Advanced Quantum Field Theory :
Renormalization, Non-Abelian Gauge Theories
and Anomalies

Lecture notes
Amsterdam-Brussels- Geneva-Paris Doctoral School
“Quantum Field Theory, Strings and Gravity”

Brussels, October 2026

Adel Bilal

Laboratoire de Physique de I’Ecole Normale Supérieure
PSL Research University, CNRS
24 rue Lhomond, F-75231 Paris Cedex 05, France

Abstract

These are lecture notes of an advanced quantum field theory course intended for gradu-
ate students in theoretical high energy physics who are already familiar with the basics
of QFT. After a recap on the functional integral in quantum field theory, the first part
discusses the formulation and renomalization of non-abelian gauge theories, as well as
general renormalization theory. The second part gives an introduction to anomalies.
Starting from the simple abelian anomaly, we mainly discuss the chiral (gauge) anoma-
lies and end with a brief discussion of gauge and gravitational anomalies in arbitrary
dimensions, as well as their possible cancellation.
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Part 1 : Renormalization and non-abelian
gauge theories

1 Some elements of quantum field theory and the functional
integral

This section aims to give an overview of the functional integral formulation of quantum field theory
we will be using throughout these notes, and how it is related to the (perturbative) Feynman diagram
expansion. While this is standard material and can be found in many textbooks, the presentation
here will follow mostly [7].

1.1 Functional integrals

Functional integrals are the generalization to QFT of path integrals in ordinary QM. Although not
necessarily mathematically rigorous, functional integrals are a useful tool for many computations
whose accuracy can be confirmed by independent “proper” Feynman diagram computations. Our
signature is (— + ++) and, of course, h = ¢ = 1.

1.1.1 Path integrals in QM

Let us first briefly introduce path integrals. We will be working in the Heisenberg picture and |q, t)
denotes the eigenstate of the position operator Qg (t) at time ¢, corresponding to the eigenvalue g,
and similarly |p, t) for the momentum operator Py (t) and eigenvalue p. For a small time interval At,
we can approximate the scalar product by the following integral !:

(', t+Atlg,t) = (¢ t]e O g 1) ~ (¢, t] (1 — iAtH(Q, P)) |g, t)
= /dp (¢,t] (L —iAtH(Q, P)) [p,t) {p. t]q,t) = /dp (¢, t] (L —iAtH(d,p)) Ip,t) (D, t]q,t)

~ / d_p e ~iAtH (¢ ;p)At+ip(q'—q)
2m ’

(1.1)

i !
eiPq

where we assumed a certain operator ordering in H such that (¢',t| H(Q, P) |p,t) = H(q’,p)ﬁ.
For a finite time interval ¢; — ¢;, we proceed by dividing it into small chunks ¢y — ¢, = NAt and let
ty =t + kAt (top = t;, ty = ty). Repeating the previous process at each step yields the following
formula, where [[dgx, ~ Dq and [] (12% ~ Dp:

(a7, tr lai, ts) = /HdQ1 codgn—i(ay, tr lav—1, tn-1) - (ar, t g, t)

N N
d d : :
r~ /qul...qu1H§...%exp{—zZH(qk,pk)At+zZpk(qk —le)}

k=1 k=1

ty ty
~ [ Dquexp{—z' [ ar . +i [ d7p<r>q'<f>}7 (1.2
q(ti)=qi, q(ty)=qy t; t;

Note that H = H(Qg(t), Py (t)) = H(Q, P) does not depend on t.
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where in the last step we have taken the limit NV — oo, so that one integrates over all paths ¢(t) and
p(t) in phase space with the prescribed initial and final conditions.

This can easily be generalized to obtain the matrix elements of the time-ordered product of
operators O, (Q(t,), P(t,)) constructed from the Heisenberg operators () and P at times {t,}.:

a(tf)=q

f .ot .
<Qf7tf| THOQ(Q(ta),P(ta)) |q@,tz> _ / Dqu HOQ(Q(ta>,p(ta)) sztif dr (P(T)CI(T)*H(Q(T)»P(T))) .
a q a

(ti)=a;

(1.3)
This formulation is called the Hamiltonian formulation. If the operators O, do not depend on
momenta and the Hamiltonian is at most quadratic in the latter, the integration over Dp is Gaussian

and can be easily performed. This is the only case we will consider from here on out. Thus, one gets:

q(ts)=aqy o ot )
(. 1T T 0u(@(ta) la,t) = N / Dg [ Oula(ts)) (Det A) 2t 4 (it -Haor-1)
° q(ti)=q; a

(1.4)
where A denotes the integral kernel of the Hamiltonian involving the momentum,? p, (t) the extremal
argument of the exponent and N a potentially infinite normalization constant. Eventually, we will be
interested in normalized quantities, i.e. quotients, and then this constant will drop out. It should be
noted that performing this Gaussian integration corresponds to doing the Legendre transformation
from the Hamiltonian to the Lagrangian, and yields the Lagrangian formulation of path integrals:

AN —

(@ #1T]] 0uQ(ta)) la,) = / Dg [ Oulats)) (Det 4) et b drta@aon - (15)
a q(ti)=qi, q(ty

)=ar 4

If A is independent of @, Det A will be absorbed into the normalization constant. If not, we will
rewrite this quantity as (Det A)fl/2 = exp(—3logDet A) = exp(—3 Tr log A) and consider it an
additional contribution to the Lagrangian.

1.1.2 Functional integrals in QFT

In QFT, the quantities of interest are the vacuum expectation values of time-ordered products of
field operators (or functions of the field operators) and not so much transition amplitudes between
eigenstates of the field operators. This induces two major modifications in the integral formalism:
prescribed initial and final conditions become obsolete, and one needs to take the “vacuum wave
function” into account, which results in a purely imaginary, infinitesimally small contribution to
the Lagrangian. These are the ie-terms which will tell us that the propagators are the Feynman
propagators.

When generalizing path integrals to functional integrals, we will start with the Lagrangian for-
mulation and not preoccupy ourselves with its derivation from the Hamiltonian formulation. In
particular, when dealing with (non-abelian) gauge theories, the necessary gauge-fixing and ghost
terms will be added in when necessary. The Lagrangian (more precisely Lagrangian density) £ at a
given space-time point = depends only on the fields 1;(x) and their derivatives d,1;(x) at the same
point. For brevity, we will simply denote it by £(¢)(z)). For bosonic fields, this yields the following

2More precisely, if the eigenvalues of the integral kernel are a;, one gets I, %1 / 1277; = (Det (27”.21))—1/2. But we

include all the numerical factors into the normalization constant N and simply write (Det 121)71/2.
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generic formula for expectation values between the in and out vacua ® of time-ordered products of
Heisenberg-picture operators O,(¥) (that only depend on the Heisenberg fields ¥;(z) and not on
their momenta IT;(x)):

(vac, out|T{HOa(\I/(xa))} |vac, in)
:N/Hml (DetA(w)) ™" T Oa(¥(22)) exp {i/d%ﬁ@(@)}, (1.6)

where the notation ¢ (and ¥) is used to indicate a dependence in all fields 1, (and ¥;), and A is
again the integral kernel of the term in the Hamiltonian that is quadratic in the momentum fields.
In most theories, A does not depend on the fields 1, and its determinant is an irrelevant constant.

For anti-commuting Dirac fields ¢ and 1, the analogue of the bosonic formula (1.6) becomes the
following:

(vac, out| T{]Z[oa(qf(xa),ﬁ(xa)) }|vac, in)
- [[Ipvos, [[0x (vt i) s {il [atwemn]} - (1.7)

Note that the normalization constant A/ depends on how exactly one defines the functional integral
measure, but does not depend on which operator insertions are present.

1.2 Propagators
The free propagators are defined as:
—iAp(z,y) = (vac, out| T (¥, (z)Uk(y)) |[vac, in) |no interactions - (1.8)

In a free theory, Heisenberg and interaction pictures coincide. Free propagators are determined by
the free part of the action, i.e. the part of the Lagrangian density that is quadratic in the fields.
Hence, the computation of the propagators reduces, yet again, to computing a Gaussian integral. In
the bosonic case, the free action is of the form *:

1
/d4£C £0 = —5 /d4£C d4y ZQ/J[(LC)IDU/ (LC, y)lﬂl/ (y) . (19)
Ll
For a hermitian scalar field, Lo = —18,00"¢ — " ¢?, so that D(z,y) = (—0"9,, +m?)6@(z —y). In
the free theory the generic formula (1.6) becomes:

Ciln(ry) = N /Hm,, i) be(y) exp {i/d4x£0}. (1.10)

W "

3States with particle labels are hard to interpret in an interacting theory. This is why we define “in” and “out”
states: these are eigenstates of the Hamiltonian of the interacting theory which asymptotically (as t — —oo for in-
states and ¢ — +oo for out-states) behave like a collection of non-interacting particles with the same labels. This
“asymptotic behavior” is, of course, to be understood with regards to time-dependent operators as the states themselves
are time-independent in the Heisenberg picture. We will define in and out states more precisely below in subsection
1.3.2.

4One should not confuse the kernel D(z,y) acting on 1) with the functional integral measure D).
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In a free theory, the “in” and “out” states coincide and one has:
1= <V&C, out |V&C, 1n> ‘no interactions — N /Hle/ exp {2/d4$ ﬁo} , (111)
l/

which allows us to eliminate the normalization constant by rewriting (1.10) as

—z’AZk(x, ?J) = f Hl/ D wl(m) wk(y) el {Z f &' EO} . (1.12)

JTL, DYy exp {i [ d*a Lo}

Let us now introduce the generating functional for the free theory:

ZolJ] = / Hle/ exp {z / d'z [Lo(z) +Jl(x)wl(:p)]} : (1.13)

One can then easily see that, in a free theory, the n-point function can be rewritten using the
functional integral and derivative formalism, as well as the generating functional, as °:

S TL DY iy (1) - - 4y, (@) exp {i [ d*x Lo}
no interaction [T, Dy exp {i [d*z Lo}
) )
8Jy, (z1) 0, ()

(vac, out| T'(¥, (x1) ... ¥, (z,)) |vac, in)

= (Zo[0)) " (i)

ZolJl| (1.14)

J=0

One can then compute Zy[J] as a Gaussian integral since L is quadratic. This is done by “completing
the square” in the exponent, and yields:

ZolJ] = Zo[0] exp (%/d4xd4y Jl(x)lel(x,y)Jk(y)) : (1.15)

N —1)2
where Z,[0] = (Det [%D . This formula yields a simple expression of the free propagator:

) )
0Ji(z) 0Jk(y)

—il (@, y) = (—i)* (Z[0]) ZolJ]| = —iDy (zy) - (1.16)

J=0

We can now use the Fourier transform to determine this expression explicitly. Translation invari-
ance reduces the number of variables and allows us to write:

Dy(x,y) = Dy(x —y) = /(;Tp;z;

The inverse operator (D~1);x(, y) is given by the Fourier transform of (D~1);(p), which is the inverse
matrix of Dy (p):

eP@=Dy (p) (1.17)

d*p .
Au(o9) = Aue =) = [ GE D) (1.18)
For the example of the hermitian scalar field, with the replacement m? — m? — ie, we get
2 _ i) 5@ Ly T PSR
D(a.y) = (=00, +m* =ie) (e =) = [ R GF 1 m? i)

5For anticommuting, i.e. fermionic fields one has to be carful about the ordering as they may differ by a sign.
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with inverse

dp . 1
Asca ar - = — ey 1.19
1 ($ y) / (271')4 € p2 + m2 — e ) ( )

so that the momentum space propagator is

—1 —1 1
T ~a Asca ar = .
@)t et () = i T e

(1.20)

Let us note that for fermions, i.e. for anti-commuting fields, Gaussian functional integrals can be
defined similarly as

/DwDE exp </ (EKQ/H—ﬁw —i—@n)) =N Det K exp(—/ﬁK1n> , (1.21)

which shows very analogously that the fermionic propagator is also given by the inverse of the kernel
of the quadratic part of the Lagrangian, i.e. for Dirac fields by (@ + m — ie)™!
using the Fourier transform by

, or more explicitly

_ . d*p oy .
(0] T(¢($)¢(y) |0) = —iAppac(z —y) = / (27-[—)46p( Y (i +m — ie) !
dip —ip+m
= i | e 1.22
Z/(27r)4€ p?+m? —ie’ (1.22)
so that the momentum space propagator is
—1 —i . : —i  —ig+m

— A irac = - e . 1.23
(27)* Dirac(P) (27) (i +m —ie) (2m)% p2 + m2 — ie ( )

Note that in the fermionic Gaussian integral (1.21) the determinant of the kernel K appears with a
positive power.

1.3 Interactions and Feynman diagrams

We now go back to the full interacting theory and explain how to compute the vacuum expectation
values (1.6) of time-ordered Heisenberg-picture operators. Without much loss of generality, we will
assume that the products of the O, (¥(z,)) are simply products of the ¥(x;) (and Det A = const).
Then, much as in (1.14), these vacuum expectation values (vac, out| T'(¥; (21) ... ¥y, (xp)) [vac, in)
can be obtained by multiple functional derivatives with respect to a source function J(z) of a gen-
erating functional

Z[J] = /Dz/; exp {z’/d4:c [L(x) —i—Jl(x)wl(:c)]} : (1.24)

where now the full Lagrangian is present in the exponent. Moreover, to eliminate the unknown
normalization constant A we take again a ratio with (vac, out |[vac, in). Note that, contrary to the
free theory, the latter no longer equals one, since the in- and out-vacua now differ by a non-trivial
phase. Then the “normalized p-point function” is given by

(vac, out| T'(W;, (x1) ... ¥, (7)) [vac, in) 1 ) 4]
(vac, out [vac, in) = 0D 0 Sy S )

Z[J] (1.25)

J=0
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1.3.1 Feynman diagrams from functional integrals

In order to relate this quantity to the sum of Feynman diagrams, we would like to do a perturbative
expansion in the coupling constant. Let us begin by separating the Lagrangian into its free - the
quadratic - part, and the interaction Lagrangian: £ = L + Lin and proceed to develop e/ it in a
Taylor series:

21 = / Dy ¢ 4% (Lo@)+ @) +0 @) @)
_ — " A p " ifdte (Lo(x)+ ()¢l ()
= /D¢;E[/d atﬁmt(@b(m))} e ( 0 i )

I A TN if dtz (Lo@+a @)
_ Zn![/d 2 L ( Z(SJ(:C))} /Dwe :

n=0

= i%[/d‘*wﬁm(—i%)]” Zo[J] (1.26)

n=0

where Zy[J] is the generating functional of the free theory as computed above in (1.15) with D;,' =
Alk .

Zo[J] = Z[0] exp (%/d49€ d'y (i-2i(2)) ( — iAw(z,y)) (Uk(y))) : (1.27)

This expression allows us to give a diagrammatic interpretation of the generating functional Z[J].
Each functional derivative —id/d.J;(x) acting on Zy[J] yields a propagator —iA;(z,y) attached to a
vertex at = and multiplied with a Ji(y), integrated over y (which reads [ d*y(—iAy(z,y)(iJk(v)))).
The number of propagators attached to each vertex is equal to the number of fields in the interaction
Lagrangian, which translates into the number of functional derivatives —id/d.J(z) applied to Zy[J].
The number of vertices of a diagram coincides with the order of expansion n. Every propagator is
either attached to a vertex or a iJi(z;). Thus, Z[J] can be interpreted as the sum of all Feynman
diagrams, with any number of external lines attached to a factor iJ(z;) (integrated d*z;), times Zy|[.J].
In particular, the contribution from each vertex can be read from the “numerical factors” contained
in the corresponding interaction Lagrangian. These factors typically include some coupling constant
g, and the expansion then is an expansion in powers of g.

Furthermore, the additional functional derivatives in (1.25) act similarly, but replace a J,(2;)
by an external point x;. Since in the end one is instructed to set J = 0, there cannot be left any
propagators with J’s attached. This means that all propagators have their ends attached either to
a vertex or to an external point. Very similarly, the denominator Z[0] in (1.25) has all propagators
connected to vertices with no external points. This equals one plus the contribution from all so-called
vacuum bubble diagrams. Thus, the ratio (1.25) appears as the ratio of all Feynman diagrams with
p external lines and of all Feynman diagrams without external lines (one plus all vacuum bubbles).
Since the sum of all diagrams in the numerator can be organized as the product of (i) the sum of the
diagrams without vacuum bubbles and (ii) one plus all vacuum bubbles, we see that these vacuum
bubble diagrams cancel between the numerator and the denominator, and the normalized p-point
function (1.25) is given exactly by the sum of all Feynman diagrams with p external propagators and
containing no vacuum bubbles.

We should note that in (1.26) we have interchanged the order of the (convergent) sum for the
exponential series and of the functional integration. In general this cannot be justified and in most
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cases results in a divergent series. This means that Z[J] = Z[J](g) considered as a function of
the coupling constant ¢ is not Taylor expandable, and the corresponding series is a diverging one.
However, in many theories, if g is small enough, the sum truncated at low order still yields very
good approximations. Such series are known as asymptotic series.® This is the case in particular in
QED where perturbation theory at order ¢ (four loops) yields results for the magnetic moment of
the muon that are in impressive agreement with the experimental values.

1.3.2 Relation with Dyson’s formula and Wick’s theorem

We will now re-derive the previous result from a somewhat more conventional perspective, using
Dyson’s formula and Wick’s theorem. We begin with the relation between the Heisenberg-picture
fields W;(z) and the interaction-picture fields * ;(z) which is

W (t, 7) = et ™ol o)y (t, 2) eHole ™t = Q(t) oy (t, ) QL) , Qt) = e Hot | (1.28)

The unitary operators €2(t) provide the desired relation between the two pictures. They also allow
us to define the in- and out-states. Here we only need the in- and out-vacuum states :

|vac,in) = elim Q0)|0) , |vac,out) = lim Q(0)|0) . (1.29)
——00

0—+o00

Then, assuming 9 > z§ > ...z} without loss of generality, we have
(vac, out| T{ H \I/la(:Ea)} |vac, in) = (vac, out| ¥y, (21)V¥;,(z2) ... ¥y (2,) [vac, in)

= (0] Q71 (+00)Q(t1 )y, (1) (t1)..4y, (£,) 2 (t,)(—00) [0) (1.30)
= (0] U(+o0,t1)th, (x1)U(t1, t2) 1, (22).. 4y, (1,)U(t,, —00) [0)

where U is the interaction picture evolution operator :
Ut t) = QL)) = etlotemtHEA) g=itot" (1.31)

It satisfies a simple differential equation and initial condition

z’%b{(t,t’) = et (—Hy 4 H)e e tHol! — gitlotyo=iHol (¢ ¢y = Vi(t) U(t, ), U(t,t) =1,

(1.32)
Vi (t) being the interaction Hamiltonian H — Hy in the interaction-picture. In quantum field theory,
V7 is given by a space-integral of a local interaction Hamiltonian density V;(t) = [ d3z Hin(t, Z).
The latter is given by a sum of products of interaction-picture fields (and possibly their derivatives).
The solution of (1.32) is then given by the time-ordered exponential

U(t,t') =T exp ( —i/t dTV1(7')> = Texp ( — z'/tlt dT/d3JZHint(T, f)) : (1.33)

t/

6Probably the best-known asymptotic series is Stirling’s approximation for the I'-function for large arguments.
"We use the same symbol 1; for the interaction picture fields as we used for the functional integration variables,
which should hopefully not cause any confusion.
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This evolution operator obeys the composition law U(ty,t2)U(ta,t3) = U(t1,t3). It is then easy to
see that (1.30) can be very simply rewritten as

(vac, 0ut|T{H\Illa(:pa)} Ivac, in) = <0|T{¢h(a;1)...¢lp(xp) exp (—i / d4szt(z))} 0) ., (1.34)

where the integral in the exponent is over all space and all times (from —oo to +00).

This can be evaluated in perturbation theory by expanding the exponential into a Taylor series ®

(vac, out| T{ H v, (xa)} |vac, in)

= (=i’

n!

T ( / A2z (O], (1) () o (2 Hie () [0) ) . (135)

n=0

and using Wick’s theorem. Wick’s theorem allows us to rewrite any product of interaction-picture
fields in terms of a sum of terms with an arbitrary number of pairs of fields “contracted” and the
remaining fields being in normal order. A normal-ordered expression of interaction-picture fields
(i.e. free fields) has all its annihilation operators a to the right and all its creation operators a' to
the left, so that its vacuum expectation value vanishes (since @ |0) = 0 and (0] a' = 0). As a result,
the only terms that have a non-vanishing contribution are the ones with all fields contracted. Each
contraction between a field at y4 and a field at yp (the y’s being either a z; or a z;) is given by the
time-ordered two-point function of interaction-picture fields. Since these interaction-picture fields
evolve with the free Hamiltonian Hj they are free fields and the two-point function

O] Tn(ya)¥r(ys) [0) = —iAu(ya — yB) (1.36)

coincides with the propagator as determined above. These propagators are all connected either to an
external point x; or to an internal point z; which are again the vertices of the corresponding Feyn-
man diagram. In the simplest quantum field theories, the interaction Hamiltonian and interaction
Lagrangian are simply related as Hi,, = —Ling, and then it is not too difficult to convince oneself that
Wick’s theorem applied to Dyson’s formula (1.35) exactly generates the same Feynman diagrams as
the expansion from the functional integral above (1.26).°

1.4 Generating functional for connected Green functions

The p-point Green function C/J\(p) (%1,...,x,) without vacuum-bubbles is a sum of connected and dis-
connected pieces. The connected p-point Green functions Gg) (x1,...,x,) can be recursively defined

as : G (x) = Gy(z) and G (21, 19) = Goy(a1, 12) — G (21)Gy (12), ete.'® GO (x1, ..., xp) then
is the sum of the corresponding connected Feynman diagrams.

8Note that we again interchange the order of the sum and of computing the matrix elements.

9If the interaction Hamiltonian contains derivatives of the fields, there are some subtleties, but we will not discuss
this any further.

9For the general p-point function one needs to consider all non-trivial partitions P of (z1,...z,) and subtract

ZP(:I:)GC ...GC from Gp)(21,,...2p), where the possible minus signs take into account the exchange of fermionic
labels.
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This recursive relation can also be rewritten as a relation between generating functionals. We
denote iW[J] the generating functional of connected Green functions:

. . 1 . .
iW[J] =iWI[0] + Z o / d'z,...d'z, G(C;)l Y (2, ... ) iy (1) iy () (1.37)
p=1""

The term of order 0, namely i1¥[0], corresponds to connected 0-point Green function, i.e. to connected
vacuum-bubbles. It is worth noting that, for any p > 1, Gg cannot contain vacuum-bubbles.

One can show that this generating functional W[J] of all connected Green’s functions relates to
the generating functional Z[J] of all Green’s functions in the fully interacting theory as follows:

Z[J] = exp ((W[J]) . (1.38)

1.5 Quantum effective action

We define the functional I'[¢] as the Legendre transform of W[J]. For simplicity, we suppress again
all labels on the fields. First, let

6(z) = 5'WU}:-4K%5ngU]: Zbﬂ—w&E@ZUD. (1.39)
The expression on the r.h.s. is similar to the one-point Green function without vacuum bubbles (which
is the connected one-point function) é(l)(x) = G(Cl)($) but computed with J # 0, thus keeping the
additional interaction terms ¢.J in the Lagrangian. We see that ¢;(x) is the connected one-point
function in the presence of the additional interactions generated by the sources.

The relation ¢, (x) = %(I)W[J] can be inverted to get J(x) as a function of ¢(x). We denote
Jo(x) the function such that ¢;(z) = () if J(x) = j,(z). We can now use ¢ as variable and define
the Legendre transform of W as

Iiel = Wil — [ die plo)iufa) (140

It can be shown (cf the remark below) that this is the generating functional of one-particle-irreducible
diagrams, also called 1PI, which are connected diagrams that do not become disconnected when a
single line is cut. More specifically, if one develops I'[¢] in powers of the p(z;), just as we developed
W[J] in powers of the J(z;), the coefficients Iy (21, ..., x,) are the 1PI p-point functions which are
given by the sum of all corresponding 1PI Feynman diagrams with p external points at z;, t = 1,...p.
I'[¢] also bears the name of quantum effective action because its tree level contribution coincides
with the classical action. As a matter of fact, let us introduce a loop-counting parameter A by
replacing the action as S — %S and the sources as J — %J . This means that all vertices are
multiplied by % and all propagators by A. External lines get an overall factor \° since they get a
factor A from the propagator and a % from the sources. The overall factor of a diagram is M=V,
where I denotes the number of internal lines and V' the number of vertices. We also denote L the
number of loops and C' the number of connected components. Using the diagrammatic identity

I-V=L-C, (1.41)
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the overall factor can also be written as A*~C. Since C is fixed, X is a loop-counting parameter. We
look at connected components, i.e. C' = 1. Thus, taking the limit A — 0 amounts to isolating the
tree level contribution. One can then write the following loop expansions

WILA =Y AT'Wild] Tl A=) ATy (1.42)

L>0 L>0

where Wy[J] and Tg[p] correspond to the classical limit ' (tree-level contributions), and the W[ J]
and I'[p] for L > 1 to L-loop contributions, which can be interpreted as quantum corrections.

We will now proceed by approximating the generating functional W[J, A] in the classical limit
A — 0 using the saddle point method. We have, cf (1.38),

exp {iW[J, A]} = Z[J,\] = / Dij exp {%(sw] + / dix J(x)w(x))} . (1.43)

If we let A\ — 0, the integral is dominated 2 by the 17 that solve % + J = 0. It follows that, at tree
level,

WolJ] = S[s] + / AT (2)y(x) | (1.44)

is the Legendre transform of the classical action. On the other hand, since W[J] is the inverse
Legendre transform of T'[¢], we conclude that in the classical limit the quantum effective action
equals the classical action :

Lole] = S[e] - (1.45)
Since the I'f[p] for L > 1 correspond to loop corrections, I' represents indeed a (quantum corrected
or) quantum effective action.

One can show [7, 23] by a similar saddle-point argument, that doing the functional integral, with
S[t] replaced by '], generates at tree-level the full generating functional Z[J] = €'V, This shows
that all Feynman diagrams are generated as tree diagrams with (full) propagators that follow from
the quadratic part of I' and with effective vertices that follow from the non-quadratic parts of T'.
Since a given diagram is obtained in only one way from 1PI-vertices and full propagators this means
that these effective vertices are 1PI, and this is why I' is the generating functional of 1PI diagrams.
We will not go into further detail.

1.6 Loop diagrams: regularization and renormalization

We have shown above how to obtain the Feynman rules to compute a generic n-point Green func-

tion @(n)(xl, ..., Z,) without vacuum bubbles, or the corresponding connected n-point function
G(C;L)(xl, ..., Ty). If one further restricts to 1PI n-point diagrams, one obtains the 1PI n-point func-
tion I'(yy (@1, ..., 2,). In practice one is more interested in the (four-dimensional) Fourier transforms,
e.g.
1_\(n) (pb cee 7pn) = /d4$1 s d4xn €xXp (Z Z(pr)ux;‘j) 1_\(’n) (‘xh v ,SL’n) ’ (146>
r=1

HTf we did not use units such that # = 1, we would have e#S and h would act as the loop-counting parameter .
This is why A — 0 is the classical limit.
2For A — 0 we have the saddle-point approximation e’"o/* = (Det %)_1/26i(s(wJ)+‘f Jw")/’\7 or taking the loga-

rithm, %2 = 1((S(¥y) + [ Jbs) + LlogDet 2. As expected, the determinant only contributes at order A® which

corresponds to one loop.
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where all momenta are counted as flowing into the diagram. It follows from invariance under trans-
lations o/ — ' 4 a* that one of the integrations simply yields a §®*) (3 p;) of overall 4-momentum
conservation.

Tree diagrams are always well-defined finite expressions of the external momenta p,.. In particular,
all momenta carried by the external and internal propagators are perfectly determined by four-
momentum conservation at each vertex.

On the other hand, for a diagram containing L loops, I internal lines and V' vertices, one has
I internal momenta, constrained by conservation at V vertices. One of these constraints only re-
produces the overall conservation of the external momenta, and hence there are I — (V — 1) = L
unconstrained momenta : there is exactly one unconstrained momentum per loop, also referred to
as the loop momenta. The integrations over these loop four-momenta k" may be divergent at large
values of |k#|. For example, if there is a single loop containing N internal scalar lines, i.e. N scalar
propagators, and if the vertices contain no momentum factors (interactions without derivatives) then
the loop integrand will behave for large k as d*k (k*)™". There is a standard procedure to replace
k° by k%, called the Wick rotation, which makes the loop momentum a Euclidean 4-momentum
and provides a factor of ¢ from the change of variables. For large Euclidean k& one can then use
4-dimensional spherical coordinates, so that d*k = k3dk d3Q and the integrand behaves as dk k372N,
One sees that this is logarithmically divergent for N = 2 and convergent for N > 3. On the other
hand, if the N internal lines are fermionic lines with Dirac propagators that behave as %, the large
k behavior now is d*k k= ~ dk k3~V. This is then divergent for N < 4 and convergent for N > 5.

These divergent integrals must be regularized. There are various ways to proceed. One may
artificially “improve” the large momentum behavior of the propagators in one way or the other.
The Pauli-Villars regularization to be discussed in section 4 essentially does this. Another very
convenient regularization is the dimensional regularization which formally continues the integrand
to an arbitrary complex value d of the dimension. The integral then appears as a meromorphic
function of the space-time dimension d = 4 — ¢ which has a pole at d = 4 (if the original integral was
divergent), i.e. at ¢ = 0. Unfortunately, dimensional regularization does not work in the presence of
structures that are specific to 4 dimensions, like the e#*??-tensor or the Dirac matrix ;.

Of course, once one removes the regulator, the loop expressions will diverge again. But in general,
one has a clear separation between the diverging piece, i.e. the polar part ~ eir, r=1,2,..., and
the finite part. One can then add the so-called counterterms to the Lagrangian that are of higher
order in the coupling constant(s) and that are ~ eir with exactly the right coefficients, so that
they produce a tree-level vertex that cancels the diverging piece of the corresponding loop diagram.
Allowed counterterms must be local expressions in the fields involving finitely many derivatives,
corresponding to counterterm vertices that are polynomial in the momenta. It is thus important
that the divergences from the loop diagrams have a corresponding structure. Instead of adding these
counterterms “by hand”, one can also consider that the original Lagrangian was made from so-called
bare fields and bare masses and bare coupling constants, and then split this Lagrangian into a finite
Lagrangian plus these same counterterms. Rather than discussing the procedure in general, we will
work out an example in the next subsection.
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1.7 An example : vacuum polarization in QED

The QED Lagrangian is given by
1
E - _ZEWF#V + Cmatter + Egaugeﬁxing . (147)

Of course, F},, = 0,A, — 0,4, and Lyatter = —(IP+m)y with D, = 0, +ieA, being the covariant
derivative.'® The gauge-fixing Lagrangian can be chosen to be Lyaugefixing = — 5 (9, A*)?, but this is
not important for the present computation, as we will not need the photon propagator.

It is interesting to briefly discuss the simplest one-loop diagram in QED which is the vacuum
polarization diagram. This is the 1PI two photon function'® I1,,(q). At one loop, there is a single
Feynman diagram that contributes at order e? as shown in Fig. 1. The Feynman rule for the Dirac

k

k—q
Figure 1: The one-loop vacuum polarization diagram in QED

propagator was already given in (1.23). The vertex follows from the expression of the covariant
derivative in Lyagter = —(@ + m)¥ + Ling with Liny = —ieyy*pA,. Thus, the electron-electron-
photon vertex contributes i(2m)* x (—iey*) = (27)%ey*. Then we get for this diagram

i) T ol =~ [ d‘*ktr{(‘“ e LU VPN ) Ut VR LY v”},

(2m)* k2 +m? — e (2m)* (k —q)® + m2 i€
(1.48)

where the overall minus sign is due to the fermion loop.

