly under diffeomorphisms as the non-invariance of the

effective action. We see that diffeomorphism invariance of the matter effective action is equivalent to

the covariant conservation of the expectation value of the energy-momentum tensor. Conversely, a

gravitational anomaly, i.e. an anomaly under dififfeomorphism invariance, shows up as the covariant

non-conservation of this expectation value. Just as with the non-abelian gauge theories, one can take

further functional derivatives with respect to the metric at different space-time points and generate,

possibly anomalous, Ward identities for m-point functions of the energy-momentum tensor.

To couple spin-1
2
fields (or spin-3

2
fields) to gravity, one needs to introduce local orthonormal

frames, or local Lorentz frames. This means that for each tangent space (at each point of the

manifold) one makes a certain choice for an orthonormal basis of tangent vectors Ea with components

Eµ
a such that Eµ

aE
ν
b gµν = δab. (We will use Euclidean signature here. For Minkowski signature one

would of course have Eµ
aE

ν
b gµν = ηab instead.) Equivalently, the components eaµ of the dual forms

ea = eaµdx
µ (also called the viel-bein) obey

eaµE
µ
b = δab , eaµE

ν
a = δνµ , δabe

a
µe
b
ν = gµν . (10.16)

62Provided there are no boundary terms, covariant derivatives can be freely integrated by parts, e.g.∫ √
g (∇µaν)b

µν = −
∫ √

g aν∇µb
µν , where, of course, ∇µaν = ∂µaν − Γρµνaρ and ∇µb

µν = ∂µb
µν + Γµµρb

ρν + Γνµρb
µρ.
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Obviously, at each point, there is not a unique orthonormal frame, but a whole family related by

orthogonal or pseudo-orthogonal (Lorentz) transformations e′a = (L−1)abe
b. One talks about local

Lorentz transformations. One imposes however, that the frames change in a smooth way as one

moves along the manifold, and then the local Lorentz transformations one is allowed to do must also

depend smoothly on the point.

One can use the Eµ
a and eaµ to convert coordinate tensors like T ν

µ into frame tensors as T b
a =

Eµ
a e

b
νT

ν
µ , etc. One can then show that invariance under diffeomorphisms and invariance under

local Lorentz transformations are essentially equivalent. This means that, as far as anomalies are

concerned, we may probe for anomalies under local Lorentz transformations [29]. From the one-forms

ea one defines the so-called spin-connection one-form ωab = −ωba = ωabµ dxµ by requiring the absence

of torsion :

dea + ωab ∧ eb = 0 , ωab = −ωba . (10.17)

Also, the curvature two-form Rab = 1
2
Rab
µν dx

µ∧dxν , where Rab
µν = eaρe

b
σR

ρσ
µν and R

ρσ
µν is the Riemann

curvature tensor, is obtained from the spin-connection one-form as

Rab = dωab + ωac ∧ ωcb . (10.18)

It will be useful to think of ω and R as matrix-valued one and two-forms and suppress the indices

a, b, so that the previous relation simply reads R = dω + ω ∧ ω ≡ dω + ω2.

This spin connection one-form and curvature 2-form behave under local Lorentz transformations

e
′a = (L−1)abe

b very much as the gauge field one-form A and gauge field strength 2-form F under

gauge transformations :

ω′ = L−1ωL+ L−1dL , R′ = L−1RL , (10.19)

or, for infinitesimal local Lorentz transformations L = ev with vab = −vba,

δvω = dv + [ω, v] , δvR = [R, v] . (10.20)

In particular, the whole discussion of characteristic classes and descent equations for the gauge

theories can be transposed word by word to the gravitational case when formulated with the spin

connection and curvature 2-form. While this is true, there is however an important restriction. Just

as certain D-symbols vanish, depending on the representations, here, in d = 2n dimensions we are

dealing with the vector representation Rv of SO(2n). This is a real representation. Indeed, One

can choose the generators Jab = −J ba of the vector representation to be hermitian, imaginary and

antisymmetric :

(Jabv )cd = i(δac δ
b
d − δbcδ

a
d) . (10.21)

Then the generators of the complex conjugate representation are −(Jab)T = Jab and this is a real

representation. As discussed before, for real representations the corresponding D-symbols with n+1

indices vanish whenever n is even. Said differently, the characteristic class trRv R
n+1 = Ra1a2 ∧

Ra2a3 . . . ∧Ran+1a1 vanishes for even n by the antisymmetry of Rab = −Rba.