Before doing the actual computation of this diagram, let us comment on a few properties. First
of all, one sees that for large loop-momentum k the integrand behaves as d*k k=2, so that one expects
this diagram to diverge quadratically, i.e. as A2, if one cuts off the loop-momentum at |k| < A. One
also says it has superficial degree of divergence 2. One must then regularize this expression in one
way or another. For example, in dimensional regularization to be discussed below, we let d = 4 — ¢,
so that for a finite regulator € # 0 the integral is actually finite. One can then split this expression
into a diverging part which is ~ % and a finite part, which has a finite limit when ¢ — 0. If one
takes a derivative of this regularized integral (1.48) with respect to the external momentum ¢ this
changes the large-momentum behavior of the integrand into d*k k=3, so that the superficial degree
of divergence has been lowered from 2 to 1. Taking 2 more derivatives yields a degree of divergence
—1, i.e. a convergent integral. But this means that 3 derivatives have annihilated the diverging part,
so the latter must be a polynomial of degree 2 in the external momentum. Indeed, the explicit
computation below will yield

2
9 e’ 1
Mo (@) = (@0 = ¢"¢")( = g5+ (@) +0(9)) , (1.49)
P 672
13The covariant derivative is D, =0, —iqA,. But for the electron, ¢ = —e, where e > 0 is the elementary charge.

14Somewhat more precisely, the 1PI 2 point function is I‘(z)(q, q) = 0% (q— ¢ TI*(q).
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where f(g?) is some finite, non-polynomial function of ¢> (and m? and some additional scale one
needs to introduce in dimensional regularization to keep the coupling constant e dimensionless). The
overall factor (¢*n** — ¢"q”) actually is dictated by gauge-invariance which implies that one must
have ¢, I1"(q) = 0 = ¢, 11" (q).

As mentioned above, the diverging piece can be cancelled by a corresponding (polynomial) coun-
terterm which one can either add to the initial Lagrangian “by hand” or more elegantly obtain in
the following way. One considers that the fields appearing in the Lagrangian are so-called bare fields
Ay and 1, and that the coupling constant and mass also are a bare coupling ep and bare mass mp.
The bare fields, bare couplings and bare masses are related to the renormalized A", 1, e and m by
so-called renormalization constants Z, and Z3 (and dm)

1
Y=\ 2y , A =+Z3A" | ep= \/76 ., mp=m-—0om. (1.50)
3

In the absence of interactions, there is no need to renormalize and then the Z factors are all 1 and

dm = 0. Hence (Zy — 1), (Z3 — 1) and dm must all be at least of order e. Actually, they are power
series’ in e? with the lowest order being of order e?. The fact that the Z-factors of A* and e are
opposite implies that the covariant derivative d,, + ie BAE = 0, + ieA, remains unchanged which is
again a consequence of gauge invariance. In particular, we can then rewrite the original Lagrangian

as (F, = 0,A7 — 9,A%)

1 1

_ZFAE/FEV —¥p(1"(0u + ieBAE) +mp)ip = _ZFNVFW — P (y"(0, +ieA,) + m)y + Lo, (151)
where the counterterm Lagrangian is
1 - _ .
Loy = —Z(Zg — D)E,F" — (Zy — 1)Y(@ + m)p + Zodmapp — (Zy — 1)iep Ay . (1.52)

While this looks like a trivial rewriting of the Lagrangian, the point is to consider the terms on
the right-hand side of (1.51) which are not in L. as the “classical” Lagrangian which defines the
Feynman rules, and consider L. as a higher-order term that provides extra interactions, called the
conterterms. These extra interactions may correspond to vertices with only two legs as is the case for
the first three terms in L, or a vertex with three legs as is the case for the last term. In particular,
one easily figures out that the term —3(Zs — 1)F,,, F* contributes

LY. = —(Zs = (¢ — ¢"¢") (1.53)

ct,e2

to the vacuum polarization at order e2.
The full order e? contribution to the vacuum polarization then is

I (q) = T 2(q) + 11, = (60" — q“q”)( — e H @)~ (% - 1)) : (1.54)

The a priori unknown constant Zs is fixed by some physical requirement, referred to as a renormal-
ization condition. If we require that the photon propagator has its pole at ¢ = 0 so that the photon
remains massless, and that the residue at the pole has the same form as expected at tree level, then
the term multiplying the (¢?n** — ¢*¢”) must vanish at ¢*> = 0. This fixes

e? 1

Zs—1=———+f(0), (1.55)

672 €
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so that
1% (q) = (¢*n™ — ¢"¢") (f (@)~ f (0)> , (1.56)

which is now a well-defined finite function of the momentum.

Let us now explicitly do the computation of the loop diagram. We choose dimensional regularization.
This means that we work with Feynman rules that would follow from the corresponding d-dimensional
Lagrangian. In particular all momenta become d-dimensional, and so does the loop integration. The
non-trivial fact is that one may “analytically continue” to complex values of d with the integrals being
meromorphic functions of d with poles at various integer values of d. While in 4 dimensions the coupling
e is a dimensionless quantity, this is not so in arbitrary d. Indeed in d dimensions, the Dirac fields have

engineering dimension d21 d 2 (just as scalars). Then the interaction

¢'y“1/)Au has dimension %d —2=d+ T and only if we replace the coupling e by e u(4_d)/ 2 the coupling e

is still dimensionless. This means that the vacuum polarization gets an additional factor fi*—¢
Once we have dimensionally regularized our integral, it is a finite (converging) expression, and we can
perform the usual manipulations such as shifting the intgration variable. Applying Feynman’s formula

ﬁ = fol dxm allOWS to rewrite

_ie? tr[...]
T _ —ie? i d/ dz /dd : 157
loop.c2 (@) = —2q)2 +m? + z(1 — x)q% — ie] o0

The Dirac trace can still be evaluated as in 4 d1mens10ns so that
tr[...] =4 [-k"(k —q)" — k' (k — )" + k(k — Q™ + m*p"] . (1.58)

Shifting the integration variable k — zq — k this becomes
" —41 e? y y
M o) = i [ o [ Q[ = b a - (1= )0 — (20 G- (1= 20

1
(k2 +m?2 + z(1 — 2)¢?

(k4 2q)(k — (1 — 2)g)™ + m277‘“’} - (1.59)
Now one can do the Wick rotation which amounts to the change of variables k% = ik:OE, so that ktk, = kng

(recall that our Lorentz signature is (— + ++)) and d’k = id%k . In order for this to make sense one must
also continue the external ¢* to a Euclidean ¢/;. Furthermore, due to rotational symmetry, terms in the

numerator that are linear in k* don’t contribute to the integral, while terms k* k¥ can be replaced by é Nt k2
which become %77’“’13 after the continuation. Hence

—4i —z(l - + (1= kL + 22(1 — ) kg
Y 2(qe) = i it dx i | d%p m? = ot = @)+ (L= GRe 0™ + 20(1 = 2)j . (1.60)
loop,e (2 9 9
& (k2 +m? + z(1 —Jz)qE]

Next we use the formula

d 2\s d _d_
[ el = a2 (e (161
(kp + R?) T(HI(N)
for s =0 and s = 1 with R? = m? + z(1 — 2)¢%. This yields
" (qp) = 1€ ia Mgy [[m2 — 2(1 — 2)g: ] + 22(1 — )q". ”}wd/QF(Q— @)(R%%—?
100p7€2 qE - (27r)4lu 0 ap|n qE(JE 2

(NIsH

+(1 _ 3) - (5 + 1T -

5) d_
o 22 (R%)>2 1} . (1.62)

NI
~—

15 All one needs is that {y#,~”} = 2n*¥1 and the only issue concerns tr 1 which can be chosen to be 20/2 = 4 x 27¢/2

or just 4. The ambiguity consisting in an overall 27¢/2 is of the same type as the ambiguity in choosing to continue
also the factors ﬁ to ﬁ In the end this only changes the renormalization constants Z; by finite amounts and

does not affect the renormalized IT* or X*.

Adel Bilal : Advanced Quantum Field Theory 14 Lecture notes - October 5, 2026



d _d
Observing that (1 — %)w _

r'(g)
v 4e? AP ! 2 2 21 pv v R*\5-2
L0 (ae) = (2W)4F(2 - 5) n? /0 dz [ [m? — a(1 - z)qp — R*] 0" + 22(1 — JU)Q%QE} (ﬁ>
—2x(1 — 2)¢%
8¢? dy s s [ m? +a(1—a)gh] 5
— v v
= WF(Q — 5) T (qEqE —qpn* ) /0 dzz(l—x) { = ] ) (1.63)
Next one sets d = 4 — € and expands the result in €. Recall that
d € 2
and also a¢ = e1°8% = 1 + eloga + O(€?), so that
A\ _aj2-2 49 _ (2 € € 2
r(z 5) 712720 1572 = (g 'y—l—(’)(e)) (1 Slogm -~ logl...] + O(e ))
2
= ——v—logm—1log[...] + O(e) . (1.65)
€

Since fol dez(l—z) = %, and reverting back to Minkowski signature, we finally get

2 1 1 1 2 1— 2
(@) = (1" — ¢"¢") ~ (— G oeT 3/ dz z(1 — z)log [m i x}; z)q } + O(e)> .
0

loop,e? @ € 2
(1.66)
We indeed see the diverging term (q2n“” - q”q”) ( - %%), as anticipated in eq. (1.49), and we can read off
the finite function f(q¢?). In particular,
) o2 ! ¢
F(@) — £(0) = 27T2/0 do(1 —2)log 14201 - ) L] (1.67)

1.8 Exercises

1.8.1 Linear operators on L?(R")

Quite often one has to manipulate linear operators A acting on functions f € L?(R*). These are not
operators acting in the Hilbert space of quantum field theory but in a “much smaller” Hilbert space.
A typical example are differential operators. In general one can write

<Afxw—1/de@m»ﬂw. (1.68)

It is very convenient to use the notation A(z,y) = (x| Aly) where |z) is the ket of the non-
normalisable basis of L?(R?) such that X*|z) = x#|z) (eigenstate of the position operator). One
also uses the non-normalisable eigenstates |p) of P*. Recall that

1= [ae el = [avln ol . Gl = s (1.69)

a) Show that an nth order differential operator such that (Af)(z) = S0+ ... 55— f(x), corresponds
to A(z,y) = (=)"+% ... 52 0W(x —y) = -2 954 (2 —5). Show that for this same operator

ylL " dykn = 3zh1 * ' Jxkn

one also has A(p,p) = (p| A|p) = " Py -+ P 0 (p — D).
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b) Show that for any A, the matrix elements A Yz, y) = (7] A-1 ly) of the inverse operator satisfy

/d4z ANz, 2) A(z,y) = 6W(z —y) . (1.70)

Write the analogous relation for A~!(p,p) = (p| Al |p) and A(p,p’).

c¢) Show that if A(z,y) only depends on the difference x — y (translation invariance), then

~ d4 )
GIAD) = AW -7) with Alwg) = [ SR e AG) (1.71)
and that in this case the matrix elements of the inverse operator simply are
-~ 1 dp . 1
Pl AT D) = ——0Dp—p) = A lxy = /—e’p(””_y) —_— . 1.72
A = 4 ) @) = [ i @ s (1.72)
More generally, show that for such operators one has for a “general” function F' of A:
P ) = [ 52 e EaG) (1.73)
x = | ——e . :
Y (2m)? p
d) Use these results to show that the inverse of the Feynman propagator of a scalar field A(x,y) =
Ap(x —y) is given by A7l (x,y) = [— %% +m? — ie} W (x —y). Deduce the differential equation

satisfied by the Feynman propagator.

f) We will also have to compute traces of certain operators on L?(R*). By definition
TrA= /d4:c (x| Al|z) = /d%A(x,:c) . (1.74)

Explicitly show that this is equivalent to Tr A = [ d*p (p| Alp) = [ d*p A(p, p). Show that for an
operator invariant under translations (cf (1.71)) formally one has

B%@@zdmm)/d%FM@». (1.75)

Interpret ) (0) as (p|p) and argue that if one replaces R* by a hypercube of volume L*, this factor

would be replaced according to §*#(0) — (%)4.

1.8.2 Green’s function and generating functional in 0 + 1 dimensions

Consider the 0 + 1 dimensional quantum “field” theory (this is actually quantum mechanics) with
action

%m:/ dt 5 |67 —we?] | (1.76)
where ¢ = % = 0,¢.
a) Determine the corresponding Green’s functions G(t) as the solutions of

(07 +w?) G(t) = 6(t) , (1.77)
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by first solving this equation for all ¢ # 0 and then matching solutions to get the correct discontinuity
at t = 0 to reproduce the J-singularity.

b) Obtain Feynman’s Green’s function from the Fourier transform with the ie prescription:

S de e—ipot

and compare with the results from a).

c¢) Define the generating functional as

ZolJ] = / Dé exp {z‘So[qﬁ] i / dtJ(t)¢(t)1 (1.79)

and compute Zy[.J|/Zy[0]. Explicitly convince yourself that

1 o o
Zp[0] 0 (t1) 0 (ta)

gives the functional integal representation of the (free) four-point function (T'[¢(ty) . .. ¢(t4)])o-

ZO[J]‘ (1.80)

J=0

d) Now add to the action Sy an interaction term S = Sy + Siy with Sy = [ dt £¢®. Define Z[J]
as Zy[J] but with Sy replaced by S. Compute Z[J] and Z[0] to second order in g. Give the graphical
representation of the terms you find.

e) Deduce the full 2-point function as

L o0 0 ZJ]‘ . (1.81)

<T[¢(t1)¢<t2)]> = _Z[O] 5J(t1) 5J(t2) [ J=0

Discuss the graphical representation of the terms you get and observe that the vacuum bubbles have
cancelled.

1.8.3 Effective action from integrating out fermions in QED

a) Show that in spinor quantum electrodynamices, the functional integral representation of time-
ordered expectation values of operators that do not involve the matter fields can be done in two
steps, where the first step involves doing the functional integral over the fermions only. This amounts
to computing

Svac,vac[A] = <VaC, out|vac, iIl)A

V2 / HDWD% exp{—i / d4w(x)(@+m+ze41(x))w(x)} : (1.82)

b) Compute this integral exactly in terms of an appropriate functional determinant. Of course, this
determinant is ill-defined and needs regularization. (One could e.g. replace Det[...] = [[, A, by
[T, A\ and let N — oo in the end, or replace it by [, Ane™ and let € — 0 in the end.) Once
regularized, it can be manipulated as an ordinary determinant. Show that

sl = e [1+ () i) 182
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Use Det (1 4+ M) = exp(Tr log(1 + M)) and the power series expansion of log(1 + z) to get

—i[&] = exp {— £ C@rm) <—ie>41<x)]n} , (1.84)

and give a Feynman diagram interpretation of each term in the sum.

Hint : Recall Tr(...)= [d*p( p| trp(...) |p) where trp indicates a trace over the Dirac matrices and

{p| (9 + m) |z) = (2]5 +m) Hpla) = (i +m) - E;p”)g , as well as the definition of the Fourier

transform f(q) = [ d*ze " f(z) and f(z) = f o e f(q).

c¢) One can show that each term in the sum in the exponent is purely imaginary which allows to write

Suncvncl Al = Suacncl0] exp {z / v L IOOP[A]} | (1.85)

where L£15'°°P[A] is the effective action obtained by integrating out the fermions. Show that by taking
functional derivatives with respect to A, (x;) of Syacvac[A] one generates time-ordered (connected)
correlation functions of the electromagnetic current operators J* (z;) = —ie(z;)v* 1 (x;).

1.8.4 An example of asymptotic series

a) Let
flg) = %/m da e 7" (1.86)

Compute f(0) and show that f is a well-defined monotonously decreasing function for g > 0. What
happens for g < 0 ?

b) In order to try to compute f in perturbation theory, expand e 9" in a (converging !) power series.
Truncate this series at order N. We let

N

1 [ L
fN(g):ﬁ/_oodxe Zn'( gz*)" . (1.87)

n=0

Since this is a finite sum, exchange the order of the sum and the integration and explicitly compute
the integrals for each term so as to obtain the coefficients a,, in

N
= Zang" : (1.88)
n=0

an

¢) Compute . and deduce that the limit N — oo does not exist or, in other words, that the
corresponding infinite series has a vanishing radius of convergence. Explain this fact in terms of the
behaviour of f(g) for negative g.

d) Numerically evaluate f(g) for small g > 0, say g = 0.01, and compute fx(g) for N =0,1,2,3,4.
What do you observe ? Repeat the same procedure for g = 0.3.
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2 General renomalization theory

As we have seen in the example of the vacuum polarization, but also more generally, the notion
of renormalization arises in order to keep correctly normalized full propagators, with their poles at
the physical masses. This requirement is independent of any divergences arising in loop integrals.
However, the one-loop contributions typically are divergent and have to be regulated. Then, at
least in QED, after performing the renormalization, according to the renomalization conditions, the
renormalized quantities turn out to be finite (i.e. have finite limits even if the regulator is removed).
The purpose of the general renormalization theory is to show that this is no accident but remains
valid to all orders in perturbation theory, at least for so-called renormalizable theories as QED or
scalar ¢*-theory in four dimensions.

2.1 Degree of divergence

The superficial degree of divergence D characterizes the behaviour of the momentum integral
[ d*; ...d*%y[...] when all |k;| — oo with a common k& — oo. More precicely: if the integral
behaves as ~ [ kP~'dk then D is the superficial degree of divergence. An integral with D > 0 is
called superficially divergent, and one with D < 0 is called superficially convergent. This does not
necessarily mean the integral really diverges or converges, but we will see that the superficial degree
of divergence D nevertheless plays an important role. Often, we will talk somewhat loosely about
the superficial degree of divergence D of a diagram, meaning the D of the associated integral. To
determine D let

e [; be the number of internal lines of the field f,
e I be the number of external lines of the field f,
e N; the number of vertices of type ¢ with d; derivatives and n;; fields f attached.
Now, for large momenta the propagators behave as Ay(k) ~ k=725 were
e for scalars: sy = 0,
e for spin 1/2: sy =1/2,
q"q”

e for massive spin 1: sy = 1 since A(q)* ~ q% (v — 24)

e and for photons or gravitons: sy = 0, since: A(g)* ~ q% (77“” — fq:‘ju).

It follows that
D=A4L+Y N+ I;(—2+2sp) . (2.1)
i f
Now use the relation L =1 -V +1=3%.1I; — >, N; + 1 to obtain

D=4+ Nidi—4)+> I;(2+2s;) . (2.2)
i f
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Use further ) Nin; = 21y + E; to get

D=4+ Ni((di =4+ nig(sp+1)) = > Ep(s;+1), (2.3)
@ !

f

or
D=4-Y Ep(s;+1)= > NA;, (2.4)
f i
with

Ai:4—di—2nif(sf+1) . (25)
I

One can repeat this argument in an arbitrary space-time dimension d. One simply has to replace
AL — d L in (2.1). The final formula then is modified as

D=d- ZEf<sf+—) ZNA (2.6)

f

A =d—d; —anf (sf+—2) : (2.7)

Note that scalar theories in d = 2 have the particularity that the superficial degree of divergence does
not depend on the number of external lines. Indeed, in this case one simply has D =2 — " N;A,
and A; = 2 — d;. Nonlinear sigma models have d; = 2 and hence A; = 0, so all diagrams have
D = 2, independently of the external lines. On the other hand, a simple ¢*-theory in 2 dimensions
has A = 2 and only loop diagrams with a single vertex can be (superficially) divergent.

There is an alternative way to determine the A; of a given interaction, which works easily as
long as only scalars, spin % particles, photons or gravitons are involved (no massive spin 1). The
engineering (mass) dimension Dy of a given field can be read from the kinetic term in the Lagrangian.
In d dimensions one gets Dy = % for scalars, photons or gravitons, and Dy = % for spin % fields.
This coincides with Dy = s; + %. (This does not work for massive spin 1 fields that have sy =1
but engineering dimension 1 - it is the explicit appearence of the mass m which messes up the
argument.) Then any interaction of type ¢ involving n,, fields f and d; derivatives has dimension
di +>° snifDy. Since the Lagrangian must have dimension d, the coupling constant g; must have
dimension [g;| = d — d; — > ;nifDy or

l9:] = A (2.8)

so that the value of A; can be directly read from the (mass) dimension of the coupling constant. As
an example, in Table 2, we consider the various interactions in QED in four dimensions, where one
has Dy = % and Dy, = 1 and one indeed verifies that the A; coincide with the dimensions of the
coupling constants.

One can similarly assign AS™P to composite operators O,(z) inserted in a diagram. AS™P is the
same as one would define for the corresponding interaction, and eq. (2.4) would be replaced by
D=4-5% EDy— > NilNj — 3, NJAF™.

The importance of the notion of superficial degree of divergence D resides in the following remarks:
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et Ay A=T-3xT-1=0
(Z3_1)FWFW A=4-2-2=0

(Z2 = D)@y A=4-2x3-1=0
[_(22_1)m+22(5m]’gbw A:4—2X%:1

Table 1: The values of A for the various interactions in QED

o If A; > 0 for all 7 then only Green’s functions with d — Zf E¢D; > 0 can have D > 0 and,
since Dy > 0 (except for sy = 0 in d = 2 dimensions) there are only finitely many superficially
divergent Green’s functions (finitely many values of E). Note that, unless A; > 0, Vi, these
are still infinitely many diagrams (arbitrary N; for fixed Ey).

e Interactions with A; > 0 are called renormalizable interactions. Theories with only renormaliz-
able interactions are called renormalizable theories. In such theories only finitely many Green’s
functions are superficially divergent. We will see that in such theories all Green’s functions
can be rendered finite by a finite number of counterterms corresponding to the redefinition of
a finite number of physical constants (couplings and masses) and the (re)normalizations of the
fields.

e If A, < 0 for some interaction, then an infinite number of Green’s functions (arbitrary numbers
Ey of external fields) are superficially divergent. In general, one then needs an infinite number
of counterterms to make them finite. Such theories are called non-renomalizable.

The importance of the notion of superficial divergence is partly due to the following
Theorem (Weinberg): If D < 0 for the complete integration and any sub-integration (i.e. holding
some linear combination of momenta fixed) then the integral is really convergent.

In particular, at one-loop, there are no sub-integrations and, hence, by this theorem, any one-loop
integral with D < 0 is convergent. Note also that this theorem does not say anything about the
divergence of integrals with D > 0. We have seen examples in QED where the integrals are less
divergent than expected. The vacuum polarization diagram e.g. had D = 2, but gauge invariance
allows one to “pull out” two factors of external momentum by writing I1,,, = (¢*7 — ¢,q.)7(¢%)
with 71 _100p(¢?) only logarithmically divergent (D = 0). More generally, symmetries may result in
cancellations between the divergences arising from individual diagrams yielding less divergent or even
finite Green’s functions.

2.2  Structure of the divergences

Suppose an integral has D < 0, i.e. it is superficially convergent. This means that if all k£ are
simultaneously taken to be large the integral converges. Thus the only possibility for this integral not
to converge is that it diverges if some combination of momenta is held fixed and the divergence is due
to the sub-integration over the other momenta. This must necessarily correspond to a subdiagram.
Hence a superficially convergent diagram can only be divergent due to a diverging subdiagram (with
D' > 0), as shown e.g. in Fig. 2. However, such subdiagrams are of lower order in perturbation
theory. If they have already been rendered finite by the addition of appropriate conterterms at the
lower order in perturbation theory, one no longer has to worry about such diverging subdiagrams
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any more. Henceforth, we will assume that such diverging subdiagrams have been taken care of and
that superficially convergent diagrams are convergent.

MO

/f\/\f\/\f\fb\

Figure 2: A superficially convergent diagram containing a divergent vacuum-polarization subdiagram.

In the following we will argue a lot about the diverging and finite parts of a diagram. One should
keep in mind that we always work with regularized expressions, and by a diverging expression we
mean one that does diverge once we remove the regulator. In dimensional regularization in particular,
one can also make a clear distinction between the diverging and the finite parts of an expression, the
former involving inverse powers of € (the “polar part”) and the latter involving no or positive powers
of e.

If an integral I(p;) depending on external momenta p; has superficial degree of divergence D > 0,
then by differentiating with respect to the external momenta lowers D by one unit since

Y 1 _ —2(k +Pz‘)u
ot (k+p)2+m2—ie [(k+p)2+m?—ie?’

(2.9)

(There is a caveat to this argument to be discussed soon.) Differentiating D + 1 times results in
an integral having degree of divergence —1, i.e. which is superficially convergent. According to the
above remarks it is then convergent. Hence

0
oplt...0p

[41+1 I(pz) = J(pz) ) (210)

iD+1

where J(p;) is convergent. Upon integrating with respect to the external momenta p; we get

~

I(pi) = Pp(p:i) + 1(pi) , (2.11)

with Pp(p;) a polynomial of order D in the external momenta with (a priori) divergent coefficients
and T (pi) a convergent integral. Obviously, the diverging part Pp(p;) is entirely contained in the
first D + 1 terms in a Taylor expansion of I(p;). We may then rephrase this by saying that I(p;)
minus the first D 4 1 terms in a Taylor expansion in the external momenta is finite. We have seen
this in our one-loop computations of the vacuum polarization, see e.g. (1.49) and (1.54) which one
can rewrite as

4 0on (@) = (0™ = ¢"q") T1-100p(0) + (*n" — ¢"¢")7(¢%) . (2.12)
The first terms ~ m;_100p(0) indeed constitute a second-order polynomial in the external momentum
" (q) around ¢ = 0, while the last term ~ 7(q?)

which are the first terms in a Taylor expansion of IIj |

is the renormalized finite vacuum polarization.
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It is very important that the divergent part of the integral I(p;) is a polynomial in the external
momenta since it is precisely such divergences that can be cancelled by local counterterms. Indeed,
a local counterterm is of the form

[TI1@ ) @) o Y dip=d, (2.13)

Foi=1
being the product of E fields of type f with a total number of d derivatives. Such a counterterm
gives a (tree-level) contribution to the diagram with E's external lines of type f which is a polynomial
of order d in the momenta. Thus, to cancel the diverging Pp(p;) one can always find a sum of such
local counterterms involving up to D derivatives. Now, such a counterterm will also appear as a
new vertex in loop diagrams and it is important to check that it does not render the theory less
renormalizable. Indeed, with at most D derivatives, we have A.y > 4 — > 1 EfDy — D. But in
a renormalizable theory the possible values of D are constrained by D < 4 — Zf E;D; so that
4-3 f E/Dy — D >0 and Aq¢. > 0, so the counterterm is part of the finitely many renormalizable
interactions. Moreover, if one includes all (finitely many) renormalizable interactions in the bare
Lagrangian, then all possible counterterms are necessarily of the same form as the terms already
present, and they just renormalize the couplings, masses and wave-functions

Figure 3: A two-loop diagram with overlapping divergences: two divergent subdiagrams share a
common propagator.

There is a caveat in the argument that taking a derivative with respect to the external momenta
lowers the superficial degree of divergence by one unit and which has to do with so-called overlapping
divergences. An overlapping divergence occurs if two divergent subdiagrams share a common line
(propagator), see e.g. the two-loop contribution to the vacuum polarization shown in Fig. 3. Then
taking a derivative with respect to an external momentum typically results in a sum of terms with
the large momentum behaviour in one of the sub-loops improved in one term but not in the other,
and vice versa for the other sub-loop. To be specific, for the example of Fig. 3 one has (neglecting
the electron mass for simplicity)

dp dp/ 1 1 1 1
H*(l)/verlap(q> ~ / tr |:_/71//—/7 — _,YP:| . (214)
g =) "W +d " P+d"Y

Taking a derivative with respect to the external momenum ¢ gives a sum of two integrals:

iH*Overlap(q) _ / d4p d4p' tr [ 1 (ﬁl + g)'ya(ﬁ, + ﬁ) 1 1 (2_15)

A (e Rt Oy

_17 1 7(}/5+¢i)7"(1¢+(4)
U+ o+

Y (p _ p’)2 o

WM . @1)
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In the first term the large p’ behavior is improved but not the large p behaviour, while in the second
term things are reversed. Of course, the superficial degree of divergence is lowered by one unit, and
taking two more derivatives would result in a sum of terms all with a D’ = —1, but the criteria of
the theorem cited above are not satisfied and one cannot conclude that up to a divergent subgraph
the integral is convergent. Although this is true for each individual term in the sum, the trouble is
that for each term the diverging subgraph is a different one. For example, in a given term in the
sum, the divergence may be traced to a divergent p sub-integration corresponding to the divergent
subgraph v in Fig. 4, while in another term the divergence would be due to the p’ sub-integration
corresponding to the subdiagram =, in Fig. 4.

12

13

Figure 4: The nested sequences of subdiagrams used in the BPHZ construction: v, C 73 and v, C 3.

Although such overlapping divergences are more complicated, the previous discussion shows that
one still has a sum of divergences associated with the various subdiagrams. To deal with such overlap-
ping divergences in a systematic way and show that the usual counterterms are exactly sufficient to

cancel these divergences, too, was the achievement of Bogoliubov, Parasiuk, Hepp and Zimmermann
(BPHZ).

2.3 Bogoliubov-Parasiuk-Hepp-Zimmermann prescription and theorem

One defines a forest U as a family of nested (sub)graphs ~;: if 3 € U and 72 € U then either
7 C 2 or y2 C 71 or 43 Ny = (. For the diagram of Fig. 4 e.g., 7 and 75 cannot be in the same
forest. More generally, overlapping loops cannot be in the same forest. On the other hand, in Fig. 2
the vacuum polarization subdiagram and the whole diagram can be in the same forest. Hence the
notion of forest is exactly what one needs to distinguish overlapping subdiagrams (divergences) from
non-overlapping ones. Again, in Fig. 4 the list of all forests is:

U=0, U={m}, Ua={n}t, UG={wn}, Us={nr}, Us={nn}. (217

For each diagram G one then considers such a family F(G) of all forests of G. Then we have the
BPHZ prescription: For each forest U; € F(G) consider the nested sequence v, C v, C ... of the
(sub)graphs in U;. Starting with the innermost ~,, one defines a subtraction term S(U;) by replacing
the integrand I, of each subdiagram =, (in the nested sequence) with superficial degree of divergence
Dy, by the first Dy, 4+ 1 terms in its Taylor expansion (e.g. around 0) in the momenta flowing into
(or out of) this subdiagram. Since at each step one only keeps a polynomial in the corresponding
momenta, the final subtraction term is still a polynomial in the external momenta.
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To see how this works, consider the diagram of Fig. 3, resp. Fig. 4:

Up = @ : no subtraction, S(Uy) = 0.

Uy = {m} : This subdiagram is just the vertex function el'f_ |, (p' + ¢,p’) and a one-loop

computation shows that el'y (0" + ¢,p') = ely* + el'g ;.. (p" + ¢,p"), with g 5. (p" + ¢, 1)
being the finite (renormalized) vertex function and L = —(Z; — 1).2. This subdiagram has
D = 0 and hence the corresponding subtraction term is just the first term in the Taylor
expansion: S(U;) = —e[(Zy—1)e2 +c]y* with ¢ = —=T% ...(0,0) and (Z2 —1).2 = —% 1+ finite.
Obviously, this corresponds to a counterterm ~ A, y*1.

Uy = {7} : This similarly gives the same subtraction term S(Uy) = —e[(Zy — 1).2 + c]y*.

Us = {73} : This is just the full diagram we want to study. It has D = 2 and thus the
subtraction term must be a second-order polynomial in the ¢q. By gauge invariance this must
be of the form (7,,¢* — ¢,q,)C with C' = Tovertap(q? = 0). We are not claiming that this is the
only divergence of this diagram, but BPHZ tell us that this is the subtraction term for this
forest: S(Us) = (Nuwq* — quqy) X Tovertap(¢> = 0). This corresponds to an order e* contribution
to Z3.

Uy = {7,73} : Here we must first replace the integrand of the ~;-part by S(U;) as defined
above, so that the integrand for the 73 part is the same as for Hlleloop but with ey* in the
left vertex replaced by e[—(Zy — 1).2 — ¢|Jy*. Then the subtraction term is S(U;) = (¢*n** —
¢"q")[—(Zy — 1),2 — c|(Z3 — 1).2. This also corresponds to an order ¢! contribution to Zs.

Us = {72,73} : same subtraction term as for Uy.

BPHZ theorem: The original (regularized) diagram minus the sum of all subtraction terms is finite.

The latter is exactly generated by the (usual) counterterms.

We will not give the proof of this theorem, but just mention that it proceeds by recursion. One
assumes that all diagrams at order N are made finite by the counterterms. Then one finds a recursion

relation for the large momentum behavior at the next order N + 1 (including on subspaces pLHp,u

ete, as relevant for overlapping divergences). The solution to this recurrence relation uses the sum
over forests. It can then be shown that the original diagram minus the sum of all subtraction terms
is indeed finite.

24

Summary of the renormalization program and proof

A; is the (mass) dimension of the coupling g; (provided one only deals with scalars, spin—%,
photons or gravitons). Renormalizable interactions have A; > 0, a renormalizable theory only
has interactions with A; > 0. The superficial degree of divergence (divergence in the region
where all k; — o00) is D =4 — Zf E/Dy —>. N;A;. In a renormalizable theory only a finite
set of Ef gives D > 0. Diagrams with D < 0 are superficially convergent.

A superficially convergent diagram can be divergent only due to divergent subdiagrams. Then
the same counterterms that render finite these subdiagrams also make the whole diagram finite.
Thus we only have to deal with superficially divergent diagrams, i.e. only with finitely many
E; if the theory is renormalizable.
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e Ignoring overlapping divergences for the moment, a superficially divergent diagram with D > 0
is made superficially convergent by D + 1 derivatives with respect to the external momenta.
This implies that its diverging part is a polynomial in the external momenta and this can
be subtracted by a local counterterm. In a renormalizable theory, even though at each order
in perturbation theory there are new diverging diagrams, for fixed £y, the degree D cannot
increase and the structure of the polynomial, i.e. of the counterterms remains the same, only
the coefficients (the Z’s) get higher and higher order contributions. Since D > 0 only for
finitely many Ey, only finitely many counterterms are needed. Adding these counterterms
renders all these diagrams finite to all orders in perturbation theory. On the other hand, in
a non-renormalizable theory, at every order in perturbation theory, diagrams with more and
more external lines become divergent and one needs an infinite number of counterterms to
render them all finite.

e To deal with overlapping divergences, BPHZ define the forests with nested boxes (subdiagrams)
Yo of degree D, = D(v,), each forest giving a subtraction term obtained by replacing each
subdiagram in the nested sequence by its D, + 1 first terms in a Taylor series in the “external”
momenta. This corresponds to the same counterterms as defined above. BPHZ show that
this procedure renders also finite these diagrams with overlapping divergences to all orders in
perturbation theory. Again, in a renormalizable theory, finitely many counterterms make all
diagrams finite.

2.5 The criterion of renormalizability

Renormalizability restricts interactions to those with A; = 4 — d; — > f nip(l+sp) = 4—d; —
> snifDy > 0 only. For a finite number of fields these are only finitely many interactions. Of
course, there are also other restrictions on the possible interactions like Lorentz invariance or other
symmetries one might want to preserve.

If the regulator preserves a given symmetry then the finite and the diverging parts of any Green’s
function (not necessarily of individual diagrams) at any order in perturbation theory must also
preserve this symmetry. Hence the counterterms also respect this symmetry.

What if one allowed to include non-renormalizable interactions, like e.g. adding a term @Z_WW@AF pv
to the QED Lagrangian? This interaction indeed has dimension 5 so that A = —1 and it is non-
renormalizable. For dimensional reasons its coupling constant must be of the form 7 with dimen-
sionless p and some mass scale M. Such a term would change the magnetic moment of electrons by
an additional amount ~ p ¢ which would thus become an adjustable parameter. From experiment
we know that this quantity must be extremely small. Said differently, if we take p of the same order
as e, the mass scale M must be very large compared to m,.

More generally, a non-renormalizable interaction has A; < 0 and coupling constants of dimension

A; = —|A;|l. Write g; = M?gil. Then non-renormalized diagrams have divergences that behave as
(E]}-)N (%)'A”N at order N in perturbation theory, A being some UV cutoff. Also, infinitely many

Green’s functions are divergent and we need infinitely many counterterms, possibly with an arbitrary
number of derivatives. However, once these divergences are cancelled, we have renormalized Green’s
functions G(p;), and at order N in perturbation theory (in g;) they will behave as (g;)" (%)‘A”N.
Thus, as long as |p;| < M one can neglect the effect of these non-renormalizable interactions.

Adel Bilal : Advanced Quantum Field Theory 26 Lecture notes - October 5, 2026



Theories like QED are presently thought to be only effective theories, in the sense that they
provide the effective description of electromagnetic interactions at energies that are low compared
to some scale at which new physics could be expected, like e.g. the grand unification scale of 10'°
GeV or even the Planck scale of 10! GeV. Such an effective theory then has an effective Lagrangian
obtained by “integrating out” the very heavy additional fields that are present in such theories.
This necessarily results in the generation of (infinitely) many non-renormalizable interactions in this
effective Lagrangian with couplings %, M being e.g. the grand unification scale. From the previous
argument it is then clear that at energies well below this scale these additional non-renormalizable
interactions are completely irrelevant, and this is why we only “see” the renormalizable interactions.
Our “low-energy” world is described by renormalizable theories like QED not because such theories
are somehow better behaved, but because these are the only relevant ones at low energies:

Renormalizable interactions are those that are relevant at low energies, while non-renormalizable
interactions are irrelevant at low energies.

This is also the teminology in statistical mechanics where one studies infrared physics at scales
Ip| < % = A, where a is the lattice spacing.

2.6 Exercices
2.6.1 Yukawa theory

Consider a 4-dimensional quantum field theory of a massive Dirac fermion 1 coupled to a massive
scalar field ¢ via a Yukawa coupling gi1é.

a) Determine whether this theory is renormalizable. Let '™ be the one-particle irreducible n + m
point function with n external fermions and m external scalars. Determine which I are super-
ficially divergent and which ones are superficially convergent. Draw the one-, two-, and three-loop
contributions to I'%? and I'*! and explicitly (by looking at the propagators and integrations) deter-
mine their superficial degree of divergence.

b) What happens if one replaces the Yukawa coupling by a derivative coupling ¢’ @Zvﬂwﬁugb 7 Study
the superficial degree of divergences of I'*? at one, two and three loops.

2.6.2 Quantum gravity

The Einstein-Hilbert action for gravity in d > 3 dimensions is

Sen =5 [ a3 Rlg (2.18)

where R|[g] is the scalar (Ricci) curvature computed from the metric g, and /g denotes the square-
root of the determinant of the metric. In perturbative quantum gravity one lets g,, = 7, + by, With
“small” h,, and does a perturbative expansion of the action. Show that g** = n* — h* + O(h?)
where one raises and lowers indices on h with 7. Also show that \/g = 1 + %hﬁ (Hint: use the
formula det g = exp(tr log g). Recall the formula for the Christoffel symbols and show that

QFZV = 0,h) + &,hz — 0%hy, — h’”(@uhw + 0 hue — &,hw) + (’)(hzah) ) (2.19)
Recall that
Rpmu = 8AFZV - 8F§V + Ff\’JFZV — I‘Zg v s R = R"VW , R=4¢"R,, , (2.20)
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and argue without keeping track of the indices that U ~ 9?h + hd*h + (0h)* + h?0*h + h(Oh)* + . . ..
Give the corresponding expansions (still without keeping track of the indices) of R”, o B and finally
of \/gR. Deduce the large momentum behaviour of the h-propagator as well as the dimensions of
the various interactions in space-time dimension d. Discuss whether this theory is renormalizable in

d dimensions?” What happens in d = 2 dimensions ?

2.6.3 Non-renormalizable interactions from integrating out a massive field

Consider a theory of two scalars ¢ and ¢ with masses m and M where M > m. Let their action be
1
Sle, ¢l = /d4x( = ) [(09)* +m*¢* + (99) + M°¢” + gmepg?] . (2.21)

(We have defined the coupling as g x m to have a dimensionless g.) Define the effective action for
the light field ¢ as

giSenly] _ / Do eiSiodl | (2.22)

Show that the resulting determinant can be interpreted as a sum of one-loop diagrams with N ¢-
propagators and N external ¢ attached at the vertices. Compute the determinant by neglecting the
¢ momenta with respect to M and show that this results in infinitely many new couplings for ¢ of

> ()" 22

the form

where A is some large UV-cutoff which one can take of the order of M. Discuss the role of these new
interactions for N < 4 and for N > 4.
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3 Non-abelian gauge theories: formulation and quantiza-
tion

Gauge invariance, and in particular non-abelian gauge invariance, plays a most important role in the
formulation of the quantum field theories that seem to describe (almost?) all of the particle physics as
it is known today: quantum electrodynamics to begin with and its embedding into the electro-weak
theory based on the gauge group SU(2) x U(1), as well as the theory of strong interactions based
on the gauge group SU(3). Here, we will briefly show how to construct (classical) actions that are
invariant under non-abelian gauge symmetries. Then we will discuss how to quantize these theories
using the functional integral approach. This will involve the issues of gauge-fixing, Faddeev-Popov
procedure and the appearance of so-called ghost fields. The gauge-fixed action no longer is gauge
invariant but instead has a new symmetry, the BRST-symmetry which we will identify. This BRST
symmetry will play a crucial role when showing that these gauge theories are renormalizable.

3.1 Non-abelian gauge transformations and gauge invariant actions

Recall from quantum electrodynamics that the classical action is invariant under the following gauge
transformation:

Bil@) = Ui(@) = O @) A(r) > Ae) = Aue) +Guale) = Ay(x) +—eoDng, o

aQ
(3.1)
This is often called a U(1) gauge invariance because obviously g(z) = ¢@®% ¢ U(1). There seems
to be a different g(z) for every different charge ¢;, but note that ¢; is the eigenvalue of the charge
operator () when acting on ¢;. Hence we can write g(z) = ¢*@%  Using this g(z) we can rewrite
the transformations (3.1) as

P(x) = P(x) = gx)p(x) , QAu(z) — QA (v) = QAu(x) + ig(x)0, g(z)™" . (3.2)

Of course, gauge invariant terms then are built from covariant derivatives, i.e.

Dyip = (9, = iQAL)Y (3.3)

since this transforms as
Dyt = D' = (94 =iQA, + (99,97™") ) 9 = 9 (i + (97 0,9) —iQA, + (9,97'9) )
— 9(0, QA ) = gD (3.4)

Indeed, since g is just a phase, |D,1|* obviously is invariant.

We have rewritten the simple U(1) gauge transformation of the electromagnetic (gauge) field
A, and of the matter fields ¢, as well as the definition of the covariant derivative, in a way that
makes their generalization to other gauge groups almost obvious. Let us now consider the case
where the abelian U(1) group is replaced by some, generally non-abelian Lie group G, called the
gauge group. In general this can be a product of so-called simple groups and U(1) factors, like e.g.
SU(3) x SU(2) x U(1) for the standard model of electro-weak and strong interactions, or even some
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more exotic groups like e.g. Fg. For simplicity, one might simply think of SU(N), the group of
unitary N x N matrices with unit determinant. The structure of a Lie group is almost entirely
captured by the commutators of its generators: the group elements close to the identity are always
of the form e?**e with dim G small parameters % and dim G generators t,. The latter must satisfy
closed (Lie algebra) commutation relations

[ta, ts] = iC 4t (3.5)

with real structure constants C”’aﬁ which satisfy the Jacobi identity C"S[aﬁCgﬂ s = 0. It may happen
that several groups like e.g. SU(2) and SO(3) have the same Lie algebra. In this case the groups
are locally identical but not globally. We will be not so much concerned with the group elements
themselves but rather with their representations. If we use a specific representation R we write ¢~

r (t%),! for the dim R x dim R matrices of this representation. For compact Lie algebras (i.e. if
trt,tp is positive-definite), all finite dimensional representations are hermitian. This is the case of
most interest in gauge theories and, hence, (t%)" = t®. Of course, the corresponding representations
of the group then are unitary. In this case one can also find a basis for the generators for which the
C”Yaﬁ are antisymmetric in all 3 indices and one may then drop the distinction between upper and
lower indices. Note that the Jacobi identity implies that the

(ta) gy = —iCapy (3.6)

satisfy the algebra (3.5). This special representation is called the adjoint representation.
Consider a collection of matter fields v¢;, [ = 1,...r transforming in some r-dimensional repre-
sentation R of G:
(@) = Yy(x) = U (g(2))," vu() , (3.7)
where UR(g(x)) is the r X r matrix associated to the group element g(z) € G in the representation
R. For G = SU(N), the simplest example is the so-called fundamental (or “vector”)) representation

for which U(g(x))ij = g(x),” with i and j running simply from 1 to N. In the following, we will not

K2
write the indices explicitly so that we simply write

U(z) = ¢ (x) = U (g()) v(@) (3-8)

with the understanding that ¢ is a dim R-dimensional column vector of matter fields. We want to
construct a covariant derivative D, involving 0, and some gauge field A,. In the abelian case the
relevant combination was A,Q with @ the generator of the U(1) group. Let us try

Ay = Antl = AT (3.9)

since this can act on the dim R-dimensional column vector of matter fields ¢, and a definition of the
covariant derivative as

DR = (8, —iAR)y . (3.10)
One often drops the superscript R on D, or A,, but one should remember that these quantities
take values in the representation R of the gauge group determined by the matter fields. We want
to determine the gauge transformation properties of A, in such a way that the covariant derivative
simply transforms as

Dy — D' = UR(g) Dyt . (3.11)
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First, we look at the transformation of d,1. To further simplify the notation we will simply assume
that the representation is the fundamental representation where UR(g(z)) = g(x), but one could
replace everywhere g by U (g). Also we will drop the arguments x, although g, ¢ and A, all depend
on x. One has

Outh = Dt = 0u(g0) = 90,0+ (D) = 9 (0 + (970,9) ) (3.12)

On the other hand,
—iAp — —iALY = —iAlL g = —ig <g—1A;g>¢ . (3.13)

It is then obvious that the covariant derivative will transform covariantly, i.e. asin (3.12) provided A,
transforms as —ig~'Al,g + g~ 0,9 = —iA,, ie. A, = gA,g~" —id,gg". Since 997" = —g~ 10997
one has —9,9g™" = ¢gd,9~" so that one gets

Al =gAg ! +igdg Tt = g(AM + z’@) gt (3.14)

Note that for G = U(1) and g = €@ and the replacement A4, — QA, one gets back (3.1). For a
general matter representation one simply has

W=UMgw AR =UNg)(AR +i0,)UR(g)
(3.15)
DR =0, —iAR | (DRy)' = UR(g)DR o

For a unitary representation, (D,1)"D,1 then is obviously invariant. This will be the ingredient to
write gauge invariant matter kinetic terms.

It is often enough and simpler to consider only infinitesimal gauge transformations with g(z) =
el"ta or UR(g) = ¢i* @1 Tt is convenient to define eR = €*tR. Then the previous equations yield

W=y T Y (3.16)

JAR = AR — AR = §,% —i[AR ] .

The latter equation reads in components
SA% = 9™ + Cp " Ale (3.17)

which shows that, of course, the transformation of the gauge field components does not depend on
the representation R of the matter fields. Using the generators of the adjoint representation (3.6)

one may also write this as
o adj\a
0A; = (DY) €. (3.18)

We still need to define the field strength F},,. Since D, transforms exactly as 9, taking a further
covariant derivative D, is defined in exactly the same way:

DREDp = (8, — iAR) (0, — AR = 8,0,¢ — (0, AL )0 — 1AL Db — Al O, — ARANY . (3.19)
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Antisymmetrizing in 4 and v eliminates all terms with a derivative of 1. Hence

(D, D = —iFj5y (3.20)
with
FY = 0,AF — 0,A% —i[ATY, Al (3.21)
or with F/EV = Fﬁ“ytg :
Fo = 0,A% — 0,A% + Cp Al A) (3.22)

It follows from (3.20) that F),, transforms covariantly:

R "R _ 1R R R(,—1 R _ . pR R
Ey,—=Fy=U (9) ELU (g7) or 0F,, = —Z[Fw,e ] (3.23)
Obviously then, a gauge invariant scalar density is tr F’ /E,F R For compact groups we can choose
a basis of generators such that

trtfty = Crlag = trE F™ = CrFo Fo" (3.24)

With the appropriate normalization, this will be the gauge kinetic term, generalizing _}lFqu m,
Note that, contrary to the abelian gauge theory of QED, in the non-abelian case, Fj;, F'**" contains
cubic and quartic terms in the gauge fields. This will lead to cubic and quartic vertices involving
only gauge boson lines.

In QED, the coupling constant is given by the electric charge, i.e. the eigenvalue of the charge
operator (). By analogy we may include the Yang-Mills coupling constant gy in the generators
t, and their representations t*. In this case Cr ~ g3, and Cg ~ gym. This is what [7] does,
and we will follow this convention. Alternatively one can use conventionally normalized Lie algebra
generators (where the Cr do not include any factors of gyy). Then a factor of gyy does appear
explicitly in front of the A, in the covariant derivative, and similarly in front of the quadratic term
in F),,. These explicit factors of gyy can then be removed by rescaling AZLZ — gYLMAZf. The only
appearance of the coupling then is a factor QYLM in front of every F),,. If the gauge group is simple,
there is only a single coupling constant gyy. However, in the general case where the gauge group is a
product of simple and U(1) factors, every simple or U(1) factor can have its own coupling constant.

The unique Lorentz and gauge invariant Lagrangian quadratic in the field strength then is
LeangeFlw] = —1F5,F**. Of course, there is one more possibility, Ooze"? F F7 but this is a
total derivative. Hence the Lagrangian for matter and gauge fields is

1
'C[Al“ w] = —ZF;VFOCMV + ‘Cmatter[wa DMZZ)] s (325)

where we collectively denoted all matter fields by ¢. If temporarily 1) denotes spin % fields and ¢
scalars, an example of L .iter Would be

‘Cmatter[w7 D;ﬂ% ¢7 DM¢] = _QZ(’}/HD,U + m)w - (DM¢)TDM¢ - m2¢T¢ - V(¢T¢) : (326)

We only need the fact that the matter Lagrangian is gauge invariant. This will be the case if
Lmatter [V, 0,0, ¢, 0,¢] is invariant under global (rigid) transformation by elements of G.
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3.2 Quantization

Just as with QED, direct canonical quantization does not work due to the presence of constraints,
in particular one has IT1* = F* and hence 112 = 0 which is a primary constraint. Together with a
secondary constraint which does not involve Aj these are first class constraints. As usual, they have
to be eliminated by a gauge choice. In the non-abelian case, a convenient choice is the axial gauge

AL =0. (3.27)

Then A and A$ become canonical variables, while A§ is given by the solution of the secondary
constraint. One can then go through the canonical formulation of the functional integral in Hamil-
tonian form, as we also outlined for QED. To begin with one only integrates over the canonical
fields A¢, ¢ = 1,2 and their conjugate fields II{*, and after a few Gaussian integrations and some

rewritings,'® one ends up with a Lagrangian version of the functional integral as

(T (Oa . 0N>>Vac = / DAS DYy [ 9(A3) O, ... Oy el (3.28)

where one integrates over all 4 components with the manifestly gauge invariant action [ d*zL[A,,, ¢].
Of course, There is also some irrelevant (infinite) normalization constant which we have suppressed.
Now, the integration over A§ is effectively suppressed by the functional 6(A¢) which imposes our
gauge choice. Note that the derivation ensures that this gives a manifestly unitary theory. On the
other hand, Lorentz invariance is not manifest.

One is usually interested in computing the vacuum expectation values of (time-ordered) gauge
invariant operators Oq,... Oy, although, at intermediate stages one may also compute and use
non-gauge invariant objects as e.g. the gauge field propagator (T (Afj(x)Af (y)))vac. Note that the
measure DAY is gauge invariant: It is easy to show that the Jacobian for the gauge transformation
(3.17) equals one.'” In the absence of (massless) chiral fermions one can also show that the matter
measure is gauge invariant. However, if chiral fermions are present this is no longer guaranteed. If
the matter measure is not invariant, one has a so-called anomaly, and the entire following discussion
breaks down. It is thus important that, if present, gauge anomalies cancel between the contributions
of the different chiral matter fields.

3.2.1 Faddeev-Popov method

We want to show that one can rewrite the expectation values (3.28) in different equivalent ways,
corresponding to different gauge choices. First it is useful to rewrite (3.28) as

<T<Oa---ON>>vac = /DA;‘j [T6(43) GlA2] with  G[AS] = /D¢l [ OulA,, v et detldnil

(3.29)
the important point being that G[Ag] is gauge invariant. Indeed, with a gauge invariant matter
measure and gauge invariant O; we have G[A?] = [ Dy [T O4[A),, 9] et/ d'2LIALY] Upon changing

16 As before, in this section, we will simply write ((...))vac instead of (vac,out|(...) [vac,in).
17 _ AL @)
Jone pry = T30
Co = 0 and DetJ = exp Trlog J = exp(O(e?)).

= 0W(x —y) o {5;‘ + C'Bvae”(x)}, and due to the antisymmetry of the structure constants
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the integration variable from 1), to the gauge transformed v and using the gauge invariance of the
measure and of the O, this is

Gmm=/mmﬂommwé“wwmszmHommmaﬂwww:Qﬁy<wm

The expression of eq. (3.29) is of the general form

I — / DA, B[f[A,]] DetF[A,] GIA)] ,  F(x,y) = %}lyf)} o

where A’ denotes the gauge field A, gauge transformed with parameter e. Indeed, if we choose
f*[A] = A3 and Bl[f] = [[,,0(f%(z)), we have A = 03¢ (since Az = 0) so that F%(z,y) =
0% 52 0™ (z — y) and then DetF is just an irrelevant constant.

(3.31)

We want to show that I does not depend on the choice of the gauge-firing function f or on
B. Intuitively, what happens is the following: due to the gauge invariance of G[A,] there are many
gauge-equivalent configurations and integrating over all A, would result in an infinite factor equal
to the “volume” of a “gauge slice”. The gauge-fixing condition restricts the functional integration to
exactly one configuration among the gauge equivalent ones. There are many different ways to do this
and the factor DetF ensures the independence of the specific choice of f or B. This is the functional
analogue of the well known fact that [dxd(f(z))f (z)g(z) = g(xo) does not depend on f, as long
as [ has a single root xg.

Faddeev-Popov theorem : For gauge invariant G[4,], the functional integral I is independent of the

gauge-fixing function f and depends on B only through an irrelevant overall factor.

To prove this theorem we first change variables from A, to some A) = A¢ which we identify with
A, gauge transformed by some g(x) € G. Using the invariance of the measure and of G[A,] we get

Ig = / DA, B[f[A]] DetF[AY] G[A,] . (3.32)

Since we only introduced g by a change of variables, this cannot depend on g. We multiply both
sides by some weight function p[g| such that [ Dgplg] = Cp is finite: **

Co Ig = /DAM G[A H[A,] H[A, = /Dg plg] B[f[AZH DetF[AY] . (3.33)
where now 51 [(A%) (2)]
a [ A9 _ ¢ X
F ﬁ[AM] ($, y) (5€ﬁ<y> o . (334)
Here (AY) is the result of gauge transforming A, first with g = ¢?“*» and then with e*"’=. Since

0% _

the gauge transformations form a group this amounts to gauge transforming A, with g = e
g€ taeif™ta  Thus

af A9(9:€) (g
Fylagle.) = 2

18This is a tricky point. The integration over the full gauge group, i.e. the functional integration over all g(r)
typically would produce an infinite result Cy. Instead, one should regulate this by discretizing space-time and working
in finite volume and with a finite time interval so that Dg becomes a finite product of integrations over the group at
finitely many space-time points [ [, dg(x;).

0:/&gﬁwwﬂ L 00 (2) (3.35)

567 (z) ’5:0 deB(y) le=0

Adel Bilal : Advanced Quantum Field Theory 34 Lecture notes - October 5, 2026



We let Glg]"5(2,y) = ‘Wézg . This can be computed from the Baker-Campbell-Haussdorf formula
e=0

for i60°t, = log (e"*teei"te) in which one only needs to keep the terms linear in e:

1 1
Glgl%(z,y) = 5D (z —y) [5§ - §C’a5797 + ECMJCMBGHW + 0(93)} - (3.36)

Obviously, this only depends on the 8%(x) i.e. on g(z). One has

1
logDetG = TrlogG =0"(0) / d*z [120(1&50&579*@97— 5(

1.9
)2 Clasy 0 Crand” +(9(93)}

. G .
— 59 (0) / d%[%eaeuo(e?’)] ~ G / d4x[02if 0°0" + 0(6%)|,  (337)

where we used Cy,5C3y5 = Caqjdap and the fact that §M0) = 6W(z —2) = Ik %. One can work

out the form of the higher-order terms in 6 and show that p[g] = (Detg) - yields a reasonable weight
function. With this choice, (3.33) yields (Dg ~ D0)

Of[Af]
= [ Dystg Bl e A peig = [ oo (stag v T = [prsiy
(3. 38)
Obviously, this is independent of the choice of f and depends on B only through the constant
Cp. Substituting this result into the first equation (3.33), the same is also true for I, i.e I/Cp
is independent of f and B, which was to be shown. Actually, there is an obvious problem here.
Since H[A,] doesn’t depend on A,, one sees that Cy I = [ DA, G[A, H[A,) = Cp [ DA, G[A,]
is actually infinite as it overcounts all the gauge-equivalent configurations. The reason is that, as
already noted in the previous footnote, the Cj is also infinite since our G[g] yields a finite integral
as we integrate over the group at fixed x, but we still get an infinite factor from the infinitely many
space-time points. To do things properly, we should define the gauge group on a finite space-time
lattice. This makes the integral over the gauge group finite. In particular it also gives a natural
momentum cutoff A as already used above.
Since for the special choice f*[A,] = A and B[f] =[], ,d(f) (in this case Cp = 1) the integral
I equals (3.29), the theorem tells us that the vacuum expectation value of a time-ordered product
of gauge invariant operators can be evaluated with any choice of gauge-fixing function and function
B, provided [ Df B[f] converges and f indeed fixes the gauge:

(T(Ou-- On)hune = / DA, B[f[A,]] DetF[A,] / DYy [] Ol ) € PoEttl - (3.39)

where, as usual, we dropped all irrelevant constant normalization factors. This also shows that one
can proceed in two steps : first do the functional integral over the matter fields without worrying
about the gauge-fixing procedure and only then in the second step when doing the functional integral
over the gauge field one needs to insert the gauge-fixing factors and Faddeev-Popov determinant.'®

190f course, this is only true if, as we assumed, the gauge-fixing function f only depends on A, and not on the
matter fields.
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3.2.2 Gauge-fixed action, ghosts and Feynman rules

Let us now make a convenient choice of gauge-fixing function f and function B which, in particular,
will be manifestly Lorentz invariant:

fa=0,A" | B[f] =exp {—2% / diz fo(2) fa(x)] . (3.40)
As one can see from (3.39), the factor B[f] just contributes an extra term
1
£g.f. == _%fafa (341)

to the classical Lagrangian. One can then read off the gauge boson propagator —iA,, 3, (p) from
the quadratic part of £ 4 L, and finds

_ Pubv 1
Aappr(P) = dap (mw +(€E-1) 2 > o (3.42)
Except for the extra d,4 this is just like the photon propagator, which should not be surprising, given
our choice of f,.
Next, we must evaluate F and compute its determinant. Since a fermionic gaussian integral
equals the determinant of the quadratic form, it is a convenient trick to rewrite DetF as

DetF = /Dwa* exp {i/d% Ay w* () Fap(z,y) wﬁ(y)} : (3.43)

where w, and w} are anticommuting, i.e. fermionic fields. On the other hand, given the nature of
F we will soon see that they cannot be spin % fields but must be scalars. Moreover, w, and w are
independent real scalars. They do not obey the usual spin statistics relation and hence are named
ghosts. However, this is not a problem since we do not want to obtain any Lorentz invariant S-matrix
for scattering of these ghost fields. More precisely, w, is called a ghost and w}, an anti-ghost. Note that
the ghost and anti-ghost carry an index « just like the gauge field A,. One sometimes says that they
are in the adjoint representation of G, just as A,. One has f,[A]] = fu[A.] + 0, (Oreq + Cwo‘AZeB)
and hence

dfa [AL] (x) 0 0 a (4)
Fop(z,y) = 5 ) = 3o (a$u5a5 +C.4 AZ(ZL‘)) 0 (r —y) . (3.44)
Using (3.43) we get
DetF = /Dwa* exp {z’/d‘lx Eghost(a:)l , Lahost = —0uwp0'wa — C 50wy Abwg . (3.45)

Thus the effect of the so-called Faddeev-Popov determinant DetF is to add the ghost Lagrangian
Lgnost and the gauge-fixing Lagrangian Ly ¢ to the classical Lagrangian L :

Emod =L+ ‘Cg.f. + ['ghost . (346>

Note that for an abelian theory like QED, the structure constants Cg* vanish and the ghosts do
not couple to any of the other fields. Equivalently then, their functional integral only leads to the
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determinant of 9,0" which is an irrelevant constant. This is why we did not have to bother about
the ghosts in QED. In the non-abelian gauge theory, with our choice of gauge-fixing function, the
ghosts do couple to the gauge fields and do make important contributions to loop diagrams.?® Their

propagator 57 Aqg (p) can be read off from (3.46) to be the same as for a massless spin-0 fermion:

O
Ans & (3.47)

p? —ie’

while the ghost - anti-ghost - gauge field vertex involves the structure constant Cjz* as well as a
factor of momentum. More precisely, taking all momenta as incoming (g for the ghost with label 3,
p for the anti-ghost with label a and & for the gauge boson with labels y and «), one reads from
(3.45) that this vertex contributes

i(2m)*W (p+ g + k) ipy Capy - (3.48)

We already gave the gauge boson propagator. The cubic and quartic gauge boson couplings simply
follow from the cubic and quartic terms in —%FWF # - Again, with all momenta taken as incoming,
the vertex for the coupling of three gauge bosons with (p, 1, ), (¢, v, 3) and (k, p,7) is

i(27)45(4) (p+q+k) (_icaﬂw) |:an#1’ = Dol + QpThop — Qullvp + Koy — Eulpu| (3.49)

while the vertex for the coupling of four gauge bosons (the fourth one having (I, A, ¢)) is

i(27T)45(4) (p+qg+k+1) [ _Ceaﬁcevé(nupnw\ - Uuknup)
_Cea'yce5,3 (m,\mu - nuun)\p)
—Cmaceﬁv(?huﬂm - 77#/)77/\1/) ] . (35())

Note that the Lagrangian preserves the ghost-number which translates into the fact that every vertex
with one incoming ghost line also has exactly one outgoing ghost line.

3.2.3 BRST symmetry

One can now start computing Feynman diagrams and generating functionals using the Lagrangian
Limod = L+ Ly s + Lanost of (3.46) and integrating over the matter fields, gauge and ghost fields. Note
that L,0q no longer is gauge invariant: this was the whole point about gauge-fixing. All terms in £L,0q
have A = 0 and hence this Lagrangian is renormalizable by power-counting as discussed in section
2: there are only finitely many divergent Green’s functions and they are made finite by the addition
of finitely many counterterms with their coefficients fixed at any given order in perturbation theory.
Moreover, these counterterms themselves all have A, > 0 and do not upset the renormalizability.

However, we want more than this: the counterterms should be of the form of the initial terms in
the Lagrangian. In particular, one should still be able to interpret L,,q + L¢t as arising from the
gauge-fixing of some gauge invariant Lagrangian, but now with renormalized parameters. We must
find out what is the remnant of the gauge invariance of the original classical Lagrangian. This turns
out to be the BRST-symmetry.

200f course, in axial gauge, A3 = 0, one finds Fop(z,y) = 5256 (z — y)dap and the ghost Lagrangian simply is
—03w}w, so that the ghosts again decouple.

Adel Bilal : Advanced Quantum Field Theory 37 Lecture notes - October 5, 2026



Let us first do one more rewriting of our Lagrangian. Introducing an auxiliary field h, we can
rewrite the gauge-fixing term as ghaha+ha fa since doing the gaussian integration over h,, reproduces
—i fafa. Thus, our starting point is

§

Enew =L + §haha + hafoz + w;pa ) (351)

where
Pa(z) = 0,0"wa(x) + Cﬁvaf)u(Ag(x)ww(m)) = /d4y Fop(z,y)ws(y) - (3.52)

The BRST symmetry is defined to act on the “ordinary” fields, i.e. the matter and gauge
fields, just like an ordinary infinitesimal gauge transformation but with the (real) parameter e,
replaced by the (real) ghost field w,. It is thus a fermionic symmetry that increases the ghost-number
by one unit. To begin with, we simply set €,(x) = 6w, (x) with # an anticommuting parameter

(Qw = —wh,0A, = A,0, etc, and 6 = 0). Then

dpA;, = 9(8Mw°‘+CBWO‘Aﬁw7)
Sot = 10w Ry
oot = —ifwPTtR = 0T R W (3.53)

This is conveniently rewritten by defining a fermionic operator s such that for any functional F' we
simply let
5F = 0 sF . (3.54)

Consistency with the fermionic character requires
s(FG) = (sF)G + F sG | (3.55)

with a minus sign if F' is fermionic (contains an odd number of anticommuting fields). We write
furthermore w™ = w*t¥, so that we can reformulate (3.53) as s AR = D,w™ and s = iw™ or,

dropping the superscript R, simply

sA, = 0w —i[A,, W

(3.56)
sy =iwy , sYf=iviw.