Now, the anomaly, if any, is due to chiral fermions and these fermions are not in the vector

representation but in a spin representation of SO(2n) with generators Jabspin = i
2
γab = i

4
(γaγb−γbγa).

Then R = 1
2
RabJabspin = i

4
Rabγab = i

4
Rabγaγb, and the characteristic class trspinR

n+1 involves the trace
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of 2n+2 matrices γai . This trace is the sum of products of n+1 Kronecker deltas, with all possible

pairings of the indices, times the dimension of the gamma-matrices. Those parings which contract

two indices on the same R drop out. For example, for n = 1, one has

trspinR ∧R = − 1

16
Rab ∧Rcd trspin γ

aγbγcγd = −1

4
Rab ∧Rcd

(
δabδcd − δacδbd + δadδbc

)
= −1

4

(
−Rab ∧Rab +Rab ∧Rba

)
= −1

2
Rab ∧Rba , (10.22)

which, up to the factor −1
2
, is the same result as in the vector representation. This is easily seen to

generalize as

trspinR
2k = c̃k R

a1a2 ∧Ra2a3 ∧ . . . ∧Ra2ka1 , trspinR
2k+1 = 0 , (10.23)

with some combinatorial factor c̃k. This being clarified we can now immediately state the gravita-

tional descent equations :

P2k(R) = trR2k , P2k(R) = dQL
4k−1(ω) , δvQ

L
4k−1(ω) = dQL,1

4k−2(v, ω) , k = 1, 2, . . . (10.24)

where we added a superscript “L” for local Lorentz. Since the only non-vanishing characteristic

classes are the P2k(R), the Q
L,1
d are non-vanishing only for d = 4k − 2, i.e. d = 2, 6, 10, . . .. So only

in these dimensions can we expect to have purely gravitational anomalies. We will also encounter

characteristic classes which are (wedge) products of several traces, like e.g.P2k,2l = trR2k ∧ trR2l.

Then one can do the descent in one or the other factor, i.e. trR2k∧QL
4l−1 or Q

L
4k−1∧ trR2l. Of course,

both are equally good, since their difference is an exact form, namely dα4k+4l−2 with α4k+4l−2 =

QL
4k−1 ∧QL

4l−1. Continuing the descent, one gets either trR2k ∧QL,1
4l−2 or QL,1

4k−2 ∧ trR2l. Again they

only differ by a term dβ1
4k+4l−3 + δvγ4k+4l−2, cf. the analogous discussion at the end of section 9.4.2.

One can now continue the discussion of gravitational anomalies in two directions. On the one

hand, one can compute the anomalous part of one-loop diagrams with chiral fermions coupled to

gravity, i.e. to metric perturbations hµν = gµν − δµν around flat space. Since metric perturbations

couple to the energy-momentum tensor, this amounts to computing (m+1)-point one-loop functions

with m + 1 energy-momentum tensors at the vertices, and check for conservation, cf. the Ward

identities one could derive from (10.15). Again, one needs to saturate the d = 4k − 2-dimensional

ϵ-tensor with at least 2k−1 independent momenta and as many symmetric polarisation tensors. This

means that m ≥ 2k − 1. Thus in 2 dimensions (k = 1) we need to compute a 2-point function, in 6

dimensions (k = 2) a box diagram and in 10 dimensions (k = 3) a hexagon. Of course, this is the

same counting as for the gauge anomalies. These computations have been done in [6] where, among

others, the full two-point function in 2 dimensions is evaluated very explicitly, and the anomalous

part of the hexagon diagram is determined - which is quite a tour de force.