Note that sy is not the hermitian conjugate of sy, but rather (si)" = (iwy)l = —ipfw = —s'.
More generally, one sees that (sF)" = FsFT with a minus sign if F is fermionic. Let us complete
(3.56) by the rules how s acts on the ghosts, chosen in such a way that s is a nilpotent operation,
i.e. s2 =0 on all fields. Choosing

sw=1iww , sw'=-h , sh=0, (3.57)
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where h is the auxiliary field introduced above, we have
A, = s(0uw —i[A,,w]) = 0,(sw) — i(sAy)w — iA,sw + i(sw) A, — iwsA,
= i0y(ww) — (0w — iAW +iwA,)w — 1A iww — wwA, — iw(0,w — iwAw +iwA,) =0,
s = s(iwy) = i(sw)Y — iw st = —wwyp + wwip =0
sw = s(iww) = i(sw)w — iw(sw) = —www + www =0,

(
sw* = s(—h)=0, (3.58)
which shows that the BRST operator s is nilpotent:

s2=0. (3.59)

It is now easy to show that L,y is BRST invariant. First note that on functionals of A, and the
matter fields ¥ only the BRST transformation is simply a gauge transformation with e replaced by
w. Thus any gauge invariant functional of the gauge and matter fields only automatically also is
BRST invariant. Hence

sL=0. (3.60)
Next note that Fe was defined as the gauge variation of f (which only depends on A,) and hence
It follows that po=sfa = sp=0. (3.61)
Sﬁnew = S(ghaha + hafa + w;pa) = hozsfa + (Sw;)pa = hapa - hapa =0. (362)
Actuall h
critally one has Loow=L+sV | V=—wf,— nghQ , (3.63)

with £ being the gauge invariant Lagrangian of the gauge and matter fields only. In this form, BRST
invariance is obvious. This also suggests how to obtain more general gauge-fixings: Any L, of this
form with an arbitrary functional ¥ of ghost-number —1 will provide a BRST invariant starting point
for quantizing the gauge theory (provided the quadratic term in the gauge fields is non-degenerate
so that one can define a propagator). The most general local ¥ of ghost number —1, dimension 3
(and invariant under Lorentz and global “gauge” transformations®! ) necessarily is of the form

U = —w;‘ﬁabﬁuAg — Wiy — CollapewWpWe (3.64)

with some globally G-invariant tensors S and agpe.

Below, we will use this BRST invariance to show that all conterterms also must respect this BRST
invariance (but with a renormalized coupling constant which we had hidden in the normalization of
the Lie algebra generators). Hence

Loow + Loy = L+ sU | (3.65)

respects the same symmetries as the original £, with a renormalized Yang-Mills coupling constant
and yields finite Green’s functions.

21Global gauge transformations or, more precisely, global G-transformations correspond to gauge transformations
with constant €%, and invariance under such global G-transformations just means that all gauge group indices a, b, . ..
are contracted with G-invariant tensors, in particular with d,;. Note that the Dirac matter fields cannot appear since
the Lorentz invariant of lowest dimension is ¥ which already has dimension 3 but ghost number 0. With scalar
matter fields ¢, however, one could e.g. have a term quﬁTtQ(b, corresponding to a gauge-fixing function f, = ¢'t,¢
(“unitary gauge”).
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3.3 BRST cohomology

We already noted that the BRST symmetry is nilpotent, i.e. s2 = 0. Obviously also, it increases the
ghost-number by one unit.

At an algebraic level, this is quite similar to the behavior of the exterior derivative d = dz#d,, acting on
differential forms?? of degree p and yielding a differential form of degree p + 1. As is well known, one has
d? = dd = 0 (which just states that 9,0, = 9,0,). A p-form & () is called closed if d¢®) = 0. If there exists
a (globally well-defined) (p — 1)-form ¢~V such that £ = d¢?=1 then ¢®) is called exact. Since d = 0,
obviously every exact form is also closed. It is then interesting to find out which p-forms are closed without
being exact. As an example consider a space-time with space being just the two-dimensional sphere with
coordinates 6 and ¢ defined in the usual way. Then d¢ is well-defined everywhere except at 6 =0 or § = m
(north and south pole), and the 2-form Q = sinfdf A d¢ is well-defined everywhere. One has dQ2 = 0, so
it is closed. Although one has 2 = d(—cosfd¢) or Q = d(—sinfdf ¢), neither cosdd¢ nor sinfdf ¢ are
well-defined everywhere on the sphere and one finds that Q # d¢(W). Hence Q is closed but not exact. Up
to multiplication by a constant?® this is the only closed and non-exact 2-form on the sphere. Actually, €
is the volume-form on the sphere, and the volume form on any compact manifold is always closed but not
exact. For a given (compact) manifold M, the vector space of closed p-forms that are not exact is called
the p'" de Rham cohomology and is denoted H®) (M).

Similarly, one defines the classes of BRST-closed functionals and BRST-exact functionals as
follows:

The functional F[A,, ¥, w,w*, h] is BRST closed if s F' = 0,
(3.66)
it is BRST exact if there exists a functional G such that /' = sG.

Of course, a BRST-closed functional is a BRST invariant functional. Moreover, the ghost-number of
a given monomial of the fields is defined as the number of ghost-fields minus the number of anti-ghost
fields. The Lagrangian L., e.g. has ghost-number zero. The BRST operator s always increases
the ghost-number by one unit. Since one cannot have cancellations between terms of different ghost-
numbers it follows that one can define the space of BRST-closed functionals of a fixed ghost-number
and, similarly the space of BRST-exact functionals of a fixed ghost-number. Hence, the ghost-
number plays a role analogous to the degree p of the differential forms. In particular, one defines the
BRST-cohomology classes at ghost-number n :

The BRST-cohomology at ghost-number n is given by
(3.67)
the BRST-closed functionals of ghost-number n, modulo the BRST-exact functionals.

We have seen above that the gauge invariant Lagrangian L[A, ¢] is BRST invariant, i.e. sL[A, ] = 0,
so it is BRST closed. Moreover, it is of ghost-number zero. The gauge-fixing and ghost terms are

22Tn exterior calculus, one defines an antisymmetric “wedge product” so that dz* A dz¥ = —dx¥ A dz*. For every
rank-p antisymmetric tensor field &, ., ..., () one can then define a p-form as ) = p%gmm,,,up dztr AdxH2 AL date.
In d dimensions, the maximal degree of a form is p = d.

23For example, cosf ) = cosf sinfdf A d¢ = da with a = %sin2 0d¢ a well-defined one-form. Hence cosf () is
exact.
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of the form s¥ with ¥ of ghost-number —1, i.e. are BRST-exact terms. Since correlation functions
of gauge invariant operators do not depend on ¥ (as long as it provides some gauge-fixing), the
physics determined by Lyew = L[A, Y] + sV depends only on the BRST-closed £ and is independent
of the BRST-exact terms sW: it only depends on the BRST cohomology class of L,.,. Later-on we
will show that the BRST-cohomology at ghost-number zero is precisely given by the gauge invariant
functionals of A, and v (and ¢1) only, i.e. independent of the ghost, anti-ghost and h-fields.

BRST-charge :
One can introduce a fermionic BRST charge operator (acting on a “Hilbert space”) by demanding
that for any (Heisenberg picture) field operator ® one has

do®(z) =1i[0Q, P(z)] . (3.68)
The right-hand-side equals i0[Q, ®(z)]+, i.e. a commutator if ® is bosonic and an anti-commutator if

® is fermionic, while the left-hand-side equals 0s®(x). Hence the BRST-charge operator must have
the following (anti)commutation relations with the field operators:

s®(z) = i[Q, B(x)]+ . (3.69)

By taking the hermitian conjugate of either (3.68) (@ is real) or (3.69) and comparing with the
corresponding relations for ®, one sees that QT = —Q. This then implies (Q)" = Q10 = —Q0 = 6Q
as expected for a symmetry generator. Using the Jacobi identity, one finds that

0= —s5® = —is[Q Bz = [Q.[Q. Wsls = 1[Q. Q.0 =¥ Ve,  (370)

An operator that commutes with all fields is either the identity or has to vanish. Since () increases
the ghost-number by one, the first option is excluded and one concludes

Q*=0. (3.71)

The “Hilbert space” on which ) acts is some “big” space of states which must include the
Hilbert space of physical states, but also states including an arbitrary number of ghost and anti-
ghost excitations, as well as non-physical polarization states of the gauge bosons. This is the space
which naturally arises upon the Faddeev-Popov quantization of the gauge theory. In particular, this
is not a Hilbert space in the strict mathematical sense since the inner product cannot be positive
definite: for any state |y) # 0 the state @ |y) has zero norm. One must then characterize the
Hilbert space of physical states. This can be conveniently done using this BRST charge as follows.
Matrix elements between physical states must be gauge invariant, i.e. independent of the “gauge-
fixing functional” ¥. Hence, under an infinitesimal variation ¥(z) — ¥ (z) + §W¥(x), the gauge-fixed
Lagrangian changes by 0L, = 0¥ (x) and any matrix element changes by

oa|p) = i{als0W[B) = = (af [Q,0¥]1 [B) = — (]| Q OV |B) — (a W Q|B) . (3.72)

If (o] and |3) are physical states this should vanish. Since 0¥ (x) is arbitrary one concludes @ |5) = 0
and (a| @ = 0. Hence, physical states |phys) must obey

@ |phys) =0 . (3.73)
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Also, changing |5) — |8)+Q |y) does not change (« |5) if (« is physical since (| @ |y) = 0. Moreover,
a physical state should have ghost-number zero. In conclusion, physical states are determined by
@ |phys) = 0 subject to the equivalence relation |phys) ~ |phys) + @ |7) and the condition of having
ghost-number zero:

Physical states are given by the ghost-number zero cohomology class of the BRST-operator Q.

(3.74)
Of course, we have only shown that this cohomology class contains the physical Hilbert space, i.e.
that the above conditions are necessary. However, one can also show that they are sufficient and thus
(3.74) exactly defines the physical Hilbert space. Note that in any covariant quantization, the modes
of the fields A§, when acting on the vacuum, generate states of negative norm (since 1y = —1). One
can then also show that the space of physical state as defined by (3.74) has a positive definite norm.

Remarks :

e The Faddeev-Popov procedure always leads to a Lagrangian L., that is bilinear in the ghost
and anti-ghost fields. (Recall that the ghosts appeared from expressing the Faddeev-Popov
determinant Det F as an integral over w and w* of e/« “.) Then, calling these fields the bare
fields and rewriting L., in terms of renormalized fields will generate various counterterms
of the same form as the original terms contained in L,.,. In particular, one will only get
counterterms that are at most bilinear in the ghost and anti-ghost fields. This turns out to be
sufficient with the gauge choice f, = 9,A~, but for more general choices of f, one might need
counterterms that involve two ghost and two anti-ghost fields. Although one does not have
to worry about diagrams with 4 external (anti)ghost lines, such diagrams can well appear as
divergent subgraphs, requiring a corresponding counterterm.

e One can consider more general gauge-fixing functionals that do not rely on the Faddeev-Popov
procedure. As we have seen, all that is needed for BRST invariance is to define some BRST-
operation s such that s acts on A, and 7 as a gauge transformation with the parameter replaced
by a ghost field, and with the action on the ghost and other fields (anti-ghost, h-field, and pos-
sibly others) defined such that s> = 0. Then for any U of ghost-number —1 and gauge invariant
L, a BRST-invariant Lagrangian is Enew = £+ sV. Then just as before, there is a correspond-
ing BRST charge () that defines the physical states as the zero ghost-number cohomology class
and matrix elements between physical states (in particular also vacuum expectation values of
time-ordered products of gauge invariant operators) do not depend on the choice of V. In
particular, they are the same as with the ¥ from the Faddeed-Popov procedure and thus the
same as in axial gauge.

e One can prove independently of comparison with any particular gauge, that the space of phys-
ical states, defined as the zero ghost-number cohomology of (), has a positive definite norm,
contains no ghosts or anti-ghosts and has a unitary S-matrix.

e Finally let us just mention that this BRST formalism can be rather straightforwardly extended
to other local symmetries as appear e.g. in general relativity or in string theory. If the natural
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formulation of these symmetries is “too large” in the sense that one has introduced too many
“gauge” parameters and actually not all symmetries are independent, one has to introduce
“ghosts of ghosts”. In all these setting, the BRST operator always increases the ghost-number
by one unit.

We have already mentioned that the BRST invariant functionals of ghost-number zero are just the
gauge invariant functionals of A, and the matter fields, up to adding BRST-exact terms. Let us now
prove this result.

Cohomology theorem :

The zero ghost-number cohomology consists of gauge invariant functionals of A, and ¢ (and ¢T)
only, i.e. the most general BRST invariant functional of ghost-number zero is of the form I =
Io[A,, Y] + sVU[A,, ¥, w,w*, h.

The proof is relatively simple: suppose sI = 0. Write I = > %_, Ix where Iy contains all terms
that have a total number of fields w* and h equal to N. (Of course, we do not allow negative powers

of the fields.) Since sw* = —h and sh = 0, s does not change this total number N and one cannot
have any cancellations between the different s/n. Hence siy = 0 for all N separately. Introduce
t=w) %. One may similarly write s = —hﬁ&% + ... where the unwritten terms do not involve w*
a 5
or h. It follows that st +ts = —N where N = w;a% + ha% is such that NIy = NIy. Thus
—NIy=—NIy=(st+ts)Iy=stly, (3.75)

and we conclude that for every N # 0 one has Iy = s (— ]thIN), i.e. Iy is BRST-exact. Hence,
I=1Iy+s¥ with ¥ =33, (—+tIy). Now, Iy contains no h and no w* and, having ghost-number
zero, it cannot contain any w either. Thus Iy = Iy[A,, ¢, as was to be proven. Finally, /; cannot
be BRST exact. Indeed, it is easy to see that a BRST exact functional of ghost number zero must
contain at least either h or ww*.

3.4 Exercices

3.4.1 Some one-loop vertex functions
Use the action and Feynman rules as given above.

a) Draw all Feynman diagrams contributing to the 1PI gauge-boson-ghost-antighost vertex function
FZBW(pl,pg,pg) at one loop (2 diagrams). For each diagram determine the superficial degree of
divergence.

FMVP

afy
are 8 diagrams if one counts as different diagrams two fermion loops with opposite orientations of

b) Same question for the 1PI three gauge-boson vertex function (p1, P2, p3) at one loop. (There

the arrows.)

c) Same question for the 1PI vertex function for two ghosts and two antighosts ['o6(p1, P2, D3, Pa)-
(There are 4 diagrams. Pay attention to the relative signs between these diagrams.)
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3.4.2 More general gauge-fixing functions
Instead of the gauge-fixing function f* = d,A*" now choose f* = (D, A")*.

a) Give the explicit form of the corresponding L + Ly, and deduce the corresponding vertices
involving the ghost and antighost fields. In particular give the vertex between the ghost, antighost
and two gauge bosons.

b) Show that, in addition to the diagrams present in c) of the previous exercice, there are new
types of Feynman diagrams contributing to the one-loop 4-point 2 ghost- 2 antighost vertex function
Lopys(P1, P2, P3, pa). Determine their superficial degrees of divergence. Does it come as a surprise if
you find the same answer as in c) of the previous exercice?

3.4.3 Two ghost - two antighost counterterms

In the Lagrangian used in exercice 3.4.1 there are no terms ~ w*w*ww, and thus we expect that one
should not need such counterterms either. This would mean that the vertex function Iy g.5(p1, D2, P3, Pa)
given in ¢) of this exercice should not be divergent, although it had a superficial degree of divergence
equal to 0. Write the expressions for the 4 corresponding Feynman diagrams and try to argue that
there are cancellations between the diagrams.
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4 Renormalization of non-abelian gauge theories

4.1 Slavnov-Taylor identities and Zinn-Justin equation

4.1.1 Slavnov-Taylor identities

Recall that the vacuum expectation values of time-ordered products of field operators can be obtained

from the generating functional
Z[J] = / DA, DYDyYDwDw*Dh exp [Z / d*z (Luew + X" n)| (4.1)

where, to simplify the notation, X" stands collectively for any of the fields A,, ¥, ¥, w, w* or h.
Of course, we do not really need to compute ghost correlation functions to get S-matrix elements
between physical states, but they certainly can and do appear in subdiagrams. Also, the form of L,
originally was derived only for time-ordered products of gauge invariant operators, but we can take
(4.1) as a definition for the gauge-dependent vacuum expectation values of time-ordered products
of the gauge non-invariant field operators. We have seen in the last subsection that the BRST
invariance implies that in the end matrix elements between gauge invariant states do not depend on
the gauge-fixing functional. We will now derive the implications of BRST invariance of the action
(and measure) for the generating functional Z[J] as defined in (4.1). These are the Slavnov-Taylor

identities.

SrW[J] _ (xn
§Jn - operator

of this equation for given x". Then the Legendre transform is I'[x] = W[J,] — [ d*z x"J, . Note

As usual, we define Z[J] = eVl as well as x" = ) with J,, ,, being the solution

that, since x" can be either bosonic or fermionic (i.e. anticommuting), one must specify whether

functional derivatives should act from the left (L) or from the right (R). Indeed, for fermionic x™ one
gl

S

The invariance of f Lew and of the functional integral measure under

ol
has =

dox" =0 A", A" =sx", (4.2)

(dropping the tilde on the x") implies the Slavnov-Taylor identity

/ d'z (A™(2)) 5;55(2) =0. (4.3)

Of course, invariance of the functional integral measure under BRST transformations is not guaran-
teed and needs to be verified. This will be discussed at the end of this subsection. The conclusion
will be that the measure is indeed invariant under BRST transformations provided the measure for
the matter fields is gauge invariant, i.e. there are no gauge anomalies. For now, we assume that this
is the case and the Slavnov-Taylor identity (4.3) does hold. For a linear symmetry (A™ = ¢™ x™) one
would have (A™(x)); = ", (x"(2))s, = ", X", and then the Slavnov-Taylor identity just states
that I" is invariant under this symmetry. At present, however, the BRST symmetry is non-linear,
e.g. s¥ = iww, etc, and the Slavnov-Taylor identity (4.3) does not tell us that the effective action I’

is also BRST invariant.
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4.1.2 Zinn-Justin equation

In order to nevertheless exploit the content of the Slavnov-Taylor identity, one uses the trick to also
introduce sources for the “composite” fields A™. (This is somewhat similar to what we did when
discussing the renormalization of composite operators and the Callan-Symanzik equations for vertex
functions I'™ with [ additional insertions of some composite operator like e.g. ¢?.) To begin with,
one defines

Z[J, K] = VI = /Dxn exp [i/d% (Loew + X" I + A"K,) | - (4.4)
The K, are like additional (position-dependent) coupling constants. In particular,
dIrW|J, K|
———— = (A" : 4.5
T = (@) (1.5)

Note that the addition of A"K, = s(x"K,) amounts just to a modification of the gauge fixing
functional W. In particular, the exponent in (4.4) is still BRST invariant. The effective action
['[x, K| is obtained by performing the Legendre transformation with respect to the sources J, only,
while keeping these extra couplings K,:

Ilx, K] = W[/, K] — / d*z x"(x)J7 k (z) (4.6)
where J7 i is the solution of
IrWJ, K]
il G 4.7
ST X (4.7)

for given x". (For obvious notational reasons, we write J? ;- rather than (J,)yr.) Note that these
definitions imply on the one hand, that x" and J, have the same statistics (both bosonic or both
fermionic) and A™ and K, also have the same statistics. On the other hand, any field from the first
group (x" or J,,) has opposite statistics from the corresponding field of the second group (A" or K,,).
Through the usual manipulations one finds from (4.6)

Orl[x, K] 0rWI[J, K IrW|J, K OrJY OrJ"
il K] _ iV 11.K) Ny 7, K] Rmﬂw_/4;wwyiﬁd@.u&
0K, (x) 0K, (x) li=r 0Im(y) li=s x 0K, (x) K, (x)
The last two terms cancel by (4.7) while, by (4.5), the first term is just (A"(x));, . k. Hence
OrL[x, K]
= (A" ) 4.
) A, (4.9)

It is completely straightforward to generalize the Slavnov-Taylor identity to the case where the
additional couplings ~ A" K, are present:

ol [x, K]
4 n ) —
/ At (A7) o S <0, (4.10)
Using (4.9), we get the Zinn-Justin equation:
orl'[x, K] orI'[x, K]
4 R ) )
=0. 4.11
oSk e 0 )
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4.1.3 Antibracket

The Zinn-Justin equation displays a nice symmetry between the roles of K,, and x". This is further
emphasized by introducing the notion of antibracket. The antibracket of two (bosonic) functionals?!

F[x, K] and G[x, K| depending on two sets of arguments x" and K, having opposite statistics is

defined as
_ 41, 5RF[X7K] 6LG[X7K] _ 6RF[X7K] 5LG[X7K]
(F,G) _/d ( x*(zr) 0K, () 0K, () o (z) )

This is somewhat similar to the definition of the Poisson bracket but, as we will see, it is symmetric

(4.12)

rather than antisymmetric under the exchange of F' and (. Since the x™ always have the opposite
statistics from the K,,, one of the two functional derivatives in the definition of the antibracket
always yields an anticommuting expression while the other is commuting. Since exchanging a left
with a right derivative yields a minus sign for an anticommuting expression, we can flip left and right
derivatives in either of the two terms in (4.12) provided we include one extra minus sign. Thus

/d4$ ((5RF[X,K] 0tGx, K]  0pF[x, K] (5RG[X,K])
IxX*(z) 0K, (x) 0K, (x)  ox™(x)

_ /d4x (5RF[X7K] 0LGIx. K] | 0rGlx, K OLFx. K])
IxM(z) OK,(z) Ix"(z) 0K, (z)

(F7G) =

0K (z)  ox*() 0K, (z)  ox(x) )~ '
This shows that the antibracket is symmetric under the interchange of F' and G:
(F,G)=(G,F) . (4.14)

As is obvious from the last line in (4.13), the Zinn-Justin equation (4.11) can then be written as

(Ir)=0. (4.15)

4.1.4 Invariance of the measure under the BRST transformation

Let us now come back to the question of whether the functional integral measure is invariant under
the BRST transformation or not. Clearly, even if the measure is invariant under gauge transfor-
mations, this does not immediately imply invariance under BRST transformations. The reason is
that the latter are non-linear transformations of the fields A,,, 1, 1, w,w*, h while the former are lin-
ear transformations of A, and 1 only. A further technical complication appears since the BRST
transformation mixes commuting and anticommuting field variables. Nevertheless, we will now show
that the relevant Jacobian equals unity provided the measure for the matter fields alone is gauge

invariant.

24 A bosonic functional is a sum of terms each of which contains an even number of anticommuting fields. Hence it
is commuting. Similarly, a fermionic functional is made from terms containing an odd number of anticommuting fields
and hence is anticommuting.
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We want to compute the Jacobian for a change of integration variables of the form y* — x" =
X"+ A" = x" + Osx™ where x" stands for the various commuting and anticommuting fields and 6
is a single anticommuting parameter satisfying #2 = 0. Although the A™ depend non-linearly on the
X", the fact that 62 = 0 will simplify the Jacobian enormously. We let

5LX/n(°T) — 5@ (yp 5L(‘9An(x))
X" (y) =00 y) ox" (y)

Note that R is linear in 6, i.e. R =60R, and hence R? = 0, so that log(1+ R) = R. We can then use
the standard relation between the determinant and the trace of the logarithm to get

T (2,) = = 560 —y) + Rz,y) . (416)

DetJ =exp (Trlog(1+ R)) =exp (TtR) =1+ TrR, (4.17)
where Tr includes a sum over the different field types of functional traces for every field. Now, for
anticommuting x” (i.e. the ghost, antighost or matter fermions), one has % = —95(@@”. It follows

that one has
TrR=0StrR , (4.18)

where Str is a functional “supertrace” which is just an ordinary functional trace but with minus signs
inserted for the anticommuting fields. With obvious notations we have

StrRR = Tr}A%A — Trﬁw — Trﬁg—k Tr}A%h — Trﬁw — Tr}A%w* ) (4.19)

Recall that A, = A, + 0sA, = A, + 0(d,w — i[A,,w]) so that AM = (J,w — z'[f/l\”,w]). Sirilﬂarly,
A* = jww and A¥" = —h, as well as AY = iwyp and A* = 0. Obviously then, Tr R,- = Tr R, = 0.
Also (Ew)aﬁ(aﬁ,y) = Cup,w"(2)0W(x — y) so that its trace vanishes (after an appropriate gauge

invariant regularization). Similarly,

(Raos(w9) = G505 = O Capye60(a =) (4.20)
B

This is again antisymmetric and its trace vanishes (after an appropriate gauge invariant regular-
ization). Actually, this is the same operator as the one we encountered when we discussed the
invariance of the gauge field measure under gauge transformations (except that now € — w). Ob-
viously, Tr R =0is equivalent to the statement that the gauge field measure is gauge invariant.
Finally, one has to study Tr R, and Tr ;. Once more, the vanishing of the trace is equivalent to
the gauge invariance of the matter measure. Although formally this trace vanishes, just as for the
other fields, here we may encounter a problem if it is not possible to regularize the trace in a gauge
invariant way. This is precisely the case for chiral fermions and one has a so-called anomaly as we
will extensively discuss in the next section.

We conclude that in the absence of anomalies (no chiral matter fermions), the full functional
integral measure is indeed invariant under BRST transformations. Moreover, the BRST invariance

of the measure is equivalent to the gauge invariance of the matter measure alone.
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4.2 Renormalization of gauge theories theories

4.2.1 The general structure and strategy

As already emphasized, non-abelian gauge theories are renormalizable by power counting. As dis-
cussed in sect. 2, it follows from power counting that there only are finitely many Green-functions
(or equivalently only finitely many 1PI n-point vertex functions I'™) that are divergent with their
superficial degree of divergence being some fixed finite number (independent of the order of pertur-
bation theory). Relying on the BPHZ theorem, we then know that all divergences can be removed by
finitely many local counterterms whose coefficients can be determined order by order in perturbation
theory. However, what this does not tell us is whether the divergent parts of the Green functions or
of the '™ — and hence the corresponding counterterms — share the same symmetries as the original
action. If one needed to add non gauge invariant (or actually non BRST invariant) counterterms at
some order N of perturbation theory to cancel some non-invariant divergence, these non-invariant
counterterms would almost certainly lead to non-invariant contributions at some higher order N’ > N
of perturbation theory. Thus, when one asks whether a (non-abelian) gauge theory is renormalizable
the question is whether all counterterms share the same symmetries as the original (gauge-fixed)
action, namely the BRST symmetry.

The proof of the renormalizability of non-abelian gauge theories thus amounts to showing that
the divergent parts 'y, of the quantum effective action I' (which generates the 1PI vertex functions
I'™) due to the loops still has the BRST symmetry, or some deformation thereof obtained after
changing the coupling constant and field normalizations. Instead of actually computing the loop
diagrams, we will exploit the algebraic structure coded in the Zinn-Justin equation to show that this
is indeed the case.

As usual, we rewrite the original bare action (including now the extra couplings ~ [ A"K),) in

terms of renormalized fields and coupling constants and masses:
Selxs, Kp) = S, K] = S . K] + Sea[x. K] , (4.21)

where S]({(.)) has the same form as the original (bare) action but with all masses and couplings equal
to their renormalized values, and S, are the counterterms, c.f. the general discussion and examples
studied in sections 77 and ??. There are now two ways to rephrase the question of renormalizability
of the non-abelian gauge theories. If one insists that Sg is BRST invariant, as well as the “tree-
level” renormalized action Sg)), then the counterterms will also be BRST invariant. The non-trivial
question then is whether these counterterms are enough to cancel all the divergent parts that arise
in any N-loop diagram. Equivalently, we may just begin with the usual BRST invariant SI(%O) and
compute the divergent parts [',, of I' and adjust the counterterms S, ;. order by order in perturbation
theory to cancel these divergent parts. The question then is whether these counterterms are BRST
invariant, i.e. whether the bare action can be BRST invariant.

Actually, there is is slight subtlety here: in the non-abelian case, the gauge and BRST transfor-
mations explicitly depend on the gauge coupling constant (which we have hidden in the generators
ta, respectively in the structure constants). Thus, when one states that some quantity is gauge or
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BRST invariant, one has to specify what is the coupling constant. Now the bare action Sp is BRST
invariant using the bare coupling constant, while the renormalized action Sg)) should be BRST in-
variant using the renormalized coupling constant. The precise formulation of renormalizability then
is whether we can find counterterms that cancel the divergent part I',, and which equal the differ-
ence of the gg-BRST invariant bare action S and the gg-BRST invariant action Sg)). Equivalently,
starting from a gr-BRST invariant SI(%O), we must show that Sg]) — ' is gg-BRST invariant. In the
sequel, we will call a conterterm or I'y, simply “BRST-invariant” if it fulfills this requirement.
In perturbation theory, I' has an expansion

00 N
T, K] =Y Twl K] . To=87 ., Tn=Tntop+ L) —toop (4.22)
N=0 M=1
where Fffv"_%)_l is an (N —M)-loop contribution involving “vertices” from lower-order counterterms
oop

of total order M, resulting in a contribution at the same order in perturbation theory as I'y_ioop-
(In QED e.g., the order a? contributions to the vacuum polarisation correspond to I'4” and are given

by the genuine two-loop diagrams (I',”, ), one-loop diagrams with one-loop (order «) counterterms

2—loop
F;u/ c.t.,1

4.2
Y ooy ), as well as a new order-a* counterterm (I'f”,57-%).

inserted ( 0—loop

One can again introduce a loop-counting parameter A and formally replace Sl(g) by %Sg)). Then an

AN-1 AN=1 We can similarly

N-loop term will have a coefficient , and I'y_1o0p Will be multiplied by
assign a factor AM to every counterterm that arises from an M-loop diagram, in addition to an
overall + in front of Scy: +Scr. = 3> 3721 AMSH . Then F‘Z}f,"_%)_loop will be accompanied by a
factor AN"MINM — AN=1 " Ag a result, we see that I' = Y ¥_, AV 'I'y. Inserting this into the
Zinn-Justin equation (I',T') = 0 and collecting the coefficients of the AN ~?-terms (recall that the

antibracket is symmetric) yields

N
> (Cw.Ty-y)=0 , N=>0. (4.23)
N’'=0

We want to show that I' can be made finite by choosing “BRST-invariant” local counterterms
order by order in perturbation theory. We will show this by induction in N. First, for N = 0 one
has 'y = SI(%O). Now, SI(%O) is expressed in terms of the renormalized (finite) parameters (couplings and
masses) and the renormalized fields. Obviously, no counterterms are needed at this order. Suppose
then that all I'ys with N < N — 1 are finite, i.e. we assume that all divergences in I'y/_jo0p have
been cancelled by the contributions Z}\N4/:1 FE}&,{/[M)?]OOP,
invariant”) counterterms SM with M < N’. This shows that in the sum (4.23) the only terms that

can involve divergences are the terms N’ = 0 and N’ = N. Thus, isolating the possibly divergent

induced by appropriately chosen (“BRST-

parts, eq. (4.23) yields
(S Iyo) =0 (4.24)

In agreement with our above remark, we can interpret this constraint in two different ways.

e Iirst, we may consider that I'y contains the N-loop contributions I'ny_je0p, the contributions
N-1 FC.t.,M
M=1

(N M)—loop (the corresponding counterterms are

from lower-order counterterms in loops
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“BRST-invariant” by the induction hypothesis) and an order-N counterterm I'i;%2™. The latter
is taken “BRST invariant” and we must then show that it can indeed cancel the divergent part
from the other contributions. This will be the case if the latter are “BRST invariant”. Since
the counterterm is already supposed to be “BRST invariant”, it is equivalent to show that the
divergent part 'y o of the full I'y is “BRST invariant”. (Of course, if this is the case, the

divergent parts just cancel and I'y o, = 0.)

e Second, we may consider that we have not yet included an order-N counterterm FE;E‘(;N in the

computation of I'y which now only contains I'y_io0p and the contributions from lower-order
counterterms in loops ]A\g_:ll I’E}f,"_%)_loop. Then, to be able to cancel the divergent part I'y
of I'y by an appropriate “BRST invariant” counterterm, we must show that I'y o is “BRST

invariant” .

We see that, whatever interpretation we adopt, it is necessary and sufficient to show that I'y o is
“BRST invariant”. This will be done by :

e cxploiting the content of (4.24) which we derived from the Zinn-Justin equation,

e using the various linear symmetries®® of the tree-level action S](%O) which must be also be sym-
metries of the effective action I' at every order, i.e. of I'y, and in particular also of its diverging

part,

e using the fact that I'y  is a local functional of the fields of dimension less or equal to 4 (here

we rely of course on BPHZ to exclude any trouble with overlapping divergences).

Let us recall that all computations are done in the presence of the extra couplings ~ A"K,,, i.e. with
Sg)) X" K] = [(Loew,r[X"] + A"K,,). Here A" = sy™ with the BRST-transformation s being the
one involving the same renormalized coupling as appears in SI(J?). Let us also insist, that eq. (4.24)

will only tell us something about the diverging part of I'y, not its finite part.

4.2.2 Constraining the divergent part of I

Let us now constrain the divergent part I'y o of I'y using dimensional arguments, the linear sym-
metries and equation (4.24). We begin by showing that I'y o, can depend at most linearly on the

various K,,.

Dimensional arguments

The gauge field A, has dimension 1, just as scalar matter fields. The fermionic matter fields, 1) and
1 have dimension % The dimensions of the ghost and antighost fields can be read from their kinetic
term (or their propagator). This depends on the choice of gauge-fixing function f,. If f, = 9,A*+. ..,
the ghost Lagrangian is ~ w*d,D*w + ... and dimw* + dimw = 2. Since in any ghost-number zero

25These are Lorentz transformations, global gauge transformations, ghost phase transformations related to ghost
number conservation and possibly antighost translations for certain choices of the gauge-fixing function like e.g.
= 0,A~L.
o 2 kre’
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functional one always has as many ghosts as antighosts it does not matter how we distribute the
2 between the ghost and antighost and we can choose dimw = dimw* = 1. As one sees from
s A, = D,w, s =iw, etc, s changes dimensions by dimw = 1. It follows that for any field x" one
has dim A" = dim x" + 1. Finally, A" K,, must have dimension 4 so that dim K,, = 4 — dim A". To

summarize:

dimA4, = dimw = dimw* =1 |, dimy = dimy = g,
dimA? = dimAY = dimAY =2 |,  dimAY = dim AY = g ,
dimKy =dim K, =dimK_ =2 dim Ky = dim K35 = g (4.25)

Since the divergent part of I' must be a local functional of all the fields of at most dimension 4, we

see that it can be at most quadratic in the K.

Ghost number conservation

Since Loy is invariant under global ghost/antighost phase rotations w — €“w, w* — e “w* it
follows that the ghost number is conserved (w has ghost number +1 and w* ghost number —1). This
will remain true in the presence of the extra couplings ~ A" K, if we assign ghost numbers to the
K,, which are the opposite of the ghost numbers of A”. Since A™ = sx™ and s increases the ghost
numbers by one unit, one has ngA™ = ng X" + 1. Thus

ngn(Au) = ngn(¥) = ngh(@) ;o ngw(w) =1, ng(w")=-1,
ngh(AA) = ngh(Aw) = ngn(A ) = , ngn(A¥) =2, ngh(Aw*) =0,
ngh(KA) = ngh(Kw) = ngh(KE) =-1 ) ngh(Kw) = -2 y ngh(Kw*) =0 gy (426)

Hence, all K,, have negative or zero ghost number.
Now, I'y oo must have ghost number zero and we have seen above that it can be at most quadratic
in the K,,. Let’s see which quadratic terms could appear. Terms involving two K4, K, or K- have

dimension 4 and hence cannot involve any other field. Such terms have negative ghost numbers and

are excluded except for K,-K,-. The latter term, however, is excluded since A¥" = sw* = —h is a
linear transformation so that 5‘SI§F = (A¥") = A¥" = —h tells us that I'[x", K,] must be linear in

K, and cannot have a term ~ K« K . Actually, this argument tells us even a bit more: the K-
dependence of T'[y, K] must be precisely a term [ d*z (—h)K,-. This is just the (finite) term already
present in the tree-level action ng) [x, K| and, in particular, the diverging part Iy, cannot contain
any term linear in K,.. Similarly, A" = sh = 0 and we conclude that I', cannot contain a term
linear in K, either.

Next, since the ghost is a Lorentz scalar, all A" transform under the same representation of the
Lorentz group as the fields x" and the K, must transform in such a way that A"K, is a Lorentz
scalar. It follows that K, and K- are Lorentz scalars, K. is a four-vector and K, transforms as
the spinor ¢, while K7 transforms as ¢. Thus a term quadratic in the K, and involving at least

one Ky or Kj must necessarily involve both of them, i.e. be ~ Ky K. This expression has ghost
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number —2 and dimension 3. There is no dimension 1 field of ghost number +2 available to make a

dimension 4, ghost number 0 term. Thus we conclude that I'y o is at most linear in any of the K,:

Pyl K] =T + [ dt B3(0)Eo(e) (4.27)

with T oo[X] = Iveo[X; 0] = [ d*2 Yy o) . Similarly, we had for the (tree-level) action
S, K] = Sy’ d'z A"(2)K 4.28
O K] = SO+ [ ' A" @) () (1.28)

Just as A" is a local expression in the fields x", the same must be true for the ﬁ?\r Note also that
the A% must have the same ghost numbers and dimensions as the A™. Finally, we have seen above

that 'y » cannot contain any terms linear in K« or K and we conclude that

Ay =Ah =0 (4.29)

Exploiting (S](;?), I'Ne) =0

In order to get further information on the form of vy () and A" (z), we insert (4.27) and (4.28)
into (S [x. K], T, K]) = 0:

_ 4, OrSR X, K] 61T NoolX, K| | 0rU'NoolX, K]0LSR X, K]
= [ <6Kn<> e oK) 5x<>>

- foelsn (e [t )

< 0154 [X] S, A™ (y)
+ A (z L—i—/d‘* —K,, : 4.30
The terms without K, and the coefficients of K, (y) must vanish separately, giving two equations:
Ol nsolX] | xn (0K Y]
diz | A™(2) =22 L A () R 22 ) =0, 4.31
and _
OLAR(Y) | xn (. \0LA™(y)
dlz [ A"(2) == L AL (2)——22 | =0. 4.32
/ ( D AN ) 432

The second equation (4.32) is a set of functional first-order partial linear differential equations for
the 87]{,. Note that these equations do constrain the functional form of the AR, but not their overall
normalization. Inserting the solutions E’]{, into the first equation then should determine the functional
form of I'y [x]. Note that these two equations (4.31) and (4.32) do not explicitly involve the K,
anymore. Indeed, all we really want to determine in the end is the form of FNOO[ ] = T'noolX, 0]
although, once we know A% (z), we also know Iy so[x, K] = Dn.so[x, 0] + fA" K,(x).
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To solve these equations in practice, it is useful to give them a more physical interpretation.
Define
PN =S +eTnaly]  and  AY™(x) = A"(2) + e A% (x) . (4.33)

Consider the “deformed BRST transformation”
sOx(z) = A" (z) . (4.34)

Obviously, for € = 0 this reduces to the ordinary BRST transformation. It is then not difficult to see

that, up to first order in e, Fgf,) [x] is invariant under this transformation and that this transformation

is nilpotent:

SOTON =0+ 0(2) by (4.31)  and sy =0+ O(e2) by (4.32) . (4.35)

Deformed BRST symmetry

First note (again) that, since Z?V couples to K, in I'y [x, K], in the same way as A™ couples to K,
in S}(_-io) , both Z?V and A™ must have the same ghost numbers, dimensions and Lorentz transformation
properties.

The strategy now is to write the most general nilpotent transformation of the fields that increases
the ghost numbers of the fields by one unit, increases their dimensions by dimw and that is a
deformation of the usual BRST transformation in the sense that it depends on some small parameter
¢ and reduces to the ordinary BRST transformation in the ¢ — 0 limit. (Of course, nilpotency is
only required up to terms of order €2.) These requirements will turn out to be stringent enough
to show that any such deformed BRST transformation must be identical to the ordinary BRST
transformation, up to changes in the normalization of the fields and a change of the gauge coupling
constant.

It is easy to see that the deformed BRST symmetry must act as
o) = W Tatp,
OpAcy = 0 (Bap0uws + Dapy Agutr)
1
59&),1 = —59 Eaﬁﬁ{ wp~ . (436)
(Having the correct ghost number would also allow e.g. a term of the form 0y ~ iwawﬂw:FaﬁiTmﬁ,

but this is excluded by the argument about the dimensions.) Recall from (4.29) that Ay = Ak =0
and, hence, the deformed BRST transformation of w* and h just equals the undeformed one:

Swi=—he ,  6ha=0. (4.37)

67

Let us now exploit the nilpotency of these transformations (4.36) and (4.37). First, dg,dp,w = 0
yields EqgyEgse wswew~ = 0 so that E,z,Egse must vanish after antisymmetrizing in 9, €, v. i.e. the
E, 3, satisfy the Jacobi identity and must be the structure constants of some Lie algebra. As e — 0,
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these are just the C,3, and we conclude that this Lie algebra is the same as the original Lie algebra

G and the F,g3, differ from the C,p, just by the normalization:
Eupy = ZCopy (4.38)
(Note that if the Lie algebra is semi-simple one may have a different Z; for every simple factor.) Next,

looking at (59159214# giVGS Daﬁ’yDﬂée - DaﬂéDﬁé“/ = Eﬂe'yDozéﬂ =2Z OBEVDCMSB and BQBEB,W; = Da,B(SBB'V'

~

The first equation implies that the matrices D, with (D,)ag = +D,ap are the generators of the
adjoint representation of the Lie algebra G, so that

Dogy = ZCoap . (4.39)

Hence, D3, = E,p, and the second condition involving B,s just states that the matrix B commutes
with all matrices D and thus is proportional to the unit matrix:

Bag = ZNbas . (4.40)

(Again, for a semi-simple G we can have a different N; for every simple factor.) Finally, looking at
89, 00,% implies [T}, Tp] = iEupy Ty = iZCop, T, and we identify

T,=Zt, . (4.41)

We conclude that, apart from the new constants Z and N, the deformed BRST symmetry 5 must

act exactly as the ordinary BRST symmetry s we started with. Let us summarize:

sy = iZwi,
sA, = Z (Na#w - i[A#,w]) )
Sw = i Zww
sw* = —h
sh = 0. (4.42)

We can absorb these new constants by redefining the normalizations of the ghost fields and redefining
the coupling constant (hidden in the Cyp,) as follows:

- ~ ~ 1

Ww*=ZNw* , AG=AL , Capy = N Capy - (4.43)
Then the generators are redefined accordingly by ¢, = j%[ t, and thus @ = 3%, = Zw, = Zw and
](u = J%[AH. Furthermore, one can redefine the normalization of ¢/ by some factor and the one of w*
and h by another (common) factor. These latter factors are not yet determined by (4.42). In terms
of the redefined fields and couplings, the deformed BRST transformations (4.42) take exactly the

form of the undeformed ones. In particular, we have
#=0 (4.44)

and any gauge invariant functional F’ [/TM, Y] (with structure constants 6’(157) automatically also is s

invariant.
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Constructing a Lagrangian invariant under the deformed BRST symmetry : constraining £y

Let us now construct I‘ = [Ly E) x| with a Lagrangian ES\E,) that is invariant under the deformed
BRST transformation s. As we have Just seen, the latter is the same as the original BRST transfor-
mation — up to changes of normalizations. Hence, our task amounts to constructing the most general
BRST invariant Lagrangian in the redefined fields and couplings. Strictly speaking, we should only
require invariance to first order in the deformation parameter €, but because of the rather rigid alge-
braic structure, this actually results in invariance to all orders in €. Of course, as explained before, we
also require that it is of dimension less or equal to four and invariant under all linear symmetries of
Sg, namely Lorentz symmetry, global gauge symmetry, ghost phase rotations (implying total ghost
number zero), and (in most gauges) antighost translations, in which case w* must appear as J,w*.
Obviously, once we have constrained the form of ,Cgf,) = Lyew + € Ly We also have constrained the
form of the diverging part Ly - of Ly.

It now follows from the above cohomology theorem applied to s that the most general s invariant
local function is of the form ng,) = L[A, Y] +5U with L\[A, 4] invariant under the gauge symmetry
with the redefined coupling and ¥ of ghost number —1. The additional requirements cited above
imply that L\[A, 1] is of dimension less or equal four, while U must be of dimension less or equal
3 and contain w* only as d,w*. Taking also into account Lorentz and global gauge invariance, we

arrive at
€ 1 - l/~O[ v ~ o ~ 5, Z *
£ = —Za L Ee —f-ﬁ;v[?,D,D,ﬂﬁ]—l—S( SWaha+ SO A“)
[ T 5 Z. -
= —ZAFF + Ly, Dl + 3 haha + - Nh 0 Al — 2, 0,w7, (D'w) _, (4.45)
where
F = 0,A0-0,A%+Cop, APAY | Dyp = 9,p—iA%RY | (Dyw)a = 9w +Cap, Alw . (4.46)

This is of the same form as the initial L., except for the appearence of the “renormalization
constants” Za, Z,, a changed coupling via the j%/ in 6’04@, as well as further “renormalization
constants” hidden in £’ VY, uw] and the replacement & — £'. Let us insist that, on the redefined
fields, the deformed BRST symmetry is just a BRST symmetry with a redefined coupling constant
g=g/N, and ES\E,) is invariant under this g-BRST symmetry for all e.

4.2.3 Conclusion and remarks

It is enough to recall that £§§) = Lyew + €LN,00 to see that the diverging part Ly o of Ly is “BRST-
invariant” in the sense explained above, i.e. it is the difference of a g-BRST and a g-BRST invariant
local term. Since € was arbitrary, the same is true for —Ly o, which is the required counterterm.
One can now redo the argument order by order in the loop-expansion to see that the sum of all
counterterms up to a given order N is “BRST-invariant” in this sense. Hence we conclude that to
any order in perturbation theory the renormalized action is g-BRST invariant precisely if the bare

action is gg-BRST invariant. Said differently, by appropriately choosing the field renormalization
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constants and coupling constant renormalization we get a finite quantum effective action I'y at every
order N of perturbation theory.

Let us look more explicitly at the renormalization of the gauge field and of the gauge coupling
constant ¢g. Recall that the latter was included in the Lie algebra generators as t, = g%\a and
accordingly in the structure constants as Cyp, = ¢ @m with ¢, and 6a5w the more conventionally
normalized, coupling-independent generators and structure constants. Thus Fj, = 9,47 — 0, A} +
g aﬂf‘AﬁAz, and similarly for Fj ,, with Ap and gp. If we let

%u =V ZA Afj ; gB = \/79 g, (447>

the relation between the bare and renormalized F? term is

]' [0 (67077 ]' (07 [V 7% 1 (0% [0 (0972 %4 a
—ZFBWF; = — o F" —Z(ZA — 1) (9,48 — 9, A%) (9" A — 9" A%m)
1 3/2 a NS a y
—59(\/2921 —1) (9,48 — 9,A%)C,.0 AP A
1 ~ ~
—192(zg2§ —1) Gy, ABAY Cs 0 AP A (4.48)

To determine only Z4, at a given order, it is enough to compute the two-gauge boson function, i.e.
the vacuum-polarization. However, to determine Z, and hence the renormalization of the coupling
constant, one has to determine two of the three counterterms on the rhs of (4.48) and hence compute
e.g. the vacuum-polarization and the 3-gauge boson vertex function. This is related to the fact that
the bare and renormalized actions have their BRST invariance defined with different couplings. In
an abelian gauge theory like QED), there is no coupling dependence of the BRST symmetry and the
Ward identity implies (Z;Z4)abelian = 1 s0 that we could read the coupling constant renormalization
from the vacuum-polarization. Below, we will discuss a special type of gauge fixing, the so-called
background gauge, where an analogous relation holds also in the non-abelian theory and, hence, it
is enough to compute a single Green’s function to obtain the coupling constant renormalization and
the S-function.

We have used the anti-ghost translation invariance of the so-called {-gauges f, = 0,A%, and this
is why we get back this form. However, if one uses a gauge-fixing with f, = 9,44 + aamAgAgu
with some global G-tensor a,g., there is no w*-translation invariance to enforce the absence of BRST
invariant terms with two ghosts and two anti-ghosts, like e.g. §(ba57w;w§w7) = —bapy (QhO/Jng7 +
%ZC’v&w;wEw(gwe). Hence, such terms must be allowed in the action (and counterterms) from the
beginning. However, such terms cannot be obtained from the Faddeev-Popov procedure (which
always gives a ghost term linear in the ghost and linear in the anti-ghost). To get these terms
necessitates a more general Lagrangian L., = L[A, Y] + sV[A, ¢, w,w*, h], as already discussed
above.

We can conclude that, as long as we start with a general Lagrangian of this form, with gauge
invariant £ of dimension less or equal 4, there is a counterterm available to cancel any divergence at
any loop order, and the theory is renormalizable in the usual sense.

Heavy use was made of the Slavnov-Taylor identity [ d*z (s X">£{—2 = 0 from which the Zinn-

Justin equation was obtained. The derivation of the Slavnov-Taylor identity assumed that

Adel Bilal : Advanced Quantum Field Theory 57 Lecture notes - October 5, 2026



Dypet frevlX"l is BRST invariant and in particular that DszAMeif LAY is gauge invariant. Now
[ LA, 9] is gauge invariant by construction but it may happen that D¢ is not gauge invariant. This
typically shows up at one loop and then (Sg,I'1) # 0. Equivalently, certain one-loop diagrams are
then seen to violate the corresponding Ward identities of covariant current conservation. In this case
the theory is said to be anomalous. Anomalies are the subject of the next chapter. Fortunately, as
we will see, anomalies can only appear for certain gauge groups and only in the presence of chiral
fermions. Moreover, in potentially anomalous theories, by carefully arranging the content of the
chiral matter fermions, the anomalies can be made to cancel. This is the case, in particular, for the
standard model based on the gauge group SU(3) x SU(2) x U(1) with the content of chiral matter

fermions observed in nature.

4.3 Background field gauge

Suppose we can find a gauge-fixing procedure such that the one-loop quantum effective action?®
't —1oop|@; Yo, wo, wg] must be gauge invariant under the same transformation as was the tree-level
renormalized action Sg), Le. daj; = Ou€e* + gCﬁf‘aﬁﬁ and 0¥y = 1ig eo‘ﬂzwo, as well as some

appropriate transformations for wy and wj. Then necessarily we have

1 1 1
S A ]+ S PAL L = FLF = (Za = DELF = ZaF F

4"
(4.49)
On the other hand, this must be the bare action. Comparing with (4.48), we see that then Z,Z, =1
and, hence, ggp = (Z4)~"/?g. Since the one-loop S-function is given by the coefficient of % in the

expression of ¢gp in terms of g, we then find that?”

1 1
B1-10op = —59 X (coeff of = in ZA) ) (4.50)
€
This will allow us to extract the one-loop f-function from the computation of the single coefficient
of the F2-term in I';_j50p-

The quantum effective action T'[a, g, o, wo, wi] was defined before in terms of the Legendre
transformation of the generating functional W of connected Green’s functions which is obtained

S[A7’¢J7w7w*}

from the functional integral of e* supplemented with the sources. One can convince oneself

that an alternative definition is provided by

ellavodowowil — [ DADYDYDwDW*eSlotAtotibotiwotww+']
1P1

: (4.51)

where, of course, S includes the gauge-fixing and ghost terms, and the subscript “1PI” instruct us
to take into account only 1PI diagrams when diagrammatically evaluating this functional integral.
In practice, this is not too convenient, and for gauge theories comes with a few subtleties. However,

26 Although we do not want to compute scattering amplitudes or Green’s functions for external ghosts, nothing
prevents us from computing I' also with ghost “background fields” wy and wy.

27To lowest order in perturbation theory gp = (Z4)™Y2g = (1+ (Za —1))"Y2g ~ (1 - 3(Z4 — 1))g.
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as long as wee are only interested in 1-loop diagrams — which are always 1PI — this is an effective
prescription to get I'i_joop-

With this motivation in mind, let us now introduce the background field gauge. We want to find a
gauge-fixing for A, such that I'[a] still is invariant under gauge transformations of the “background”
field a,,.

We introduce two types of gauge transformations: the “background field gauge transformations”
0p and the “quantum field gauge transformations” d,. The background field gauge transformation

is defined to act on the background and quantum fields as follows:

dpa, = Oue—ilay,, € = Dfe & dpa, = Oue™ + C'O‘/Bwal/fe7 ,
0pA, = —ilA,, € & At =0y Al (4.52)

Thus under this background gauge transformation a, transforms as a gauge field and A, as an adjoint
matter field. Obviously, on the sum of both fields dp acts as an ordinary gauge transformation:

dpla, +A,) =0,e—ila, + Ay €l . (4.53)
Similarly, the action on the matter quantum and background fields is defined as
Sptho = i€ty g = ie"tfY = dp(o+ ) = i€t (Yo + V) (4.54)
and for the ghost fields
dpwy = O‘nge” , Opw® = C’O‘ﬁwwﬂe7 = Op(wy +w) = aﬁv(wg + W), (4.55)

and idem for the antighost fields. On the other hand, the quantum field gauge transformations d,
should not act on the background fields and will be defined such that they do act as standard gauge
transformations on the sums a, + A, and 1y + 1. Thus

0y, = 0g1ho = dgwy = dgwy =0, (4.56)
and

0gA, =0 —tla, + Ay el = Ogla,+ Ay) =0, —ila, + A, €
g = et (o +9) = (o + ) = it (o + ) - (4.57)

In order to compute the one-loop quantum effective action as the functional integral (??) one has

to choose a gauge-fixing function f,, in the action S. The choice for the background field gauge is
fa = (DEA“)Q =0,Ah + Camaﬁ AT (4.58)

Note that this is a generalization of the standard gauge fixing function to a non-vanishing background
field a,. It is an appropriate choice for the present purpose, since Df is covariant under dp and thus

DJ A* transforms as A* under dp :
5Bfo¢ - a67f5€7 = 5B(fafa) =0 s (459)
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and we see that the gauge-fixing term is invariant under the background gauge transformations 5.
On the other hand, if f, is to fix the gauge in the functional integral, it better be not invariant under

the quantum field gauge transformations d,. Indeed, we have
8gfa = 0g(DFA*) o = (DF6,A") o = (DF DYe)o — i( DAY, €])a (4.60)
from which we read the corresponding ghost Lagrangian

Lonlay, Ayyw,w*] = —(wa*)a(D‘éw — [A*,w]) (4.61)

a
Since w, w* and A, transform as adjoint matter fields under 5, and since Df is covariant with
respect to dg, we conclude that this ghost Lagrangian is invariant under the background field gauge
transformations, 0Ly, = 0. Since also wy and wj transform as adjoint matter fields under dp, the
same remains true if one replaces w by wy + w and w* by w§ + w*:
dpLanlayu, Ay, wo +w,wj +w*] =0, (4.62)
so that finally
08Lmod s Ap, o + Y, wo +w,wy +w =0 | Lpoa=L— 2—15fafa + Lgn . (4.63)
Note that Lla + A, ¢ + ¢] = —3Fula + AJF*[a + A] + Luyaster|a + A, tho + ] with F,,[a + A] =
F.la] + DEA,, — DBA, —i[A,, A
Our goal was to determine I'[a,,...] as [, DA...exp (z’fﬁmod(a + A, .. )) We see that due
to the gauge fixing and ghost terms, L, does not only depend on the sum a + A but on a and A
separately. It is then not obvious any more that this does generate all 1PI diagrams. However, if
we restrict ourselves to the one-loop quantum effective action, things are simpler and the separate
dependence on a and A of the gauge-fixing and ghost terms does not cause any trouble. Since L,0q
is invariant under the background gauge transformations dg, as is also the measure DADYDwDw*
(excluding anomalies), it is then obvious that I'y_joep[a, ¢, . ..] must also be invariant under these
transformations:
05T Z1oop|@s Yo, .. .] =0 . (4.64)
But the background gauge transformations act on the background fields just as ordinary gauge
transformations (in particular with the same normalisation of g af t. as explained at the beginning
of this subsection). Then eq. (4.49) must hold, and hence Z,Z4 = 1 so that we can use (4.50) to
compute the one-loop S-function.

4.4 One-loop p-functions for Yang-Mills and supersymmetric Yang-Mills
theories

To extract the one-loop S-function we need to compute the coefficient of % in Z4 in the background
field gauge. (Z4 — 1) is the coefficient of —3F? in the counterterm. Hence we need the coefficient
of % in front of the —iF 2 piece of the counterterm. To extract this term, we may simply consider
a constant background gauge field a, and all other background fields vanishing. In particular then,

Fﬁ‘y(a) = aﬁvaga;’.
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4.4.1 p[-function for Yang-Mills theory

As explained above, to compute the one-loop contribution to I'[a] we have to identify the part in
[ Lioala, A, ¢, w,w*] that is quadratic in the quantum fields A, ¢, w,w*. In particular,
Fula+ Al FMa + A]| = (DBA, — DEA,) (D A" — Dy A*) — 2F,, [a] [A*, A]. The expan-

sion of L4 then yields

1
quadratic part /d4$’d4 <_ _AOCM< )Dfocu y,@l/[ ]Aﬁy(y)

~n (@)Dl ula] Y1(y) — (@)Dl (1) ), (4.65)

—part

/Emod[av Aa ¢a w,w ]

where

y 0 0
Diaplt) = (= Gy = Casy () ( = don - + Crpalt ) 60w =) (466)

or, using a matrix notation with aadJ = aj, tadJ and the generators of the adjoint representation given
in (3.6),

. 9, . J
D2yl = (= g +1a0@)) (= 5, — i) 00 —y) (4.67)
I
Similarly, one has 5
D}f’y[a] = ( — P — 9 w“a (y) + m) 5@ (x —y), (4.68)
o
and
DA [(1,] _ { ( + adJ( o i p o adj . i adj
TpYyv mz OxP t ap QZ)) ( ayp ¢ aadj (y)) ( o <x>) ( ayu t CLH <y))
iy 1 » »
—ZFMSJ [a] + E( ~ 3 +i aMdJ(q:)) (- oy zal,dj(y))} W (z —y) (4.69)
Then
il _1oopla] = —%Tr log D*[a] + Trlog D¥[a] + Trlog D*|[a] . (4.70)

These traces are evaluated as usual. We will sketch the computation for Trlog D¥[a], the others
being similar.

Since we will only consider constant fields a, it it most convenient to Fourier transform. One has in
general D, , = (x| D |y) and hence

(| Dlg) = / dizdty (plz) (x| Dly) (yla) = / drdly P (@|Dly) V. (471

1
(2m)?
With a D, of the form D, , = f(—52:) g(—%) 6@ (z — y) this yields

oxH
WPk = g [dtedty e [ fgh a5 89 =) e = i [t i) gt
= f(=ip)g(ip) S (p—q) = M(p) 6P (p—q) . (4.72)

Hence (p|D?|q) = [d'k (p|D|k) (k|D|q) = M>(p)6™(p — q), and similarly for any power n and any
function of D, and thus

Tr logD = /d4p (p| tr logD |p) = /d4p W (p — p)tr log M(p) . (4.73)
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Of course, §(4) (p—p) arises because we work with constant fields and it has to be interpreted as f 4 et (P—p) =

@y L [d*z. Our M(p) are all of the form M(p) = My(p) + Mi(p) + Ma(p) with iMy(p) belng the inverse
propagator for the given field and M; and Ms are linear and bilinear in the background fields a,. One has

n—1

tr log M = tr log Mo+ tr log (1+My ' (My+My)) = tr log Mo+ tr Z (= (My ' (My+Mo))" . (4.74)

We need to pick out the quartic term in a,:
1 1
tr log M|, = — tr (Mg Ma)” + tr (Mg "M)* My My — - tr (Mg ' M) (4.75)

Since —iM; 1'is just the propagator this expansion generates the relevant one-loop Feynman diagrams
with 4 external (background) gauge fields a,, attached. There are vertices with one and vertices with two
gauge fields, corresponding to M; and Ms. Obviously, one could have evaluated these diagrams directly
using the appropriate Feynman rules. The present alternative computation has the advantage of giving all
combinatorial factors in a straightforward way.

Obviously, the D¥[a] corresponds to the ghost loop and the above expression gives

Tr log D¥[a] = / d'e (p)

M“(p) = (—ip,+id J) (zp“ — zagdj) = pup* — 2p“aadJ + aadJ ZdJ ) (4.76)

We read off Mg (p) = pupt, M¥(p) = —2p"a’Y and Mg (p) = azdjagdj and (4.75) then gives

A

d4p d4p 1 tr a)\CL)\ a‘,aJ tr puau p,,a” ara tr (p,ﬂ“)ll
/(27‘(‘)4 trlogM“"a4=/(27T)4(_2 (pQ*ie)Z +4 (prie):} _4(p2fi6)4) , (4.77)

where all the a, are in the adjoint representation although we did not write it explicitly. Since all a,, are
constant, corresponding to vanishing external momenta, the loop integrals are particularly simple. Using

dimensional regularization (d = 4 — ¢) and introducing an IR regulator u, we have?
dp 1 i 2
/ (2m)* (p? + p? — ie)? 1672 (m4r”) e Tt (€)
7 :/ ddp Pubv _ 177 I
w= | et P —iep A
A% pupupep 1
Livpo = / ) 2 i;z’”_ ‘;6)4 = 57 hwToo + Moo + Muotivp) 1 - (4.78)
Thus
d4p w 1 A o W, v A 1 w v, p,o
7(27r)4 tr log M }a4 = I(— §tra>\a g + M tra” a” aya” — g(nuynpg+nupnyg+nwmp) tra”a”a”a )

1 1
=5 I(traAa’\ 14,0’ — trayay a’a’ ) = —61 (tra)\ao ata® — trayaya® a") . (4.79)

Recall that for constant a,, in the adjoint representation one has tr 4qj Fj, F'* = trag5(—i)[ay, a,|(—1)[a", a”] =
—21T 445 (a#al,a“a” — aua,,a”a“), so that finally

1
Trlog D¥[a] = / d4:):1—2[ tr aqj Fpu M (4.80)

%Note that when computing I,,, one replaces p,p, by ér]wpz. The remaining scalar integral yields %I so that
I, = %UWI and not énWI as one might have naively expected. Similarly for I, .
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The evaluation of Trlog D4[a] is very similar, except that the tensorial structure is a bit more complicated.
In the final result, the % is replaced by a —%. The matter determinant Trlog D¥[a] depends on the mass
of the fermions. However, the structure of the divergence is mass independent, i.e. the term ~ % does not
depend on the mass, and if our only purpose is to compute the S-function we can just as well neglect the
fermion mass.