On the other hand, one can rely again on the relation between the anomaly and the index

theorem. The Dirac operator now includes a coupling to the spin connection, as well as possibly to

(non-abelian) gauge fields 63:

D/ = γcEµ
c

(
∂µ − iAαµtα +

1

4
ωabµ γ

ab
)
. (10.25)

63Note that 1
4ω

ab
µ γ

ab = − i
2ω

ab
µ J

ab
spin, so that this terms has exactly the same structure as the gauge term −iAαµtα.
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The relevant index theorem is a generalization of (10.1) to curved manifolds :

ind
(
iD/2n+2(A)

)
=

∫ [
Â(R)ch(iF )

]
2n+2

, (10.26)

where the Chern character ch(iF ) and the Dirac genus Â(R) are the formal sums of forms of different

degrees, defined as

ch(iF ) = tr exp
(
− 1

2π
F
)
= tr1− 1

2π
trF +

1

8π2
trF 2 − 1

48π3
trF 3 + . . . = tr1+

∑
n≥0

c2n
2π

trF n+1 ,

(10.27)

where tr1 = dim(R) is just the dimension of the fermion representation, and

Â(R) = 1 +
1

(4π)2
1

12
trR2 +

1

(4π)4

( 1

360
trR4 +

1

288

(
trR2

)2)
+

1

(4π)6

( 1

5670
trR6 +

1

4320
trR4 trR2 +

1

10368

(
trR2

)3)
+ . . . , (10.28)

and the subscript [. . .]2n+2 in (10.26) indicates that one must extract the form of degree 2n+ 2. We

can then proceed exactly as formalized in (10.11), where here

I2n+2 = 2π
[
Â(R)ch(iF )

]
2n+2

. (10.29)

For example, in d = 2n = 4 dimensions one has

I6 = 2π
(
− 1

48π3
trF 3 +

1

(4π)2
1

12
trR2

(
− 1

2π
trF

))
. (10.30)

The first term corresponds to the pure gauge anomaly extensively discussed before, while the second

term corresponds to a so-called mixed gauge-gravitational anomaly. For any simple group the trace of

a single generator vanishes and, hence, trF is non-zero only for an abelian U(1) gauge group where it

is proportional to the sum of all U(1) charges. Hence, in a non-trivial gravitational background, the

vanishing of this anomaly requires this sum to vanish. This is indeed the case for the hypercharges

of any family in the standard model. We also see (again) that there is no pure gravitational anomaly

in 4 dimensions.

10.3 Anomaly cancellation in ten-dimensional IIB supergravity

Supergravity theories contain the metric / viel-bein and its superpartner, the gravitino which is a

spin-3
2
field which can be either chiral or real (Majorana), or both. In so-called extended supergravity

theories there are two (or more) such gravitini, and they can have the same or different chiralites. In

addition, anti-symmetric tensor fields are present, and if they satisfy a certain self-duality constraint

they are also chiral fields. Indeed such fields can be constructed from a pair of chiral spinors. Finally,

there can also be chiral spin-1
2
fields, as well as various (non-chiral) scalar and vector fields.

One of the most prominent supergravity theories is the ten-dimensional IIB supergravity which

is the low-energy limit of IIB superstring theory.64 It contains two positive chirality Majorana-Weyl

64The “II” indicates that there are two (ten-dimensional) supersymmetries, and “B” indicates that the two super-
charges are spinors of the same chirality, while in IIA they would have opposite chirality. Hence IIA supergravity
is non-chiral and has no anomalies. The latter can be obtained by dimensional reduction from eleven-dimensional
supergravity and, indeed, in eleven dimensions one cannot have anomalies.
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gravitini, two negative chirality Majorana-Weyl spin-1
2
fields as well as one self-dual antisymmetric

tensor field, in addition to the non-chiral fields. All these chiral fields contribute additively to the

anomaly. It is enough to identify the corresponding characteristic classes in 12 dimensions that are

given for each chiral field (up to the factor 2π) by the corresponding index. There is no gauge group

here and, hence, ch(iF ) = 1. We already know the index for the complex, chiral spin-1
2
field. Since

here this is a real (Majorana) chiral field, one just needs to divide the previous result (10.26) by 2.