In the limit where the fermion masses can be neglected, the three traces are:

5
Trlog D?at _picce = I / d'x (—gtradeWF”’”)

1
Trlog D% |ut picce = I / diz (EtradeWF“")

Trlog D¥|at_picce = 1 / d*z (—%trRFWF’“’) , (4.81)
where (u is an IR regulator) I = f Gn) m = 53 ( + ﬁmte) . If we let
tragitals = 9° C10as , trrtats = 9> Colus , (4.82)
we get ,
e o] = _2972% (gcl + 1—1201 - %02) / dia (—iFjVF‘”“’) , (4.83)
and, hence
Zal 5 00p = +29 ! (1;01 - —Cz) (4.84)

Finally, according to (4.50), we read off the one-loop S-function as

3 /11 1
ﬁl—loop - _f? (_Cl - _C2> 5 (485)

which is negative as long as (5 < %Cl, i.e. as long as there are not “too many” matter fields.
Of course, this is a famous result. For example, if the gauge group is SU(NN) and the matter
representation R is the defining “vector” representation N, one has C; = N and (5 = % For ny
flavours of quarks in the N-representation one has Cy = %f Thus

P 47'('2

(4.86)

3
QCD with ns flavours of quarks g 11 n
61 100) ! 4 = - N — ! )
12 6

Standard QCD with gauge group SU(3) could accommodate as many as ny = 16 flavours of quarks
and still remain asymptotically free. Recall from our earlier discussion that the relevant S-function
at a given scale u is the one that corresponds to the number of flavours of quarks having masses
(well) below p. Any quarks having masses (well) above pu do not contribute at this scale. Let us

write B, (9) = =8y’ 1gi2 (1) = %. As shown before, the running of g(u) is such
that o2 )
T T
p =) o () s
! 0" 9% (k) o alp)
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does not depend on p. It is the RG-invariant mass scale characterizing the strength of the interaction.
More precisely, it is independent of i as long as p does not come close to any of the quark masses
and the effective number of flavours does not change. Since the running of the coupling below my, 1
is well approximated by f,, and above m,, 1 by 3,11, matching the coupling at u = m,,, leads
to the RG scale matching condition

'n.f nf+1
An BO An Bo
( I ) = (ﬂ) . (4.88)
M 41 M pt1

It is useful to isolate the contributions of the various fields to the one-loop S-function. There are

3 basic contributions: the gauge and ghost fields, Spin-% matter fields and scalar matter fields. We
already have computed the first two types of contribution, while the contribution of a complex scalar
matter field can be obtained from the one of the ghost fields. Indeed, the ghosts are (anticommuting)
scalars in the adjoint representation and with the obvious changes we get (Coq; = Cy and Cg = Cy)

3
gauge and ghost g 11
61—100p - A2 E C1adj
3
Dirac fermion in R __ g 1
ﬁlfloop — _471'2 (_5 C’R)
3
complex scalar in R __ g 1
61—100}) - _47T2 (_E CR) . (489)

Note that we considered standard Dirac fermions. If one considers instead chiral (Weyl) fermions or
Majorana fermions, one has to divide the corresponding matter contribution by a factor of 2.

4.4.2 [-functions in supersymmetric gauge theories

In supersymmetric theories the fields are part of supersymmetry multiplets and thus the field content
is subject to important constraints. We will now show that this leads to simpler expressions for the

one-loop S-functions.

N=1:

In gauge theories with the minimal amount of supersymmetry, so called unextended supersymmetry,
often referred to as N = 1 supersymmetry, the gauge fields have a corresponding partner, called
the gaugino field, which is a spin—% Majorana fermion A*(z), also in the adjoint representation
and also massless. More precisely, the boson-fermion correspondence holds for physical states, so
that the Majorana fermion field is the partner of the gauge and ghost fields. Together they form
the gauge or vector multiplet. The matter fields are organized in so-called chiral multiplets, each
multiplet consisting of a Majorana fermion ¢ (z) and a complex scalar ¢(x), both fields in the same
representation R of the gauge group. Since a Dirac field is equivalent to two Majorana fields, the

-function of a Majorana fermion is half that of a Dirac fermion. Hence, 5*8"° = 2.1 O ... so that
» M1—loop 472 6 A

3

__93 Cladj - (4.90)

6vector multiplet ﬁgauge and ghost and gaugino g
472 4

1—loop 1—loop
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Similarly, for a chiral multiplet

3
ﬁchiral multiplet 16Dirac fermion in R + Bcomplex scalar in R _ g <_l OR) (4 91)

1—loop - 5 1—loop 1—loop 472 4
Obviously then, in an A" = 1 supersymmetric gauge theory with nc; chiral multiplets in the repre-
sentation R;:

3
N=1 with ng; in Ry § 3 1
/Bl—loop = e (Z_l Cadj — 1 EZ nqu’Ri> . (4.92)

Note that such a theory with 3 chiral multiplets in the adjoint representation has a vanishing one-
loop B-function. With appropriate masses and couplings, this theory actually has an extended

supersymmetry.

N=2:
In N = 2 extended supersymmetric gauge theory the AN/ = 1 multiplets are grouped into larger
N = 2 multiplets. Thus the N' = 2 vector or gauge multiplet consists of the A" = 1 vector multiplet

together with a massless A/ = 1 chiral multiplet in the adjoint representation. Hence

N'=2 vect Itiplet g* 1
A1 1oop — 12 9 Cadi (4.93)

N = 2 matter multiplets are so-called hypermultiplets which consist of two A/ = 1 chiral multiplets:

3
N=2 hypermultiplet g 1
Bl—loop - _4_7_(2 <_§ C’R) ) (494)
so that an N = 2 theory with ny,; hypermultiplets in representations R, has its one-loop S-function
given by
N:2 with TH,i in Rl 93 1 1
Bl*loop = —4—7-(_2 5 Cadj — 5 zi:nc’iCRi . (495)
Again, we see that the special theory with a single adjoint hypermultiplet has a vanishing one-loop
[B-function.
N=4:

The maximally extended (global) supersymmetry is AN/ = 4 extended supersymmetric gauge theory.
It has a single N' = 4 multiplet consisting of an N/ = 2 vector and a massless N' = 2 adjoint
hypermultiplet. As just noted, this theory has a vanishing one-loop S-function:

ﬁ'{\iTOZIOp =0. (496>
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Part II : Anomalies in QFT

This part, as well as most of Sect. 1 above, are reprinted from Ada Cubukcu and Adel Bilal “A
pedagogical Introduction to Anomalies in Quantum Field Theory”, arXiv:2609.28835 [hep-th].

5 Overview

An anomaly is the breaking of a classical symmetry by quantum effects. This was first observed in
1969 as a non-conservation of the axial-vector current by Adler [1] and Jackiw and Johnson [2]. Since
(global) symmetries in quantum mechanics impose selection rules, the breaking of such a symmetry
implies that forbidden transitions actually become allowed. It was quickly realized that this current
non-conservation provided an explanation for the observed disintegration rate of the neutral pion
into two photons [3]. While tree-level Feynman diagrams essentially only reflect classical physics,
typically quantum effects show up in loop diagrams. In particular, the current non-conservation is
seen by explicitly computing a certain one-loop diagram with three vertices (triangle diagram). It
has been shown by Adler and Bardeen that there are no higher-loop corrections to this anomaly
[4, 5]. This is quite amazing, as it means that one can get an exact expression for this anomaly by
solely computing the one-loop diagram - a rare situation in quantum field theory ! This anomaly is
now referred to as the abelian anomaly or the Adler-Bardeen-Jackiw (ABJ) anomaly.

But anomalies also occur for local symmetries such as gauge symmetries in (abelian or non-
abelian) gauge theories, as well as in quantum field theories on curved space-times, where they
manifest themselves as a lack of general covariance or of local Lorentz symmetry (gravitational
anomalies). A very nice overview is given in the first 5 chapters of a classical paper by Alvarez-
Gaumé and Witten [6]. These anomalies again show up in one-loop diagrams in the presence of
chiral fermions, and are often referred to as chiral anomalies (although “gauge anomalies” would
be a more fitting name). A rather detailed discussion of these anomalies can be found in many
places, including [7]-[13], as well as [14].?2 Again, only one-loop diagrams contribute to the anomaly,
although there are different such diagrams that are anomalous (triangle, box).3* However, the form
of the anomaly is constrained by the so-called Wess-Zumino consistency condition [15] which relates
the contributions of the different diagrams, so that only an explicit computation of the triangle is
necessary.

The Wess-Zumino consistency condition is very conveniently reformulated as the anomaly being
the BRST variation of the effective action and, hence, it is BRST closed. The freedom to add
local counterterms to the classical action appears as the possibility to add BRST-exact terms to the
anomaly. Relevant anomalies then appear as BRST cohomology classes at ghost number one. These
cohomology classes are related by the descent equations [16] to certain characteristic classes in two
more dimensions. The latter uniquely characterize the anomaly. This provides an intriguing link
with index theorems for the Dirac operator [17], as spelled out in [18], which is particularly useful
when discussing gravitational anomalies in higher dimensions.

29 Although reference [14] by one of the authors has inspired several parts of these notes, the present introduction
to anomalies is written in a different spirit : it is meant to be at the same time more concise and more self-contained,
omitting certain aspects and emphasizing others.

39The same is true for the abelian anomaly.
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Contrary to anomalies in global symmetries, an anomaly of a local (gauge) symmetry is a real
problem, as it would eventually ruin the renormalizability [19], unitarity and/or Lorentz invariance
of the theory. (Similar remarks apply to gravitational anomalies.) Luckily, not all gauge groups lead
to anomalies [20], and when they do, different chiral fermions contribute additively to the anomaly.
Thus with the right combination of chiral fermions it may happen that the individual anomalies cancel
and the total anomaly vanishes. This is precisely the case in the standard model of particle physics
as was first shown by Bouchiat, Iliopoulos and Meyer [21], as well as in several prominent higher-
dimensional theories that appear as low-energy limits of certain superstring theories [22], such as the
ten-dimensional type I supergravity coupled to super Yang-Mills theory for specific gauge groups, or
type IIB supergravity in 10 dimensions.

6 Various manifestations of an anomaly

In this section, we will give a brief overview of how an anomaly can arise and how it can manifest
itself. We begin by recalling Noether’s theorem that asserts the existence of a classically conserved
current for any symmetry of the classical action, and derive the conservation of the corresponding
quantum current in the functional integral formalism. This conservation is seen to hold provided
the functional integration measure also is invariant. Said differently, this shows that an anomaly can
arise from a non-trivial transformation of the integration measure. We will explicitly compute this
anomaly for chiral transformations (involving ~5) of Dirac fermions, and more specifically see how it
arises from the regularization process of the determinant of the Jacobian. Secondly, we will derive the
anomalous Ward identities (also called Slavnov-Taylor identities) that are identities between n-point
functions and the anomaly. This will allow us below, in Sect. 4, to do an explicit Feynman diagram
computation of different anomalies. We will also look at anomalies under gauge transformations
and how the (covariant) non-conservation of the gauge current is related to the non-invariance of
an appropriately defined effective action, with this non-invariance again related to the anomalous
transformation of the functional integration measure. We will mostly follow [14, 7]. In the next
section, we will also explicitly see how the anomaly arises in the computation of Feynman diagrams
when one cannot regularize a divergent Feynman diagram in a way that respects all the symmetries.

6.1 Noether’s theorem and a Ward identity

Noether’s theorem states that to any global symmetry of a classical field theory corresponds a clas-
sically conserved current. Let us give the proof for a relativistically invariant field theory described
by an action S = [ d*z £(z) with £(x) a scalar density. Recall that the classical field equations are
the Euler-Lagrange equations obtained from requiring stationarity of the action : under arbitrary
variations 0 of the fields v (subject to the boundary condition of vanishing at infinity) one has
0S = 0 if the fields satisfy the Euler-Lagrange equations. Assume now that the action is invariant,
i.e. S = 0, under some infinitesimal variation ¥ (x) — ¥ (x) + AY(z) where AY(z) = e F((x)),
for constant infinitesimal €. Then, for non-constant e(x) there will be a non-vanishing variation of S
that must involve the derivatives of € and thus be of the form 65 = — [ d*z j#(x)d,€(x) with some
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four-vector j#(x). Upon integrating by parts, this is

59 — / d'x (8,5#(2))e(x) - (6.1)

In general, this has no reason to vanish. But if the fields satisfy the Euler-Lagrange equations then,
as just explained, one must have S = 0. Since €(z) is arbitrary, this implies that j* is a conserved
current :

aujﬂ(x)

In the quantum theory, there will be a corresponding (quantum) current operator J*(z). (This
is not to be confused with the source fields of the generating functionals Z[.J].) The question then is

~0. (6.2)

field equations

whether this quantum current is still conserved. More precisely, one needs to check whether 9, J"(z)
vanishes as an operator, which means that all time-ordered vacuum expectation values of products
of operators O;(¥(y;)) and a factor d,J*(x) should vanish :

(vac, out| T{0,J"(x HO (y;))} [vac, in) =0 . (6.3)

If this is not the case, one has an anomaly. Note that (6.3) is not the same as the statement
52 (vac, out| T{J"(z) []O;(y;)} |vac, in) = 0, since the time-ordering involves various §(z° — y3)
and 6(y) — 2°) and their time derivatives generate 0(z° — ¢?) times (equal-time) commutators of .J
and the corresponding O;. Thus generically, if (6.3) holds, one has

% (vac, out| T{J“(w) H Oj(\Il(yj))} |vac, in)
= Z 5(‘7:0 - y;)) <VaC’ Out| T{ [JO(:E)J O](\I/(y]))] H Ok(qj(yk))} |VaC, iIl> ) (64)
J k#j

which is called a Ward identity. If there is an additional anomalous term on the right-hand side
of this equation, i.e. if 9,J" # 0 and (6.3) does not hold, then the analogue of (6.4) is called an
anomalous Ward identity.

Let us show how the non-conservation of the quantum current is related in the functional integral
formalism to the non-invariance of the functional integral measure. Consider the same transformation
of the fields as before, such that 45 is given by (6.1), and assume furthermore that the operators
0;(¥(y;)), or rather their classical counterparts O;(¢(y;)), are invariant. We then assume that the
measure transforms as

DY =Dy et (6.5)

with some possibly non-trivial Jacobian factor ¢4 Since A vanishes for e = 0, and since € is
infinitesimal, A4 must be of the form A = [ d*ze(z)A(z). We then proceed by first renaming the
functional integration variables from 1) to v)’, and then identifying the )’ with the transformed fields

V40

/D@/J HO zS(w — /D¢ HO "(y;)) oS /Dw ot eA HO S()+i [ Oujte
= /W 1+z/A+au; )HO )e'S) (6.6)
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In the last expression, the 1 in the parenthesis reproduces the initial expression and, hence, the terms
linear in €(z) must vanish :

/Dw )+ 05" (@ ) HO V=0, (6.7)

But as we have extensively discussed, the functional integral computes time-ordered vacuum ex-
pectation values of the corresponding products of operators, and this translates into the operator
statement

(vac, out|T{8MJ“(x)HOj(\If(yj))} lvac, in) = — (vac, out\T{A(a:)HOj(\If(yj))} lvac, in).

(6.8)
The non-vanishing term on the right-hand side will appear as the anomalous contribution on the
right-hand side of the Ward identities (6.4). In any case, it relates the non-conservation of the
quantum current to the anomalous transformation of the functional integral measure.
There is an important subtlety when translating between the functional integral relation (6.7)
and the operator statement (6.8). Indeed, we could have written (6.7) as

o [ Do @ T[N =~ [ Do ) TTOswom)e (6.9

with the space-time derivative pulled outside the functional integral. Then the corresponding oper-
ator statement would be

% (vac, out| T{J"(x) [ [ O;(¥(y;))} Ivac, in) = — (vac, out| T{A(x) [ [ 0;(¥(y;))} Ivac, in) .

: : (6.10)
But as discussed above, the difference between (6.8) and (6.10) are the equal-time commutator terms
~ [J%(z), 0;(¥(y;))] which are ~ 6™ (z — ;) and are sometimes refered to as contact terms. But the
space-integral of J° is the corresponding charge operator which generates the transformations of the
O;(¥(y;)) under the symmetry, and [J°(x), O;(¥(y;))] is a local version of this. Our assumption that
the O;(¥(y;)) are invariant under the symmetry amounts to the vanishing of these commutators and,
at present, (6.8) and (6.10) are equivalent. However, if the O, transform non-trivially, additional
terms will be present and one has to be more careful.®!

6.2 Non-invariance of the fermionic measure under chiral transforma-
tions (abelian anomaly)

The first example of anomalies we will study is the so-called abelian anomaly. This anomaly arises
from chiral transformations (i.e. involving =5) of massless Dirac fermions. More specifically, we

31A related subtlety is that the functional integral representation was derived in Hamiltonian form, and only for
operators not involving the momentum fields could one easily pass to the Lagrangian version of it. One can show that
the Lagrangian version is still valid without modification if there is only one momentum field, but it receives additional
contact term contributions if there are more momentum fields involved. Typically, J° involves a momentum field, so
one needs to be careful.
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consider the usual matter Lagrangian for a Dirac field ¢ coupled to a gauge field A, = Aft, through
the covariant derivative 32

Lonatier 10,0, A] = =0(P+m)p = = (1(9 — iAsta) + m)w . (6.11)

Recall that our signature is (— +4-) and the v# matrices obey (7°)7 = —4°, (7)1 = 4% and 4! = ~s.
The Dirac field v is taken to be in some representation R of some Lie group with (hermltlan) gener-
ators t,. We want to study quite generally the chiral transformations 1(x) — /() = e*" @ta59) ().
Since ¢ = 1%, and since {vs,7*} = 0, one also has ¢(z) — ¥'(z) = i(x)e ™ @lr1if0 =

(x)e’ @t These transformations are not symmetries of the matter Lagrangian unless (i) e is
constant, (ii) we replace €*t, by et where [¢,t,] = 0, and (iii) take m = 0. Then the chiral transfor-

33

mation ¢ — €59 is a symmetry of the massless matter Lagrangian % with corresponding chiral

Noether current
JE = Wy sty (6.12)

The anomaly we will soon compute means that this chiral current is not conserved in the quantum
theory : (9,J8)4 # 0, where the notation (...) 4 is shorthand for (vac, out|(...) |vac, out) computed
in the presence of the interaction Lagrangian density iqﬁAﬁtaw. We will be more precise shortly.

Let us now use the functional integral approach to compute vacuum expectation values of time-
ordered products of operators O; that involve the matter fields. The computation can then be divided
into two parts: the integration that interests us most is the integration over matter fields. In fact,
this is enough to study anomalies. This is due to the fact that the only matter field - gauge field
coupling we consider here is through the covariant derivative, thus the currents j& = 9L/9Aj, do not
involve the gauge fields Ajj. As such, all current correlation functions only involve the matter fields
and one can do the functional integral over these matter fields, keeping the gauge fields fixed. This
is indicated by writing (...)4, as we have already done above. The functional integration over the
gauge fields can be done in a second step, and only then one has to deal with all the subtleties of
gauge-fixing and adding the Faddeev-Popov ghost fields - but this will not be our focus here.

In the rest of this subsection, we will solely be concerned with the transformation of the func-
tional integral measure for the (Dirac) matter fields 1) and ¢. Quite generally, we consider a local
transformation:

Y(z) = ¥'(2) = U)d(e) , o) > ¢ (@) =d@)0(@) , Ul)=inUl)in’, (6.13)

where U(z) is a unitary matrix acting on the indices of the representation of the gauge group and
on the Dirac indices.?* Of course, in order for the matter action to also be invariant, U has to be
constant.

32Note that no gauge coupling constant g explicitly appears. Our convention is that it is included in the gauge-group
generators t,, so that in particular trt,ts ~ g%, and the structure constants are Cypy ~ g.

33As a matter of fact, in order for this transformation to be a classical symmetry, the mass term has to vanish.
Indeed, the invariance comes from the fact that {vs,v*} = 0 so that the transformation of ¢ and 1) compensate each
other in the /) term. Since the mass term doesn’t involve the v#, the transformation of this term doesn’t cancel
out.

340ther complications arise if 1/ and 1 transform under additional representations like flavor symmetry, but we will
not tackle these additional complexities here.
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Let us examine how this transformation affects the fermionic measures Dy and D). Since these
are measures for anticommuting fields, they transform with the inverse Jacobian:

Dy — Dy = (DetU) ' Dy, Dy — DY’ = (DetU) ' Dy, (6.14)
where the operators U and U are defined by
(@lUly) = Ul2) 6z —y)  (alUly) =U(x)d (@ ~y). (6.15)
Thus, the overall Jacobian is

DY DY =Dy Dy, A = (Dettd) }(DetU) " . (6.16)

6.2.1 Transformation of the measure

a) Non-chiral transformation

Let us first study what happens if the transformation we consider is not chiral, i.e. if U does not
involve 5. It easy to see that in this case the transformations of D) and D1} cancel each other out.
Indeed, if U is a unitary non-chiral transformation of the form:

Uz) = <" @ with ] =t, and [y*,t,] =0, (6.17)

one has
U(ﬂj) — Z',Yoe*iea(x)taifyo — efieﬁ‘(x)ta (Z’YO)Q — e*iea(x)ta — U*l(x) (618)

Thus, Y = U~ which means that the overall measure is invariant:

e = (DetU) ' (Dettd) ™ = (DetU) ' (Detd )"t =1, (6.19)
This remains true even after regularization; since both determinants are regularized in the same way,
they still cancel each other. Hence, there is no anomaly.
b) Chiral transformations

On the other hand, if the transformation we consider is chiral, i.e. involves a 5 matrix, the trans-
formations of D1 and D do not compensate each other, as we now proceed to show. Consider a
unitary chiral transformation of the form:

Uz) = i@ty with tL =ty and [y, t,]=0. (6.20)

Then, due to the anti-commutativity of v5 with 7° one has:

U(._'E) — Z‘,yoe—iea(x)ta'y;,i,yo _ 6+ie"‘(x)ta"/5 (270)2 — €+iea(a;)ta’ys — U(l’) , (621)
Then also Detf = Det{, and the overall fermionic measure transforms as follows:

e = (DetU) 1 (DetU) ! = (DetU) "2 = ¢ 2T logll (6.22)

where we used the operator analogue of the relation det M = e'rloeM

which is easily proven for any
diagonalizable matrix M. Since the determinant of ¢/ no longer cancels out, one now has to compute

it. This is where complexities leading to anomalies arise.
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6.2.2 Defining and computing the determinant

Defining the determinant of an operator in an infinite dimensional space comes with a set of chal-
lenges. Let us begin by identifying what the matrix elements of the powers of U are, which will
allow us to generalize this relation to all Taylor expandable functions. For a local kernel, we have
< (U ly) = [diz (U |z) (U y) = [d*2U@)0W (@ — 2)U(2)0W (2 — y) = UP(2)0W(z —y) =

U?(z){(z|y), and similarly for all powers of . As such, we obtain the generic relation (z| f(U) |y) =
f(U(z)) (z|y), which we can now apply to Tr log:

Tr logl = /d4x (x| tr log(U) |x) = /d4£L' W (x — ) tr log(U(z)) = /d4x SW(0) ie*(x) trtays
(6.23)
where Tr is a functional and matrix trace, while tr is only a matrix trace (with respect to the ~y

matrices and the gauge representation matrices). This allows us, in turn to obtain the following
formula for the determinant:

(DetU) =2 = ¢ 2Mlosll — pif doe*@Aal@)  with A, (z) = —20(0) trtas (6.24)

where A, is called the anomaly function or simply the anomaly.
However, this anomaly function needs to be regularized as it is ill-defined at this stage given that
§™(0) is infinite and that trst, vanishes.®® The §®(0) = 6™ (x — z) factor is to be interpreted

through its Fourier transform [ %eil’(m_y)‘ as a large momentum (UV) divergence. We will then
T=y

proceed by using the Fourier transform and regularize the anomaly through a cut-off function which
limits the contribution of larger momenta. To this end, we introduce a smooth cut-off function f
such that f(0) =1, f(co) = 0, as well as zf'(x) = 0 at x = 0 and at x = oo, like e.g. f(z) = e 7.
The precise reason for these conditions will become clear in the computation of eq. (6.29). We then
rewrite the integral of the anomaly as the limit of a quantity dependent on the reg},l%ator A:

A2
where X is the quantum mechanical position operator and lAD denotes the quantum mechanical op-
erator that acts as: (x| D|x) = P (z|x). We choose to regulate the integral through P ? which is
both gauge and Lorentz invariant. Below, we will further discuss the importance of this choice. Let

/d4x () Au(z) = —2Alim TrEy , where & = (X )ysta f(— 2) : (6.25)

us now compute this quantity:

35This is due to the fact that actually the trace over the matrices of the representation and over the Dirac matrices
are taken separately, i.e. tryst, = (trg t%) (trp7ys) and trpys = 0.
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= /d4x ea(m)A4/(g‘§ tr Vst f(q —2@"5 %) (6.26)

When going from the second to the third line, we have moved the e?® past the differential operator
— I’ /A?) which should be thought of as a power series in [*/A%. In doing so, each 9, — iA,(z)
gets replaced by a 0, + ip, — 1A, (x), with the right-most differential operator acting on 1 (which

2
we did not write explicitly). Also, in the last steps, we set p* = Ag" and use that — [zﬁ + KD] =

¢ — L4+ Dd) — =0 =¢* — %¢"D,, — %]ﬂz We then Taylor expand A*f around ¢®. This yields
the following terms

N (H@) + 1@ = 50D = 5 B) 4 3@ (- D= 5P ) )

acting on 1. Note that the only term involving Dirac matrices are the powers of lD2 . Two elements
then come into play to select the non-vanishing term. First, in order for the Dirac trace involving
~5 to be non vanishing, the term has to involve at least four v#, i.e. two factors of @2 , which means
expanding at least to second order. On the other hand, for the term to be non vanishing as we take
the limit A — 400, it has to contain no power of the inverse of A greater than four. Thus the only
term that contributes to lima_o Tré&, is the term of second order: 1 f”(¢? (=1 JA2)?

Algrolo TrEA:/d4x ea(x)/ (dz ! () trysta (—IP)? (6.28)

We can easily evaluate this integral after performing a Wick rotation:

d4q L., _ i > " _ i L[> 7
| s = 2(%)4‘/01(83) | e = gt [ asere)

— o (@] - [Taer©) = 5 (6.29)

where we used the special properties of the function f. Furthermore,

1 v v 1 v
5[7#77 ]D,MDV = 7]“ DuDu+ 1[7“77 HD/MDV]

7
= D'D, — 1[7“77y]Fuv , (6.30)

v 1 v
p? = 4"D,D, = 17" DRDy +
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where we used that the gauge field strength is defined as F},, = i[D,,, D,|. Using furthermore

trp Yy Py = it with 912 = 41 (6.31)
we get
i\ 2
tr ’75to¢ (_lD 2)2 = (Z) trD Vs h//i’ 71/] h/pv ’YU] trR taF/u/Fpa = _Z'equUtI.R taFMVFpO' . (632)
Putting everything together we finally obtain limy ., Tr&y = 321”2 eMPotrp to Fw Fpe and hence for
the anomaly function
Aa(ﬂf) = —@Euypatlﬁz taFMV(Qf)FpU(ZL') . (633)

A remark is in order : The trace over the Hilbert space should be taken with respect to some
basis of square-normalizable, gauge-covariant functions which one could chose to be eigenfunctions of
iID. Of course, we don’t know this basis explicitly and, instead, we have taken the trace with respect
to the improper, non-normalisable basis of position eigenstates |z). This is not a problem though, as
long as we are only interested in the leading terms for large A. However, this might not be correct
for the sub-leading terms.

Let us now specify to the case where ¢, is replaced by an abelian generator ¢ so that we consider
abelian chiral transformations, in which case the chiral current was classically conserved. Then the
anomaly in the quantum theory is immediately obtained from (6.33) by this replacement :

Alz) =

162 Pt tF, (x) Fpo () . (6.34)
In view of the Ward identity (6.10), we can conclude that the chiral current non-conservation is given
exactly by (minus) the anomaly function :

Ol ()4 = —Alx) | (6.35)

At first sight, it may seem a bit strange that the divergence of the chiral current J£ - which
does not depend on the gauge fields - involves the gauge field strength. Of course, this gauge-field
dependence is a quantum effect. Below, we will relate it to a one-loop diagram, and the gauge-field
dependence appears naturally through the matter-gauge field vertices. In our previous computation
the gauge-field dependence is due to our regulator f(—I* /A2) which is made from the gauge-covariant
derivative. Had we used a regulator f(—9,0"/A?) there would be no chiral anomaly, but this regulator
would break the gauge invariance of the theory. The lesson is that an anomaly arises if the regulator
cannot maintain all the classical symmetries, and then one needs to make a choice which symmetries
are more important. Since the gauge symmetry is fundamental for the consistency of the theory the
regulator function must be taken gauge-invariant (if possible).

The computation of the abelian anomaly and the result (6.34) bear a strong resemblance with
the index of the Dirac operator. It is instructive to spell out this relation in more detail, as we will
do in the next subsection. Later-on we will come upon another occurrence of index theorems which
will relate the chiral anomaly in d dimensions to the index of a Dirac operator in d 4+ 2 dimensions.
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6.2.3 Relation of the abelian anomaly with the index theorem

Let us then briefly explore the relation between the abelian anomaly and the index theorem. Let
us begin by recalling the definition of the abelian anomaly as the limit of the regularized quantity
(6.25) but now with €* — € and t, — ¢ :

A2
/d4zc e(2)A(x) = =2 lim Tr&, , where & = e(X)yst f( - Q) . (6.36)
A—o0 A2
Note that if we set e =t = 1, this relation becomes
/d4x Ax) = —2Alim Tr75f(—jDQ/A2) . (6.37)
—00

As a matter of fact, we will show that the trace Tr 75f(—iDQ/A2) counts the number of positive
chirality zero-eigenmodes of i[) minus the number of its negative chirality zero-eigenmodes. This is
called the index of iI).

This argument is best done in Euclidean signature where /) is hermitian. Indeed, in Euclidean
signature, all v can be chosen to be hermitian and then, with appropriate boundary conditions,
[d*zp (ipx)" = [d*xp xTi]p1p. Let us now compute the trace in the eigenbasis of i]). Let then v,
be an eigenmode of i) with eigenvalue A, :

Since Dy = —y51) , we have

so that 51, is an eigenmode of i]) with eigenvalue —\,,.

Then, if A, # 0, ¥, and 51, are both eigenmodes of the hermitian i) with different eigenvalues
and, as such they are orthogonal, and in particular linearly independent. It follows that the two
combinations ¢ = 1, 4 51, are both non-vanishing. Clearly, ¢ are eigenstates of v and have
chirality +1. However, they are no longer eigenmodes of i[). Nevertheless, they are still eigenmodes of
(i))? = —II" with eigenvalues A2. One concludes that ¢ contributes +f(\2/A?) and ¢, contributes

—f(A2/A?%) to Trsf (—@2 /A?), and the sum of their contributions vanishes. Since this holds for all
non-zero modes (A, # 0), only zero-modes possibly give a non-vanishing contribution to this trace.
Consider now the zero-modes, with A\, = 0. Then 1, and 51, have the same eigenvalue of i)
(namely 0) and one no longer can conclude that they are linearly independent. If they are linearly
dependent, i.e. if 51, ~ ,, one necessarily has ~vs1,, = 41, and then v, has definite chirality.
If they are linearly independent, one can still form the 1* = v, & v51,, which have definite and
opposite chirality. This shows that within the zero-eigenspace of i), we can choose a basis of zero-
modes with definite chirality. However, there is no reason any more to have (only) pairs of opposite
chirality, and the number of positive chirality zero-modes may differ from the number of negative
chirality zero-modes. As already said, this difference is called the index of i[). Since A, = 0, all these

-2
zero-modes just contribute a +f(0/A?) = £1 to the trace Trvysf(—P /A?). Thus (writing 1, to
insist that this is in Euclidean signature)

index (i) = Trysf(—IP/A?) , (6.40)
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independently of the value of A. Above we have computed this trace in the large A limit. As discussed
below (6.33), our computation is reliable only in this limit, and we conclude that the integral of the
abelian anomaly [ d*z A(x)|,_, is just (—2) times the quantity (6.40) (in the large A limit). In view
of (6.34) we find that

. . ]' vpo
index (1) = T /d4:cE ey trg Fl(2)Fl () . (6.41)

This is a special case of the famous Atiyah-Singer index theorem [17, 26, 27].

6.3 Matter effective action and more Ward identities

In the next section we will do a Feynman diagram computation of one-loop triangle diagrams. In
order to relate these computations to the non-conservation of the currents, we need to derive some
further identities which usually go under the name of (generalized) Ward identities.

As mentioned above, it is useful to consider the partial functional integral done over the matter

fields only :
eif[A] _ /prd_} eifﬁmatterwlﬂ/_’,A] . (642)

Integrating over the matter fields only, and not over the gauge fields, avoids all the complications
related to the gauge fixing, Faddeev-Popov determinant and introduction of ghost fields. More
importantly, for the discussion of anomalies under gauge transformations, the f[A] is the appropriate
object to consider. This f[A] is some sort of quantum effective action. It is different from - but related
to - the quantum effective action I' discussed in subsection 1.5. Indeed, the matter Lagrangian
Lunatter |0, 0, A] = —(ID+m)1 is quadratic in ¢ and ¢ and, at least formally, the integral is given
by the determinant

Det (P+m) = Det(@+m —ifd) = Det ((@—i— m)(1 —i(@+m)* 41))
= Det(@+m)Det (1 —i(@+m) ' A) =N xDet(1—i(@+m) " A), (6.43)

so that

iT[A] = log Det (P+m) = iL[0]+ Tr log(1—i(P+m) ™" A) = il[0]+> % Tr (i(@+m) "t A)" . (6.44)

r>1

This sum is to be interpreted as a sum of one-loop diagrams with r Dirac propagators —i(@ + m)~*

and r vertices —"t, where the A} are attached. These are all 1PI diagrams that contribute to the
full quantum effective action I'. The full " also contains higher-loop diagrams with internal gauge
field propagators that arise when also doing the functional integral over the gauge fields. For our
present purpose, it is enough to work with f[A] and we simply refer to it as an effective action.
Taking functional derivatives of T4 with respect to Af, will insert into the functional integral
- L

a factor ig7m = ijly where ji = iy . is the “gauge current”. Taking multiple functional deriva-

tives produées multiple insertions of the corresponding currents and then the functional integral

computes the vacuum expectation value of the corresponding product of quantum currents (up to a
normalization constant that we drop) :

0 0
SAT (21) " 5 (2,)

el — 4 (vac, out| T{JA (z1) ... JA" (z,)} [vac, in), (6.45)
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This same result can also be obtained directly from Dyson’s formula derived in subsection 1.3.2,
without the need to rely on the functional integral. As discussed in subsection 1.4, we get the
connected vacuum expectation value if we take functional derivatives of il'[A] instead. We may
furthermore set A = 0 in the end :

0 0 =~ " .
AT () 5Ag;(xT)ZF[A] g =t (vac, out| T{J4 (z1) ... J (z,)} [vac, in)

(6.46)

connected *

This corresponds exactly to a one-loop diagram with r currents (times i) inserted at the vertices and
Dirac propagators in between. We will compute such diagrams in the next section.
6.3.1 Anomalous Ward identity for the abelian anomaly

We can apply similar manipulations to

0

Dat

(@) 4 = / DYDP O, () ¢! Ermtclidid] (6.47)
which yields 3¢

° J 0 & —a .\ connected
. — T H 1750 N r .

GAG(21) " 0 Aar(x,) 8xﬂ<J5( T))a=1i" py (vac, out| T{JL(z) JE* (z1) ... JH (z,) } |vac, in)
(6.48)

Now use (6.35) to replace 0,(JE(z))a by —A(x) and, after taking the functional derivatives, set
A =0 to get

5 5
0Au (x1) 0 A ()

- 4 M (228 oy .
A(iE)‘A:O —i %Wac out| T{JL () Ji (x1) ... J&7(x,) } [vac, in)

connected *

(6.49)
The abelian anomaly (6.34) contains terms that are quadratic and higher in the gauge fields. Thus
the first non-trivial relation (6.49) is for r = 2 and reads

) )
SAS(y) 0A45(2)

0

0 ) v
.A(x)‘A:O = 5oi (vac, 0ut|T{J“ Jﬂ( )J”( )} lvac, in) 4= —%Fgﬁg ,
(6.50)

where ifggs is exactly the 1PI one-loop triangle diagram with one (abelian) chiral current and two

(non-abelian) non-chiral currents at the vertices.?” This makes the precise relation with the Feynman
diagram computation given in the next section. Using the explicit form (6.34) of A and Fourier
transforming from (z, y, 2) to (k,p, ) and factoring the usual (2m)*6*) (p+ k +¢), one can show that
the previous relation is equivalent to

1
: pvp _ A
—i(pu + q)U555 (=0 — ¢, p,q) = —52¢ €7 prgotrr tt(sty) - (6.51)
360One might worry whether this is also justified if 2 coincides with one of the x;. This corresponds exactly to the
possible occurrence of the contact terms that originate from [J?, J#r]. But these commutators vanish again, and one
does not need to worry.
3TMore precisely, there is an insertion of i x J at each vertex, in agreement with the factors i" in (6.48) or (6.49).
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6.3.2 Anomalous Ward identity for the chiral anomaly

Somewhat misleadingly, the name chiral anomaly refers to an anomaly under gauge transformations.
Let us first consider whether I'[A] is gauge invariant. Let A) = A, + D,e be the gauge transformed
gauge field. Then

eiF[A/} — /pr¢eifﬁrrxatter[wawvA,] — /Dw/D¢/eifﬁmatter[wlvwlvA/} — /DQ/}D@Z) ei-le\ eifﬁmatter[l/)vl/;vA] ,

(6.52)
where we first renamed (¢, 9) into (¥/, ¥'), and then identified them with the gauge transformed
fields (under the same transformation as AL) Lastly, we used the gauge invariance of the matter
Lagrangian and the possibly anomalous transformation of the integration measure. It turns out that
A= [ d*z e*(z)An(x) only depends on the gauge fields A
out of the functional integral. Thus I'[4'] = A + I'[A], or

4, and not on ¢ or 1, and can be taken

/d4x e(2)Ay(z) = OI[A] =T[A]—T[A] =T[A+JA] —T[A] = /d4x5Az(x) OI'[A]

— [ e (Dyela)) (@) - (6.53)

Thus the anomaly here exactly equals the non-invariance of the effective action r. Upon integrating
the gauge covariant derivative by parts, we relate again the anomaly to the, now covariant, current
non-conservation :

(Du(J*(2)) a)a = —Aalz) (6.54)

much analogous to the relation (6.35) for the abelian anomaly. As before, one can take successive
functional derivatives of this relation with respect to the gauge fields. Since now the covariant
derivative also involves the gauge field, there are some extra contributions involving the structure
constants. In particular, taking two functional derivatives with respect to the gauge fields gives [14]

0 J o 0 uvp (4) pv (4) v,
500 ) sy = (8, 2) F Can 8O = TG ) + Cased @ = ), 2)
(6.55)
Note that —I'0 (z,y,2) = (T{J4(x)J5(y)J0(2)})comnectea and that, upon taking 2. one gets

(T{0,J () J5(y)JE(2) }) connected, Plus two equal-time commutator terms of the form §(z° — y°)
X (T{[Jx), J5(y)]J2(2)})connectea- The latter are non-vanishing at present, and will exactly can-
cel the two terms in (6.55) involving the structure constants, thus showing that the anomaly “is
contained” in 9, J%.

In any case, (6.55) shows that the computation of the triangle diagram FZE'Z with a gauge current
at each vertex will allow us to obtain the part of the anomaly that is bilinear in the gauge fields.
(The Fgg are vacuum-polarization type 2-point functions.) Again, we will present this computation
in the next section.
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7 Computing the triangle diagrams

This section focuses on the Feynman diagram computation of the two anomalies we have discussed :
the abelian anomaly under chiral transformations and the chiral anomaly which is an anomaly under
gauge transformations in the presence of chiral fermions. As we have shown in the previous section
via the anomalous Ward identities, these anomalies manifest themselves in one-loop triangle Feynman
diagrams.

Firstly, we will compute the triangle diagram with one chiral current and two non-chiral gauge
currents at the vertices. This will allow us to confirm exactly the relation (6.51), which in turn
confirms the form and precise coefficient of the abelian anomaly (6.33) (or at least of the part that is
bilinear in the gauge fields). Secondly, we will tackle the triangle diagram for chiral fermions coupled
to non-abelian gauge fields. This corresponds to computing the terms on the right-hand side of the
anomalous Ward identity (6.55), and hence will establish the form and coefficient of the part of the
chiral (gauge) anomaly that is bilinear in the gauge fields. We will explain later-on how the higher
order terms are determined by the Wess-Zumino consistency condition.

We will see throughout this section how anomalies originate in the impossibility to regulate the
one-loop triangle diagrams in a way that manifestly preserves all the symmetries we would like to
preserve. In particular, due to the prominent presence of the +5 matrix, dimensional regularization
is not available. We will instead rely on Pauli-Villars regularization and will pay special attention to
where the anomalies arise. The computations follow closely those in [14], see also [7].

7.1 Computations for the abelian anomaly

Let us then compute the so-called AVV triangle diagram, with one axial current and two vector
currents and rederive the non-conservation of the axial current. We will carry out our computations
in a slightly more general, non-abelian setting, thus replacing j& = it)y*ysty) with

Jho = WY stat) (7.1)

and compute the vertex function I';J7”. In the end, we substitute back ¢, — t to get the abelian
anomaly.

v .V
J ig
k+p k—p
. . k
—= JBa k — = Jq
-p—q -p—q
k—q k+q
P P

Iy Iy
\ s \ s
Figure 5: The two triangle diagrams contributing to the abelian anomaly

As shown in Fig. 5, there are two diagrams contributing to I';;), corresponding to the two
ways to contract the fermion fields contained in the currents. The vertices contribute i(27)* x
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i yste = —(2m) Iy yst, and —(2m)44 tg, resp. —(2m)%4Pt.,, while the fermion loop contributes

an extra minus sign. Recall also that a propagator for a fermion of momentum %k and mass m is
—q 1 _ =i —if+m

(2m)% if+m—ie —  (2m)* k2+m2—ie
cancel between the vertices and propagators, but there is one factor (27)* left since the Feynman

diagrams compute ** 4(27)*I';4% . Then

. Of course, here the fermions are massless. The different factors of (27)*

iLshi(=p = 4,0,9)
[ )il il )
= [ Gt [t 0 b () (i) (A ) ()
Hp, v, ) < (¢ 0,7)} - (7.2)

Let us focus on the first term, which we denote iFéng;p (—p—q, p, q) and which corresponds to the left

diagram. The second term then is simply obtained through the permutations {(p,v, 8) <> (q,p,7)}.
Simplifying the numerical factors and signs,? and specifying the trace, this yields:

4

TL (—p—aq,p.q) = —i /% tr p [%7"<k %;f? 3 Ji T géq)fz Z_e] tre tatst, . (7.3)
For large loop-momentum & the integrand behaves as ~ d*k k=3 and the integral is linearly divergent.
Again, the presence of 75 prevents us from using dimensional regularization. As such, we revert to
Pauli-Villars regularization, which consists of adding an artificial term with “fermions” of mass M
and opposite statistics. Since it follows opposite statistics, the minus sign due to the fermion loop
is not there and this term appears with an opposite sign. It should be noted that if the integral
(7.3) had been convergent, the contribution of the regulator fields would have vanished as M — oo,
as expected. However, since the integral is divergent, this translates into an M-dependence of the

regularized integral. The regularized Fégg;’p can be expressed as:

) &k y
i (=p = ¢,1,9) . Z/(27T)4 (Jﬁp(/@p, q) = Jo"" (k. p, Q)) trR Latsly, (7.4)
where (m =0 or m = M)
¥+ +im ¥+im K —g+im
J(k.pq) = t [ # —y —° ] 75
m (k) = |57 (k+p)?+m?—ic' B+m?—ie (k—q?2+m?—ie 79

For a finite value of M, (7.4) is a convergent well-defined integral. As previously discussed, the
Lagrangian for massive regulator Dirac fields lacks the chiral symmetry, and this is why an anomaly

is found in the end. We are only interested in (p, + ¢.)Usns, (=P — ¢:p, @)

and, hence, we only
reg

need to compute (p, + q,) " (k,p, q). Rewriting:

V(B + 1) =@+ K —im) + (F — ¢ —im)ys + 2ims (7.6)

38More precisely, we should take external momenta p, ¢ and k& and then the Feynman diagrams compute

i(2m)* W (k 4+ p + )T 5ng’, (k,p,q). The (27)46@W (k + p + q) arises upon Fourier transforming I (z,y,2). But

as usual, we “factorize” and drop the overall (5(4)(k + p+ q) on both sides of the equation (7.2). We could have made
similar remarks when we computed the vacuum polarization in (1.48).
39Note that we have anticommuted the 5 with the v#, resulting in another minus sign.
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and using the cyclicity of the trace, certain terms cancel out between the numerator and denominator,
and we end up with:

tr D'YS’YV(% + im)’yp(% — ﬁ + Zm) tr ny5(,§{ _|_¢ + im)’yy(k + im)’yp
(k2 +m? —ic][(k — q)* +m? — i [(k+p)® + m? —ic][k? + m? — i

b pys (¥ + 9 + i)y (§ + im)y? (F — f + im) a
(o )2 + m2 — i 2+ m2 — e [(k — q) + m? —ie] |

(Pu + qu) 5" (K, D, q)

+ 2tm

For the Dirac trace involving 75 to be non vanishing, it should involve at least four +*. Thus, the
only non-vanishing contribution to the first term comes from tr pysv ¥v?(f — ¢) = 4ie"*7ky(—q,).
Then, when computing the regularized integral [d*k, the kj necessarily gets replaced by a four-
vector proportional to gy, which is the only available one in this expression. When contracted with
€2P? ¢, this vanishes. Similarly, the second term in (7.7) only involves k and p and, after integration
over d*k, yields a contribution ~ e*??p,p, = 0. Hence, only the third term in (7.7) will contribute

and, since tr pys(K + ¢ +im)y (f + im)y*(§ — ¢ + im) = 4m P ?pyq,, we have

8im? P prq,

k4 p)? 4+ m? —ie][k2 + m? —i€][(k — q)? + m? — ie]

[+ ) k) = [ e (7.5)
This term vanishes for m = 0, i.e. in (p, + ¢,)J§"”, making it seem that the anomalous contribution
solely comes from the regulator term. However, it should be noted that the first two terms in (7.7)
only vanish after integration if we consider convergent integrals, and thus the combination Jy — Jy;.
This is reassuring as it shows that the anomaly is not an artifact. Using (7.8) and (7.4) we arrive at

—i(pu + ) [Féﬂfm (—p—q.p,q)| =8M*e"prg, J(p,q, M) trg tatgt, (7.9)

reg
with

d'k 1
‘J(p’q’M):/(zw)4 [(k + p)? + M? — i€][k* + M? —ie|[(k — q)? + M? — ie]

(7.10)

The regulator M should be taken to co in the end, so we only need the asymptotics of this integral
for large M which is easily obtained by letting k = M [:

J M) 1 / d4 1 B ? (7.11)

b4 M2) 2n)p [+ 1—idP 3202 '
where the i comes from the Wick rotation.”® Hence, we get a finite limit for M?J(p,q, M) as
we remove the regulator (M — o0). Adding the contribution from the second diagram with the
appropriate permutations results in

1

—i(Pu T @) sagy (P —.0.0) = —55€

VP Pro PR tat(sty) - (7.12)

Upon setting t, = t, this exactly reproduces the result (6.51), confirming once more that in the
quantum theory the axial current J£ is not conserved.

40 L[ _dtl d*l 1 2 3 — _ i
One has [ 5o 12+1 = 1) (i [+ — @r oy 2T Jo Bdl g l2+1]3 =523 ) d5(5+1 = 3272
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At this stage, it is important to assess if this truly is a problem. In the present case, the anomaly
is a mere indicator that the (anomalous) global chiral symmetry 1) — €4 is broken by a quantum
effect. This means that certain selection rules no longer hold and otherwise forbidden (or suppressed)
processes may occur. As previously mentioned, this precisely explains the observed disintegration
rate 7° — 7. On the other hand, anomalies become problematic if they break gauge-invariance.
In non-abelian gauge theories, vector currents couple to gauge fields and their non-conservation
thus becomes a serious issue. Let us check that the vector currents are conserved. Because of the

symmetry under exchange of (p, v, 3) and (q, p,7), it is enough to probe one of them and compute
pvp

Py [me(—p ~4.P,4)],,,- But now p, Ji(k, p, q) contains

(E+9+im)p(k+im) = (F+§+im) |5+ ) —im) = (F —im) | (§+ im)
= [(k+p)?+m?|(F+im) — (P+¥§+im)[*+m?], (7.13)

which now leads to

Tk, . g) = 1D VYK im)y =g +im)  trp sy (E P+ im) (f — ¢ +im)

[k +m? —ie[(k — q)* + m? —ie]  [(k+p)* +m? —iel[(k — q)* + m® —ie]
(7.14)
As compared to (7.7) the third term is now absent. This difference is due to the absence of 75 in the

vector current and hence in (7.14). As before, the two terms in (7.14) vanish after integration over
d*k, provided we always consider the convergent combination ** p, (Jy/”(k,p,q) — J§"*(k,p,q)). We
conclude that

po sy (=0 — 4,0, 0) = ¢, Tsiid (=P — ¢,p,q) = 0 . (7.15)

7.2 Computations for the chiral anomaly
7.2.1 Chiral fermions

Let us begin by going over some facts about chiral fermions. Chirality projectors *> P, and Py are
defined as:

L=
5
Denoting H the Hilbert space of all fermions, these projectors define the supplementary subspaces

P = . Pp= (7.16)

of left- and right-handed fermions, respectively Hy and Hpg. Left-handed and right-handed fermions
are thus defined as follows:

Yr=PLy , Yr=Pr¢ , Y=v¢,+9r. (7.17)
The projected fields ¢, and i are eigenstates of the chirality matrix ~s:
YL =%, , Pupr=vr, , Prp=0

VsYr=—Y%r , PrYr=%r , PrYr=0. (7.18)

41For the first term the argument is exactly as before. For the second term, since the integral is convergent, we may
shift K — k4 ¢ and then the integral can only depend on p+ g and there is no way to get a non-vanishing result when
contracting with the e-tensor.

42There does not seem to be a unique choice of conventions used in the literature about what is called left-handed
and right-handed. It would be better to talk about positive and negative chirality. But even then, the definitions used
for 5 often differ by a sign. However, as long as we stick to one set of conventions, observable quantities will not
depend on which one is chosen. Here, we follow the same conventions as [7, 14].
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1, has positive chirality and 1 has negative chirality.
Since 'yg = 5 and {75,7"} = 0, the projectors are hermitian and satisfy the following relations:

PL’)/M:’)/’MPR s PR’)/M:’)/MPL 5 PLPR:PRPLZO y PL’}/MPL:O (719)
VPL=0, UpPr=1v;, , YrPr=0, YrP,=1vp. (7.20)

As such,
Uy =¥ (Pvr) = (WP ) v =0, Yrtp = (VrPr) ¥r=0. (7.21)

It follows that a mass term only couples opposite-chirality parts of a fermion,

VY =Yg + Yrir (7.22)

and a chiral fermion (with either 17 = 0 or ¢z = 0) cannot have a mass term.*> On the other hand,

PrDypr, = PPy, = Dy, Pplpyg = PPrg = Dyr (7.23)

so that D¢y is right-handed and D¢y is left-handed, and 7 [P, and 1rIPvr are non-vanishing.

7.2.2 Matter Lagrangian for chiral fermions

For a massless right-handed fermion, one can write a gauge-invariant kinetic term in the Lagrangian
as

‘err%latter - _%lpl/}R - _&lDPRl/} . (724)

The latter formulation, relying on non-chiral fermion fields and chirality projectors, allows us to
continue using the usual Feynman rules. It follows that the propagators are now Slmply ) 551 X PR 12 Iz -
and that the vertices are i(2m)* x (i7*t,)Pg.

Taking a closer look at the computation of the triangle diagram, one notices that there is always
a projector Pg from a vertex next to a projector Pgr from a propagator,

.. (in"ta)Pr Pg % o= (i7"4)Pg M—)+fj>% (7.25)

so that this expression coincides exactly with the expression that would have been obtained if the
ik

k2 —ie
These Feynman rules would be obtained from a matter Lagrangian

vertices had been the same but the propagators were @ )4 X i.e. without the chirality projector.

‘Crlr%latter = —&@w - QZ(_ZA)PRQ/} = —?/_@Pﬂﬁ - ilDPRw ) (726>

containing a left- and a right-handed (i.e. a non-chiral) propagating fermion, but only the right-

handed part couples to the gauge field. This asymmetry causes the Lagrangian L2 to not be

matter
gauge-invariant.

430ne can still write a so-called Majorana mass term for chiral fermions, of the form (¢$)y using the charge
conjugate spinor ¢ (which is right-handed). But such terms violate fermion number conservation. Moreover, they
are only compatible with gauge invariance if v, is in a real representation of the gauge group, and, as we will see, for
real representations the anomaly vanishes.
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In the case of the gauge-invariant Lagrangian (7.24), the origin of the anomaly manifests itself
through the definition of the following functional integral:

STA] _ / DiopDig e /PP . Det(IDPy) . (7.27)

Since the functional integral is only over right-handed fermions, the corresponding determinant should
be that of the restriction of [DPr to Hg. Since [PPg is an operator that maps right-handed fermions
to left-handed fermions, which live in supplementary subspaces of the Hilbert space, this restriction
is not well defined and thus neither is the determinant. As we had seen in subsection 6.2.2, in the
case of the abelian anomaly, the presence of an anomaly can again be related to the ill-definition of
a determinant.

One may instead consider, in Euclidean signature, (], Pr)" 0, Pr which maps Hp to itself and
does have a well-defined and positive determinant. Taking its square root allows to define the modulus
of what we would like to be the determinant of [DPg, but there remains an ambiguity in its phase.
The phase corresponds to the imaginary part of the Euclidean effective action. If this ambiguity
cannot be fixed in a gauge-invariant way one precisely has an anomaly. Thus the anomaly resides in
the imaginary part of the Euclidean effective action. As we will discuss later-on, such an imaginary
part necessarily involves the e-tensor !

7.2.3 Feynman diagram computation of the triangle for chiral fermions

Let us now compute the three-point vertex function I'f/[%_ for a chiral right-handed fermion using

the second formalism, i.e. using ordinary propagators and inserting a chirality projector Pg at each
vertex. This is equivalent to computing the expectation value of three right-handed currents, I' /7% =
—(T(Jhod re fh)> where Jh, = itpy#t,Prip. There are again two Feynman diagrams as shown in

Fig. 6. The same computations as in the case of the abelian anomaly lead us to the following

k+p k—p

k+q

p

; P
Jry

iy
\ N
Figure 6: The two triangle diagrams contributing to the non-abelian chiral anomaly
expression #4:
d*k (K +9) ¥ (¥ —4)
DAY (—p— _ trp {7P. vp °p e tatst
+{, v, 8) < (¢,07)} - (7.28)

44The sign difference with respect to (7.3) is only due to the fact that in (7.3) we have anti-commuted the 75 to the
left of the ~*.
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We will, once more, regularize this integral using the Pauli-Villars method. This seems quite counter
intuitive as we had established that it does not make sense to consider a mass term in the case of chiral
fermions. This obstacle is overcome through the alternative formulation (7.26) where we consider
non-chiral fermions and chiral interactions. This allows us to add a mass term to the propagator,
and thus to regularize using the Pauli-Villars method. The origin of the anomaly can then be traced
back to the fact that the Lagrangian (7.26) used is not gauge invariant.

Since I' R’f Olzg,y(—p— q,p, q) has a degree of divergence equal to one it is enough to add one regulator
field of opposite statistics. However, at intermediate steps of the computation, we will encounter
integrals of degree of divergence equal to two and, for this reason, we add one more pair of regulator
fields (one fermionic and one bosonic). We use the notation 1, = n3 = 1 for the fermionic fields, and
1o = ny = —1 for the bosonic ones, and denote their masses by M, where, of course, the original
field has M; = 0. Then we have

y [ A% (S~
TRt (—p—a.p.9)] 22/ oL (Z%Kﬂf(k,p, q)) trr tatst, + {(p,v,8) < (¢,0,7)}
n=1

(7.29)

with

K+p+iM f+iM ¥—qg+iM
v . (7.30
(/7<:+p)2+1\42—z'{y Re2 1 M2 e R(k:—q)2—i—M2—ie] (7.30)

K& (k,p,q) = trp ['}/NPR

Let us now simplify this expression using the properties of the chiral projectors. Firstly, due to
the cyclicity of the trace, all mass terms of the numerator appear as

Y PRiMAPr...= .. . YNMPRrPA° ... =0. (7.31)

Thus, they do not contribute. We can then further simplify this expression using the fact that
P]% = PRI

trp (¥ —d)v" (K +#)7" ¥+ Pr
(k= p)? + M2 — i 12+ M2 — ie[(F — )2 + M2 —ie]

Again, we are only interested in (p, + ¢q,)K4/”(k,p, ¢). Thus we need

trp (K—a4)(#+ DK+ )V BV Pr = tep (K—d) B+ K- K+ H+§)V KV Pr
= (k+p)*trp (K — 4)v'¥v"Pr — (k — ¢)*trp (F + §)v ¥~ Pr
= [(k+p)* + M?|trp (¥ — §)v'¥v"Pr — [(k — q)> + M°Jtrp (K + #)7 ¥+ Pr
+M?trp (f + 4)V ¥y Pr (7.33)

K" (k,p.q) = (7.32)

which, through cancellations between the numerators and denominators, leads us to:

nvp _ trp (% - ﬁ),)/u%/prR trp (’% + ﬁ)’yl/%/prR
bt a) K5 Ropi ) = e i = P S ME =i (RS )2+ ME — il + M —id]

trp (Fj + ﬂ)”YV%'Y’JPR
[(k +p)2 + M? — i€|[k? + M? —ie][(k — q)? + M? —ie]

+ M?

(7.34)

Again, in the first two terms, the 75 in the projectors Pr give vanishing contributions after doing
the integration (since they only involve a single independent momentum), but now the 1 in P does
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lead to a non-vanishing integral for each of these to terms. Hence,

—i(pu+ @) [Uohy (P — a0 0)] ,, = (L”p( q) — L™ (p) + ZmMUVp (p, ))trn totgty
n=2
+{p,v,8) < (¢,p:7)} (7.35)

where L?(p) and J7 (p,q) are convergent integrals (at least as long as we keep the regulator masses
M% finite), allowing us in particular to shift the integration variables:

4

vpry L[ dYk trp (¥ + )7 "
L) =5 / ) ;’7" (h+ ) + M2 — e[ 4 M2 —id] ° (7.36)

and, introducing Feynman parameters,

vp B dk trp (]j + ﬁ)WV’%rprR
i (b 0) = / (2m)* [(k +p)? + M3 — €|k + M7 — ie][(k — ) + M — ie]

! d*k trp (4 + 4)7v ¥r" Pr
/0 dx/o dy/ ) [k +xp —yq)? + M2 +r(p,q, x,y) — ie]3

/1 dz /1 dy trp (f + )~ (ysé—wf)v”PR/ (d4k/4 :

o Jo 2m)* [k + M2+ r(p, q, @, y) — ie]*
(7.37)

I
b

I
DO

where we used that the odd power of £” in the numerator does not contribute, and where r(p, ¢, z,y) =
z(1—z)p* +y(1 —y)¢* + 2zy pg. We only need the large M, limits of M7 J;] (p,q). They are all the
same, (cf (7.11))

lim M2Jy) (p,q) = / dx/ dytrp (f + ¢4)7" (yd — z¢)7" Pr x

M,,—o0 32
- 167 26 (ﬁ"’ﬂ) (¢_¢) ’Pr
2 2
i v p-—q - Ao
= o4 [q ¢ =P+ g =i DA | (7.38)

We have mentioned above in subsection 7.2.2 (and explicitly observed for the abelian anomaly)
that the anomaly is given by the terms involving €/°*?. The L“?(p) and L"?(—q) do not give rise
to any such terms. But we know from the (anomalous) Ward identity (6.55) that these additional
pieces without e-tensor are present. They correspond to the two terms in (6.55) that involve the
structure constants 4° Corye and Cype. They are essentially vacuum-polarization diagrams, similar to
the one computed above in QED. Just as the latter, they require the addition of a counterterm to
yield a finite limit as the regulator masses are taken to infinity. We will not discuss this any further
here.

450ne easily sees that L"?(p) = L"?(—p) = L*”(p), so that the combination L**(—q) — L"?(p) is odd under exchange
of (p,v) and (g, p). The same is true for the terms in (7.38) that do not involve the e-tensor. This means that upon
adding the second diagram, one has trg totgty — trg to(tsty — twtg) = 1CBys trr tats ~ Cgya, and this is how the
structure constants arise from these terms.
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Hence, inserting the e**??-terms of (7.38) into (7.35), we can already state the main result of this
section

D)7 prgo trr tatsty + {01, 8) < (q,p,7)}

—Znn

—i(Pu + @) ap, (=P — 4,1, q

e—terms

VpAo

= m Pr4s Daﬁy ) (7.39)

where we used Zizz My = —no = —1 and trg tot(gty) = Dfﬁw (and another sign comes from rear-
ranging the indices on the e-tensor). As compared to the analogous formula (6.51) for the abelian
we now have a factor

anomaly where the numerical factor was — > The sign difference and

2727 12 1272
one factor 1 are easily understood as coming from the replacement of v5 by P = 5(1 — 75), but

the presencze of the 3 projectors also eliminated all mass terms in the numerator, implying further
differences in the computation.

Using a reasoning similar to what we did for the abelian anomaly, equation (7.39) allows us to
infer the part of the anomaly that is bilinear in the gauge fields :

AR(2) = ——="Ptrg t,0,A,0,A, + O(A®%) (7.40)

2472
where we added a superscript R on A, (z) to remind us that this anomaly is computed for right-
handed fermions. Note that our computation did not yield the O(A?) contributions to the anomaly.
To determine them one would need to evaluate similarly a four-point function which is given by the
sum of 6 box diagrams. Of course, one only needs to compute one of them, the others correspond
to permutations of the cyclic order of the vertices. Actually, this computation is not needed as the
so-called Wess-Zumino consistency condition, to be discussed in the next section, completely fixes
these higher-order contributions in terms of (7.40). The result is

AR(z) = - moriy 1 g (AyapAc, - iAV[Ap,AUD . (7.41)

2472°¢
Note the absence of terms quartic in A, which means that the 5-point function (pentagon diagrams)
is not anomalous. Finally the A3-term can also be rewritten in terms of the symmetrized trace of 3
generators, ¢ i.e. the DX -symbol :

Ad(z) =

ey, (Aﬁa AT — -AB[A A ) (7.42)

2472 aBy *

If one does the same computations for a left-handed fermion, the only difference being v5 — —s,
and then obviously the anomaly obtained is exactly the opposite :

AL(z) = —Af(2) . (7.43)

Obviously also, since a non-chiral fermion is composed of a left-handed and a right-handed fermion,
both in the same representation of the gauge group, there is no anomaly for a non-chiral fermion.

4Note that e***7[A,,[A,, A,]] vanishes by the Jacobi identity. This allows us to rewrite e*"*7trg to,A,[A,, As] =

%e‘“’”"trn ta (AV[AP, Asl+ Ay, AsJAL ) 6"””14620756142142 trr ta(tpty +tyts) = eWWAﬂzCV&AgAg DZ}M .
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8 General characterization and properties of the anomalies

8.1 Group structure

The possibility of having an anomaly is intrinsically linked to the structure of the gauge group. In
fact, if DSB’Y = trg tat(sty) = strglatst, vanishes, then so does the chiral anomaly (7.42) . This is the
case when we consider real or pseudo-real representations. Indeed, if the representation R is real, it
is equal to its complex conjugate representation R* which is given by exp(if*t%") = (exp(i@"‘t?))* =
exp(—if*(t%)*) = exp(—if*(t%)T). 47 This translates into the following condition on the generators
tR" = —(tF%)T and for a real representation t% = t*° = —(t%)T while for a pseudo-real one, this
relation reads: t® = PtR P71 = —P(t*)T P~ with some fixed matrix P. As such, for a real or

pseudo-real representation

DR, = strp latgly = (—)3Str7z P(ta)TP_IP(tﬁ)TP_IP(tW)TP_l

afy
= —strgtitht] = —strg (tytsta)" = —strg tytgta = —strg talst, = =D, . (8.1)

(where P = 1 if the representation is real). This implies that ng =0.