A spin-3
2
field can be obtained as a spin-1

2
field with an extra vector index, and subtracting

the spin-1
2
part. The extra vector index can be treated as an SO(d) gauge symmetry in the vector

representation, resulting in a contribution to the index of 65 tr vect exp
(

1
2π

1
2
RabJabvect

)
= tr exp

(
i
2π
R
)
,

so that the index is

ind(iD
3/2
2n+2) =

∫ [
Â(R)

(
tr exp

( i

2π
R
)
− 1
)]

2n+2
, (10.31)

where the −1 simply subtracts the spin-1
2
contribution. If such a spin-3

2
field would also couple to

a gauge field, one would need to include a factor ch(iF ), but this is not the case here. Moreover,

if it is Majorana-Weyl, one needs again to divide by 2. Note that tr 1 = δaa = d = 2n just gives

the dimension of the vector representation which is, of course, the space (-time) dimension. It the

follows that

tr exp
( i

2π
R
)
− 1 = 2n− 1− 1

2(2π)2
trR2 +

1

24(2π)4
trR4 − 1

720(2π)6
trR6 + . . . . (10.32)

For the self-dual antisymmetric tensor the relevant index turns out to be

ind(iDA
2n+2) = −1

2

∫ [1
4
L(R)

]
2n+1

, (10.33)

where L(R) is the so-called Hirzebruch polynomial, given by

L(R) = 1− 1

(2π)2
1

6
trR2 +

1

(2π)4

(
− 7

180
trR4 +

1

72
( trR2)2

)
+

1

(2π)6

(
− 31

2835
trR6 +

7

1080
trR4 trR2 − 1

1296
( trR2)3

)
+ . . . (10.34)

The factor 1
4
in (10.33) originates as a 1

2
from the reality constraint and another 1

2
due to the second

chirality projector. The sign reflects the fact that the antisymmetric tensor field is bosonic rather

than fermionic. The extra factor 1
2
takes into account the different sizes of the spinor representa-

tion between 2n + 2 and 2n dimensions. Let us then explicitly give the relevant 12-dimensional

characteristic classes for the different anomalies in 10 dimensions.

Recall that the relevant I12 are given by the integrand on the rhs of the index theorems, times a

factor 2π. Specifically, in ten dimensions, and in the absence of a gauge group, we have for a positive

chirality Majorana spinor, positive chirality Majorana gravitino, and for a self-dual antisymmetric

65Recall the generators (10.21) of the vector representation, so that (RabJabvect)cd = 2iRcd. Then e.g.
tr vect(R

abJabvect)
2 = (2i)2RcdRdc, where Ref = 1

2R
ef
µνdx

µ ∧ dxν .
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tensor 66

I
1/2,Maj
12 = 2π × 1

2
× 1

(4π)6

( 1

5670
trR6 +

1

4320
trR4 trR2 +

1

10368

(
trR2

)3)
Igravitino12 = 2π × 1

2
× 1

(4π)6

(
− 11

126
trR6 +

5

96
trR4 trR2 − 7

1152
( trR2)3

)
Iantisym12 = 2π × 1

8(2π)6

(
31

2835
trR6 − 7

1080
trR4 trR2 +

1

1296
( trR2)3

)
. (10.35)

Then, summing the contributions from n3/2 positive chirality Majorana gravitini, n1/2 positive chi-

rality Majorana spin-1
2
and nA self-dual antisymmetric tensor fields, one gets the total anomaly

polynomial

I12(n1/2, n3/2, nA) =
1

128(2π)5

(
n1/2 − 495n3/2 + 992nA

5670
trR6

+
n1/2 + 225n3/2 − 448nA

4320
trR4 trR2 +

n1/2 − 63n3/2 + 128nA
10368

( trR2)3

)
.(10.36)

The theory has gravitational anomalies unless all 3 terms vanish. This condition constitutes a set

of 3 homogeneous linear equations for the 3 unknowns n1/2, n3/2 and nA which generically has no

non-zero solution. However it is easy to see that here the system not only admits a solution, but the

solution also is very simple, namely

nA = 1 , n3/2 = 2 , n1/2 = −2 , (10.37)

or any integer multiple of it. These numbers (10.37) correspond exactly to the field content of

the ten-dimensional IIB supergravity : one self-dual antisymmetric tensor, two positive chirality

Majorana-Weyl gravitini and two negative chirality Majorana-Weyl spin-1
2
fields!

66Note that for the Majorana spin- 12 without gauge group one simply has I
1/2,Maj
12 = 2π 1

2 Â(R)12, and that the

coefficient − 11
126 of the trR6 term in the bracket of Igravitino12 arises as 2π 1

2

(
1 + . . . + 1

(4π)6
1

5670 trR
6
)(

10 − 1 + . . . −
1

720(2π)6 trR
6
)
= 2π 1

2
1

(4π)6

(
9

5670 − 64
720

)
trR6 + . . . = 2π 1

2
1

(4π)6

(
− 11

126

)
trR6 + . . ..

Adel Bilal : Advanced Quantum Field Theory 113 Lecture notes - October 5, 2026



11 Conclusions of part II

We have studied anomalies in quantum field theory from several complementary perspectives. We

have seen how classical symmetries can fail to survive quantization when regularization is required.

This phenomenon manifests itself equivalently as the non-conservation of a quantum current, as

anomalous Ward identities, or as the non-invariance of the functional integral measure. We have

provided a clear dictionary how these different manifestations correspond to each other.

The abelian anomaly provides the simplest example. Through both Fujikawa’s method to compute

the Jacobian determinant in the functional integral, and through the explicit computation of the

corresponding triangle diagrams, it can be seen that the anomaly is finite, local, and unavoidable.

Its relation to the Atiyah–Singer index theorem in four dimensions already highlights its topological

character. This abelian anomaly concerns global chiral symmetries, and only implies that certain

selection rules no longer hold.

When chiral fermions are coupled to gauge fields, similar anomalies are present, but now they

threaten the consistency of the theory itself. In this case, violation of gauge invariance would spoil

unitarity and renormalizability, making anomaly cancellation a fundamental requirement. The re-

markable fact that the anomaly is one-loop exact and constrained by the Wess-Zumino consistency

conditions allows this requirement to be formulated as a purely group theoretical condition on the

fermion representations.

The Standard Model offers a remarkable realization of an anomaly free theory : the assign-

ments of quark and lepton quantum numbers are such that all gauge anomalies cancel within each

fermion generation. This non-trivial cancellation, first identified by Bouchiat, Iliopoulos and Meyer,

constitutes one of the most profound structural features of the theory.

On the more formal side, the Wess-Zumino consistency condition was reinterpreted as the BRST

closedness of the anomaly, and then relevant anomalies correspond to BRST cohomology classes at

ghost number one on the space of local functionals in d dimensions. This cohomology was shown to

be uniquely characterized by formal characteristic classes in d+2 dimensions. This in turn hinted at a

relation with index theorems in d+2 dimensions, and following [18] we have sketched how this allows

to obtain the anomalies without doing a single loop computation, including also the generalization to

gravitational anomalies. Even more amazing than the anomaly cancellation in the Standard Model

is the highly non-trivial anomaly cancellation in ten-dimensional IIB supergravity.

Anomalies occupy a distinctive place in quantum field theory: they emerge from quantum effects

but are governed by symmetry and topology, and they both violate classical invariance and enforce

fundamental consistency conditions.
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