Thus, we cannot have anomalies in (four-dimensional) gauge theories with a gauge group which
only has real and pseudo-real representations. This is the case for many well-known groups such

as SO(4n), n > 2 or SO(2n + 1), n > 1 as well as several others. Yet other groups do have non

R

(pseudo) real representations, but still with all D, vanishing. In fact, the only groups which have

aBy
%5, and can lead to anomalies are SU(n),n > 3, U(1) and product groups involving

these as factors. Note that this argument is specific to 4 mod 4 dimensions where the relevant

non-vanishing D

D-symbol is the trace of an odd number of generators.
In particular, in the low-energy QFT limit of ten-dimensional superstring theories anomalies will
involve the 6-index D,,. 4,-symbol, which has no reason to vanish for the SO(n) groups.

8.2 Particles or antiparticles

It should be clear that if different chiral particles (fields) are present, one has to add the contributions
of the different one-loop diagrams. As a result, all chiral particles contribute additively to the
anomaly. Since the chiral fermions are massless, their contributions to the anomaly cannot depend on
a mass parameter, but only on the group representation R they are in. As a result, their contribution
to the anomaly is fully captured by the corresponding D®-symbol. Since the fermionic propagator
in the loop is the propagator of the particle and its anti-particle, it is clear that each particle-anti-
particle pair only contributes once. But in four dimensions the antiparticle of a left-handed particle
is right-handed and vice versa, so one might ask whether it is important which one of the pair has
been designated as the particle. We will now show that it does not matter.

Suppose we have a left-handed fermionic particle in some representation R, of the gauge group,
with associated quantum field . Then its antiparticle is described by the charge-conjugated ¢ =
i°Ce*. The charge conjugation matrix C satisfies Cyi = v5C so that

Y = 35in°CY* = —in*Clys)” = Fir'Cy = FY° if ysp = £ . (8.2)

47We take the generators to be hermitian.
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We see that indeed, the charge conjugated field has opposite chirality. On the other hand, due to
the complex conjugation, ¥¢ transforms in the complex conjugate representation (Rpz)*. As we have
just seen, the D-symbol for the complex conjugate representation has the opposite sign. So if one
starts out with the anti-particle, one gets one minus sign from having the opposite chirality and
one gets another minus sign from being in the complex conjugate representation, so that overall the
contribution to the anomaly is the same. Again, this argument is correct in 4 mod 4 space-time
dimensions. In 2 mod 4 dimensions the complex conjugate representation has the same D-symbol.
But one also has Cy* = —C (where v is the chirality matrix ~ 7°...747! in d dimensions), so that
particles and anti-particles have the same chirality. Then switching from particles to anti-particles
results in two plus signs rather than two minus signs, and again it does not matter.

Note that in 2, 6, 10, etc dimensions one can have a chiral particle that is its own anti-particle,
usually called a Majorana-Weyl fermion.

8.3 Locality

Let us show that the anomaly is local i.e. that it can be written as [ d'z f(z) where f(z) only
depends on the values of the fields and their derivatives at x. In Fourier transform terms, this means
that the anomaly is polynomial in the momenta.

Firstly, it should be underlined that anomalies arise from the regularization of divergent one-loop
diagrams, and that convergent diagrams do not need to be regularized. Secondly, taking a derivative
with respect to external momenta decreases the degree of divergence by one.*®

The three-point vertex function has a degree of divergence D = 1, and two derivatives result in a
convergent integral. Then three derivatives of (p;),,I'**#%(p1, p2, ps) result in a convergent integral
which doesn’t need regularization and which then cannot have any anomalous part. As such, three
derivatives kill the anomaly meaning that it is a polynomial of degree at most two in the momenta.
This is indeed what we have observed. This argument is general for all anomalous one-loop diagrams
in an arbitrary (even) space-time dimension : If the diagram has degree of divergence D, then
D + 1 derivatives with respect to the external momenta result in a convergent integral that needs
no regularization. As such, D + 2 derivative kill the anomalous contribution to (p1),, I'**#» which
must be a polynomial of degree D + 1 in the p;.

8.4 How many points necessary for an anomalous diagram?

This observation leads to an interesting constraint on the number of points (vertices) needed to
observe an anomaly for a given space-time dimension d. Firstly, in odd dimensions, one cannot
define a ~5 matrix satisfying the ordinary properties. Thus, there are no anomalies.?® Secondly, let
us consider an even dimensional space-time with d = 2n. The quantity we are interested in is the
contraction of the (m+ 1)-point vertex function with one of the external momenta, pf}ff‘“"'“mﬂ, and

481n fact, the derivation yields a sum of terms where one of the internal propagators is replaced by % (—W) =
"

(FAp+ )" (k+p+..)
e[(k+p+»--)2]2

. For a one-loop diagram it is easy to see that all terms have their degree of divergence reduced by
49More precisely, there are no anomalies of the kind we discuss here : abelian anomaly, anomaly under gauge

transformations, or anomalies under diffeomorphims / local Lorentz transformations. There are however anomalies
under discrete symmetries like parity [28].
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we expect to find a quantity proportional to the epsilon tensor €”"4. As just seen, we also expect
the anomaly to be polynomial in the momenta. Thus, we need d —m independent external momenta
that we can contract this quantity with. This means that we need to have d — m < m, i.e. m > n.
Thus, the minimal number of points that can lead to an anomalous one loop diagram is n + 1. In
the case of 4 dimensional spacetime, this is in fact the triangle, as we have extensively discussed. In
6 dimensions the anomaly first shows up in a box diagram, in 8 dimension in the pentagon diagram,
and in 10 dimensions one must compute the hexagon diagram. This requires way more work and
quite a few tricks [6] !

8.5 Finiteness

Both in the case of the abelian and chiral anomaly, the anomalies we computed had finite, i.e. reg-
ulator independent, coefficients. (This was not the case for the non-anomalous part of the triangle
amplitude which required addition of counterterms to cancel their divergent pieces.)

Let us now show why this in fact has to be the case because of locality and dimensionality.
Firstly, the three-point vertex function has a degree of divergence one, which means, per Section 8.3,
that the anomalous part is a polynomial of degree at most two in the external momenta. The most
general form of such a polynomial is the following:

(Puta.) a5 (—P—¢: P, q) o part Dy papat Dot 4o+ Dstly ado+Crli patCatlip -+ Bl

(8.3)
where Dy, Dy, D3, C,Cs, B are constant Lorentz tensors independent of momenta. First of all, there
are no constant Lorentz tensors independent of momenta with three indices, so that C; and Cy must
vanish. Next, we expect the anomaly to be proportional to the epsilon tensor. Thus, Dy, Dy and B
have to vanish also, as the associated terms do not respect the required anti-symmetry. All that we
are left with is the term Dgg%{\ygp)\qo-.

Secondly, let us look at how the scaling dimension constrains the tensor Ds " 7 The three-point

afy

vertex function Fgg’;(—p— q,p, q) has a scaling dimension 1 since each fermion propagator contributes

a —1 and the integration contributes a +4. Thus, (p, +¢.)I', . (=p —¢,p, ¢) has a scaling dimension

2, which implies that D3Z’;’,\Yg has a scaling dimension 0. As it does not involve the momenta (and the
fields are massless), by dimensional considerations, it cannot involve the Pauli-Villars regulator mass
M. This means that the anomaly is necessarily finite, i.e. does not involve regularization-dependent
coefficients.

The same type of argument can also be applied to the box-diagram responsible for the A3-part

of the anomaly Acubic ~ (pp + ¢ + ku)FZ'éf’;;(—p —q—Fk,p,q,k) . This box diagram has one

anom part
more fermion propagator and a degree of divergence 0, so that Acumpic is a polynomial of degree one.

On the other hand the box diagram has scaling dimension 0, so that A.upi has scaling dimension 1.
Again, the only possible structure is Egz%‘;}‘(m + ¢» + k) with a dimensionless E3 proportional to
the e-tensor. So this term is also finite.

It is easy to see that these arguments generalize to arbitrary even dimensions : in d = 2n
dimensions, the n + 1 point one-loop diagram has degree of divergence d — (n+ 1) = n — 1 so that
k,I'#+ is annihilated by n + 1 derivatives and must be a polynomial of degree n in the external
momenta. But this expression has scaling dimension n and contains n momenta, hence the tensor-
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coefficient is dimensionless and independent of any momentum and, again, cannot depend on the
Pauli-Villars regulator mass M. The anomalous higher-point functions are treated similarly. This
proves finiteness of the anomaly in any (even) dimension.

8.6 Omne-loop exactness

The Adler-Bardeen theorem [4] states that higher loop diagrams do not contribute to the anomaly,
meaning that the one-loop computation we have done here is actually exact to all orders in perturba-
tion theory. The original proof is complicated and well beyond the scope of these notes. Part of the
reasoning is that higher loops necessarily contain bosonic (gauge field) propagators and these can be
regulated in a gauge invariant way, thus effectively regulating the full diagram [6, 7]. The subtlety
here is to show that regulating the gauge boson propagators sufficiently regulates all loop integrals
and that this does not generate any non-gauge invariant (anomalous) terms.

Alternatively, we have argued that anomalies originate from a non-trivial transformation of the
functional integral measure, giving rise to a non-trivial (functional) Jacobian determinant. But
determinants always correspond to one-loop effects. This can be seen e.g. by introducing a loop
counting parameter A\, as we did in subsection 2.5. The determinant cannot contain any A, so it is
of order A\!=! = X\°, confirming indeed L = 1, i.e. it contributes at the one-loop order only.

Below, we will sketch how the chiral anomaly can be related to the index of an appropriate
extension of the Dirac operator. This shows again that the anomaly is independent of any loop-
counting parameter and must correspond to a one-loop contribution only.

8.7 Relevant and irrelevant anomalies

We have shown that the anomaly is related to the non-invariance of the quantum effective action, see
e.g. (6.53), [d*ze(z)Au(z) = 5.I'[A]. Obviously also, since the anomaly arises as a one-loop effect,
it is of “higher order” than the classical action. If we re-introduced A as a loop counting parameter,
one would see that the anomaly has an extra i as compared to the classical action. Also, as obvious
from the triangle, it involves 3 gauge coupling constants g (which we have hidden in the generators
and hence in the D-symbol). As such the anomaly is of order g® where the tree-level couplings are
of order g. We see that the anomaly is of the same order as the counterterms one adds to the action
to cancel possible divergences (in other diagrams). One may then wonder whether it is possible to
add some non gauge-invariant higher-order “counterterm” gct[A] to the classical action such that
6.9, = —5;1:[/4]. More precisely, S, [A] would be an order ¢g* term to be added to the classical action
and then would also appear as an additional term in T'[A] :

T[A] = T[A] + SalA] . S(T[A]+ 84[4]) =0 (8.4)
It looks as if one can simply take Sy[A] = —I[A] and get rid of the anomaly. This is of course
not true. In any local quantum field theory, we are only allowed to add local counterterms to the
action, i.e. a space-time integral of a local expression involving only the fields at the point x as well
as a finite number of derivatives acting on these fields. While we have shown that the anomaly
8.I'[A] is such a local functional, the effective action I'[A] itself is not. To understand this, note that

pvp 8_phvp

the anomaly corresponds to (py),I" o (p1, P2, p3) which upon Fourier transforming is 521" 5 (z,y,2).
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On the other hand, the effective action contains the FZ;‘; itself, and “removing” the derivative with
respect to z* is not a local operation.

Thus the question is whether or not we can find a local functional of the gauge fields Sy [A] such
that its gauge variation cancels the anomaly 6j[A]. If we can, the anomaly is called irrelevant
because it can be removed by adding such a counterterm to the classical action. If we cannot, the
anomaly is called relevant :

The anomaly is relevant <— — / d*z e*(x) A (z) # 5.5, [A]  with S, [A] a local functional.

(8.5)
It is relatively easy to see that the chiral anomaly is a relevant anomaly. The Set [A] would need to give
an additional contribution AF“ o (k: p,q) to the 3-point function that must be of scaling dimension
1, i.e. linear in the external momenta and totally symmetric under exchange of the external legs
(i.e. (k,pu,a) <> (p,v,B) <> (q,p,7)). This is usually referred to as the Bose symmetry, since this
AFZ’;@ arises from three functional derivatives with respect to the gauge fields which are bosonic
and commute. On the other hand, Afggf/ must involve the e-tensor in order to possibly cancel the
anomaly. To cancel the anomaly due to a right-handed fermion, the requirement is that
—i(pu + ) AT (=P — ¢, p. q) = —%2 P27 prdo Dagy (8.6)
and similarly (with the opposite sign) for a left-handed fermion. It is easy to see that no such
AT?? (k, p, q) with the required Bose symmetry can exist. We conclude that the chiral anomaly is

apy
indeed relevant.

8.8 Anomaly cancellation

As already mentioned, the contribution of fermions to the gauge anomaly is additive: the total
anomaly is obtained by summing over all chiral species. Furthermore, the structure of the anomaly
is universal and the only model dependence factors in through the group-theoretical factor Daﬁw
which depends only on the gauge group and representations R of the fermions.

For a general chiral gauge theory with left-handed fermions in representations R and right-

handed ones in representations RR, the anomaly reads:

A = g e 9,( 420,47 — LAZ1A, AT (Z Df — Z D). (8.7)

Breaking of the gauge invariance by anomalies ruins the consistency of the quantum theory. Hence,
RE
>_; D.j,) vanishes,

gauge invariance at the quantum level requires that the expression (>, Da,@’y
which is the condition for anomaly cancellation.

In the standard model the gauge group is the product SU(3) x SU(2) x U(1). While we have seen
that SU(2) alone has a vanishing D-symbol, for product groups one can have different generators
appear in the trace of the D-symbol. Since the generators for the different groups act on different
representation spaces, the trace factorizes accordingly. If we call T, the 8 generators of the SU(3),
to the 3 generators of SU(2) and ¢ the generator of the U(1) then the different non-vanishing traces

are (within any irreducible reprsentation)

tr .1 T, , trigtpg = qtriats ~ qdap tr T, Thqg = qtr T, Ty ~ ¢6ay , trqag=¢q>. (8.8)
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For example, trt,tgzq will result form a triangle diagram with two vertices where one could attach
SU(2) gauge bosons and one vertex where a U(1) gauge boson could be attached. ¢ is the U(1)
(hyper) charge of the chiral fermion “circulating” in the loop. The different anomalies corresponding
to the terms in (8.8) are referred to as SU(3)3, SU(2)? x U(1), SU(3)* x U(1) and U(1)3-anomalies.
For each of these anomalies one must check that they vanish when summed over all chiral fermion
representations (with the signs according to the chirality). Remarkably, in the Standard Model this
condition is satisfied separately within each fermion generation, leading to a non-anomalous gauge
theory. Historically the requirement of anomaly cancellation had let to the prediction of the existence
of the (then still unobserved) charm quark [21].

8.9 Wess-Zumino consistency condition

We have defined the anomaly A, as the gauge variation of the effective action after integration over
the matter fields:

5.T[A] = / (@) An(z) o Aa(a:):—(Duﬁ)af[A]. (8.9)

This definition constrains the expression of A, and leads to a linear equation called the Wess-Zumino
consistency condition. In fact, one can rewrite (8.9) using a functional derivative operator F defined
as:

) o 0 )
Folx) = — (D“W)a = TG A () CQMAZ(;E)MW) : (8.10)

which yields Aq(z) = Fo(z)T[A]. Using the Jacobi identity, one can show that this functional
derivative satisfies the following algebra:

[Fal(@), Fs(y)] = 8 (& — y)Cap, Fo () (8.11)
Applying this to the effective action then yields the following relation for the anomaly :
Fa(2)As(y) = Fs(y)Aa(w) = Capy 0 (2 — y) A, (2). (8.12)

This is Wess-Zumino’s consistency condition [15]. It constrains the form of the anomaly and, since
F mixes terms of different degrees in the gauge fields, it allows us to determine the higher order
(O(A3)) terms that contribute to the anomaly using only the term found in (7.40) from the trian-
gle computation. This will be done in the next section after a reformulation of the Wess-Zumino
consistency condition in terms of the nilpotency of the BRST transformation.

8.10 Reformulation in terms of differential forms

We have seen that the anomalies are intrinsically related to the presence of the ~s-matrix which in
turn implies that the expression of the anomaly involves the e#*??-tensor. This will allow us to rewrite
the anomaly [ d*ze*A, as the integral of a differential 4-form. Differential p-forms can be naturally
integrated over p-manifolds, and here the 4-manifold is the (flat) space-time. But the formulation in
terms of differential forms immediately generalizes to curved manifolds. On a curved manifold we
need to distinguish the antisymmetric symbol €?? which equals £1 or 0 and the “true” e**?-tensor.
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They are related as é?? = /—g e where y/—g is the square-root of (minus) the determinant of
the space-time metric g,,,. Then

dz” Ada” Ada? Ada® = e dis = 7\ /—gdiz . (8.13)
The gauge field potentials A, = Aft, are combined into the Lie algebra-valued one forms
A= Audat = Ajdxtt,, . (8.14)

Recall that the exterior derivative is d = dz*d,. Using these relations, we can rewrite the anomaly
for a left-handed (i.e. positive chirality) fermion, which is the opposite of (7.41), now on a curved
space-time manifold, as

1 i i
/ diz =g Al = — / d'e /=g 55" tred, (40,4, - TAA A, + ZA,,A(,AP>
1 . .
=51 /d:}:“ Adz” Ada? Ada? tred, (AyapA,, - iAVApAJ + iAVA(,Ap>
7
__ L [ hed(anda—tanana 8.15
T 24n2 re( 9 ) (8.15)

The final expression as the integral of a 4-form does not involve the metric, as usual with differential
forms. Note that in the language of differential forms the field strength is given by

1
F= éFm,dx’“‘ ANdz” = (9,A, —iAA)dz" Ada” = dA —iA® . (8.16)

We can similarly rewrite the abelian anomaly (6.34) in terms of the differential forms resulting in *°

1 1
7 s

It is worth noting that the chiral anomaly (8.15) is not ~ [ treF A F.

50Since ¢ commutes with the A, it follows from the cyclicity of the trace that trtAA AAdA = trtdAA AN A. For
the same reason trtAANAANANA=DO.

Adel Bilal : Advanced Quantum Field Theory 94 Lecture notes - October 5, 2026



9 BRST cohomology and descent equations
9.1 BRST transformations

We have discussed the anomalies under gauge transformations in terms of the effective action f[A]
obtained by doing the functional integral over the matter fields of giSmaer[V.0.A] (o f (6.42). Since
the gauge anomalies originated in the anomalous transformation of the functional integral measure
for the chiral matter fermions, this was indeed the appropriate object to consider for studying the
anomalies. However, in the full quantum theory one needs to go on and add the classical Yang-Mills
action ' [(—1F% F**) and also do the functional integral over the gauge fields, possibly with the
relevant operator insertions, as described in Sect. 2. As is well known, one then needs to fix the gauge
by some appropriate gauge-fixing action and compensate for the arbitrariness of this gauge fixing
by inserting the Faddeev-Popov determinant. The latter can be rewritten in terms of a Gaussian

functional integral over a so-called ghost and anti-ghost fields. This results in the full action being

= 1
St = [ @4 | Lol 0 4] = FL 4 Shoba +hof U+ 00 6] | 01
~ 4 . - 2 2 S———
ﬁc‘;ss Lgaug‘e’ﬁxing ‘Cghost

The first two terms are referred to as the classical Lagrangian. f*[A] is the gauge-fixing condition,
eg. f* = 0,A, and h, is an (adjoint) auxiliary field. Since it appears quadratically, it can be
trivially integrated out, resulting in an equivalent gauge-fixing Lagrangian 2_16 fefe. The parameter
¢ is positive but otherwise arbitrary. The quantity p, is given by

o) = [y o). 92)

and w® and w}, are the anti-commuting ghost and anti-ghost fields. Integrating them out would give

back the Faddeev-Popov determinant Det 51;1/(15”. Note that the quantity p, can be interpreted as
the gauge transformed gauge-fixing function f* with the parameter €* replaced by the ghost field w®.
Despite its non-local appearance, for the standard choices of gauge-fixing functions f¢, the quantity
p*(x) only depends on Af(x) and w”(x) and their derivatives.

Of course, Sg, is the gauge-fixed action and no longer is gauge invariant. But it is still invariant
under some “remnant” of the gauge invariance which is invariance under BRST transformations.
These BRST transformations are denoted by s and defined to act on the gauge and matter fields as
ordinary gauge transformations but with w® replacing €*. Then the gauge-invariance of the classical
Lagrangian implies its BRST invariance. Defining w = w®t,, w* = wit, as well as h = h,t,, the full
set of BRST transformations is defined as

sA, = 0w —i[A,,w] . s =idwy s = pw

SW = tww , sw*=-—h sh =0, (9.3)

®Here we assume that the Lie algebra is compact, i.e. that trt,tg is a positive definite bilinear form. One can
then adopt a basis where trg totg = Cr dap with the constant C'r depending on the representation. One can then use
the “metric” 5 and its inverse 6“7 to raise and lower the indices a, 3,7, ... which means that we can write them
without distinction as upper or lower indices. Also, the structure constants C,g, then are totally antisymmetric - as
we already implicitly assumed earlier in these notes.
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together with the fact that s(FG) = (sF)G £ F'sG with a minus sign if F' is anti-commuting. Note
for later use that this implies sw® = —% wpyw’w?. The action of s on w, w* and h is chosen such
that this BRST transformation s is nilpotent, i.e. when s acts twice on any of the fields one gets

Zero

s2=0. (9.4)

It is now easy to see that also the remaining part of the Lagrangian is BRST invariant. First note
that, by its definition, one has p® = sf¢, so that by the nilpotency of s one has sp® = 0. Then

S (ﬁgaugeﬁxing + £ghost) = ha(sf*) + (swy)p® — wi(sp") = hap™ — hap® =0 . (9.5)

One can actually write

Lgange fixing T Lahost = S (—wz (gho‘ + fa)) =sG_,, (9.6)
and then (9.5) trivially follows from (9.4).

Since the ghost fields are anti-commuting, as are the differential forms of odd degree, it makes
some sense to adopt the convention that the ghost (and anti-ghost) fields also anticommute with
dx*. Accordingly then, one has sd = —ds. However, here we find it more straighforward not to
adopt this convention, and rather have the ghost fields commute with dx* so that

sd=ds. (9.7)

9.2 Reformulating relevant anomalies as BRST cohomologies

Since s> = 0, one introduces the notion of BSRT-closed functionals F' obeying sF = 0, as well
as of BRST-exact functionals H obeying H = sG for some (. This is much as for the exterior
derivative d acting on differential forms. The role of the degree of the forms is played here by
the ghost number, with w and w* having ghost numbers +1 and —1. Indeed, acting on any field,
s increases the ghost number by one unit. We can now say that L. is BRST-closed and that
Lgauge fixing + Lehost 15 BRST-exact. Since gauge-invariant physical observables should not depend on
the gauge-fixing function f,[A], changing it amounts to changing this BRST-exact term. The physics
is then determined by the BRST-closed L.ss up to addition of BRST-exact terms., i.e. by the BRST
cohomology class at ghost number zero.

We now show that relevant anomalies can be understood as BRST-cohomology classes at ghost
number one. First, since f[A] only depends on A, its BRST variation simply is its gauge variation
with e replaced by w, i.e.

Alw, A = / 'z w®(2) An(z) = sT[A] . (9.8)

From now on, we refer to the left-hand side as the anomaly. It clearly has ghost number one and
is BRST-closed since sA[w, A] = s2I'[A] = 0. Actually it looks as if the anomaly Alw, A] is also
BRST-exact. But as with the discussion of relevant anomalies, we will only allow local functionals
and, although the anomaly is a local functional, [ is not. Hence, the anomaly is BRST-closed, but
not BRST-exact. As such it constitutes a BRST-cohomology class at ghost number one.

Adel Bilal : Advanced Quantum Field Theory 96 Lecture notes - October 5, 2026



We have seen before that the Wess-Zumino consistency condition simply was a consequence of
the anomaly being defined as the gauge variation of some (non-local) functional. At present this
condition is a simple consequence of s* = 0. Indeed, applying s to (9.8), we get

0 = $2T[A]=s / Az (2) A () = / 0% (500" (2)) A () — & (2) s Ao ()
- _%/d‘lx Caprw” (1) (2) An() — /d4$ d*y w® (2)w” (y) Fa(y) Aalz) | (9.9)

where we used the functional differential operator F introduced in (8.10) to express the BRST varia-
tion of A,. Indeed, 6.An(7) = [ dly e’ (y)Fs(y)Aa(x) translates into s A(x) = [ dlyw?(y)Fs(y)Aa(z).
Since the ghost fields anti-commute, we can anti-symmetrize the last term in (o, x) and (5,y) and
then (9.9) can be written as

0= [ dtadty e (@)’() (e — 9)Comn Ay o) + Falo)Aale) = Fala) Aslw)) . (910)

which vanishes by the Wess-Zumino condition (8.12). Hence, the fact that the anomaly is BRST
closed is equivalent to satisfying the Wess-Zumino condition.??

9.3 Solving the WZ-condition

The next task is to solve sA[w, A] = 0 which will determine the terms cubic in A in terms of the
quadratic terms. One way to do this is by “brute force”, i.e. one writes all possible terms compatible
with the general constraints on the anomaly, i.e. A[w, A] must be the integral of a 4-form since, as
discussed in subsection 8.10, it must necessarily involve the e-tensor, and it must be made from d’s
and A’s. Thus we may start with

Al [w, A] =

~ 552 / trw(dAdA + B1dAA* + By AdAA + B3 A*dA + ’yA4) : (9.11)

where the wedge product is understood, i.e. dAA? = dAA AN A, etc. We have already adjusted the
coefficient of the dAdA-term as appropriate for the anomaly due to a left-handed (positive chirality)
fermion. In principle one could also add double-trace terms such as trwAtr AdA. But there is no
way to achieve a cancellation between such double-trace terms and the single trace terms written in
(9.11).

Note that since s changes the scaling dimensions of all field uniformly, we can only achieve
cancellation between the different terms if we start out with all terms in (9.11) having the same
scaling dimension. One can then compute sAlw, A] and impose that it vanishes. Note that one
assumes that w = w®(x)t, vanishes at spatial infinity as well as at t — 400 so that one is allowed to
freely integrate by parts.”® Said differently [d(...) = 0. This means that s of the integrand must

52At first sight it looks as if the Wess-Zumino condition only implies BRST-closedness. But the vanishing of
the double integral in (9.10) for all ghost fields w implies the vanishing of the term in parenthesis. Indeed the
latter has exactly the same antisymmetry properties as w®(x)w?(y). Upon setting w?® = w(yy £ w(yy with arbitrary
(anticommuting) wzlm), a standard argument then implies the vanishing of the parenthesis. But this is exactly the
Wess-Zumino consistency condition.

53For topologically non-trivial space-times requiring several charts, one would need to further assume that the
transition functions for the gauge-field are trivial or else that w®(z) is non-vanishing only inside a given chart.
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be an exact 4-form. A straightforward computation then yields v = 0 and 3, = -3, = 83 = —3, s0
that 3idAA? 4+ 5, AdAA + f3AdA = —1dA®, and one gets exactly the expression (8.15) we already
anticipated.

The previous method to solve the Wess-Zumino consistency condition is certainly sufficient in 4
dimensions, but when one wants to study anomalies in higher dimensions d = 2n, things quickly
become painful. There is a much more elegant way to solve for the BRST-cohomology at ghost-
number one on the space of local functionals that are integrals of local d-forms made from the
gauge-field one-forms, exterior derivatives and one ghost field. It is based on the so-called descent
equations which relate this d-form to a charcteristic class which is a (formal) (d+2)-form on a (d+2)-
dimensional space-time. This higher-dimensional space can be constructed as a product manifold
M = M x D with M the space-time manifold and D a (two-dimensional) disc. The geometry of this
(d + 2)-dimensional space-time, as well as the descent equations play quite an important role in the
study of [18] which relates the anomaly on the d-dimensional M to the index of the Dirac operator
D on the (d + 2)-dimensional space-time M, as we will briefly explain in the next section.

9.4 Descent equations : characteristic classes and Chern-Simons forms

9.4.1 Characteristic classes

Within the present context, we define a characteristic class P, as a local 2r-form on a (compact)
2r-dimensional manifold M that is constructed from the gauge field strength F' (or curvature 2-form
R) such that its integral over the manifold is sensitive only to non-trivial transition functions of
the gauge bundle. Well-known examples are instantons and magnetic monopoles. For the (four-
dimensional) instantons P = tr F'A F and the manifold is compactified R* ~ S*. For the monopole
P = F and the manifold is S?. Since this is the simplest example let us exhibit the construction of
the monopole bundle in some more detail.

For the (abelian) magnetic monopole one looks at static configurations with space being ordinary

space R? with a little ball of radius 7o at the origin removed, so that one deals with [ry, 00) x SZ.
Since the gauge field strength 2-form here does not depend on the radial coordinate we may view
it as defined on the sphere S?. The integral [ g2 ' computes the flux of the magnetic field through
the sphere and, by Gauss’ theorem, this measures the total magnetic charge “inside” the sphere.
Obviously, if F' = dA with a globally well-defined gauge-field one-form A, then by Stoke’s theorem
one has [, F = [,,dA = [, A= 0 since the boundary 95 of the sphere is empty, and there is no
magnetic charge inside. If instead F' = g, sin #dfdep, then |, g2 F' = 4mgy,. Since this is independent
of the radius of the sphere, we interpret g,, as the magnetic charge of a monopole sitting at the
origin (or rather inside the little ball of radius ry). Since F' is closed, it must be locally exact,
i.e. given locally by F' = dA, but A can no longer be globally defined. One needs to introduce two
(topologically trivial) charts which are the upper half and lower half spheres S2 (or the product of
these half-spheres with [rg, 00)), and then

Ap =gn(l—cosf)dpon ST |, A_=g,(—1—cosf)dp on S* . (9.12)

Each A, is well-defined and non-singular on its domain of definition, but would become ill-defined
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when one tried to extend it to the full sphere.®® Both A, yield the same F as F = dAy and are
related by a U(1) gauge transformation on the overlap 5% N S2 = S*

Ap— AL =2g,dp =g ldg,— ,  gi = exp(—2igmep) - (9.13)

For g4_ to be well-defined on S' one must have g,, = & with integer N, so that g._ = exp(—iN¢).
We see that the magnetic charge is quantized, and equivalently

Ll ron. (9.14)
21 J g2
One can change F by adding an exact term F — F + dA (with a globally well-defined Z) and this
does not change the integral of ' over the manifold S?. The value off this integral only depends on
the transition function g, _, i.e. on N. Thus F' is the characteristic class Py for the U(1) gauge field
strength on S?. It is instructive to compute [ F again, in a way which clearly shows why the value
of the integral is only sensitive to the transition function g, _

52 s% 52 5% 52 8s? as?

S1 S1 S1

where the minus sign in the second line is due to the fact that the boundaries S! of the upper and
lower half spheres have opposite orientation.

The general case proceeds exactly along the same line of argument. For an arbitrary gauge group,
define

P(F)y=trF'=tr FA...NE=F*NF trty,...ta, = F" NF strt,, ... ta, , (9.16)
r times
since the 2-forms F'* and F'“ all commute and effectively symmetrise the trace of the product of
the t,. The P,.(F) are gauge invariant, since under a gauge transformation F — gFg~!, and by
the cyclicity of the trace all g and g~' cancel. Hence, P.(F') has trivial transition functions and
is a globally well-defined 2r-form. Recall the Bianchi identity, DF = dF — i[A, F|=0, from which
follows °°

dP.(F)=dtr F" =rtr (dF)F" ' =irtr AF" —irtr FAF"™ ' =0, (9.17)

so that P.(F)) is closed, and hence locally (i.e. on each topologically trivial chart) exact. Moreover,
as we now show, if A; and A, have the same transition functions, then P,(F}) — P,(Fy) = dQ with
some globally well-defined 2r — 1 form (). Since we assume the manifold M to be compact it then
follows from Stoke’s theorem that

/M P.(Fy) = /M P(Fy) . (9.18)

54The point is that dy is well-defined, except at the north pole (# = 0) and at the south pole (f = 7). Now, in A,
the factor 1 — cos @ vanishes at the north pole, and in A_ the factor —1 — cosf vanishes at the south pole. So, A,
would be singular at the south pole and A_ at the north pole. If one tries to just use a single gauge potential, its
singularity corresponds to the “Dirac string” in the earlier descriptions of the Dirac monopole.

5*Note that for Lie-algebra-valued p and ¢-forms ¢ and & one has tr (& = (—)P9tr&C.
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as required for a characteristic class. We now construct the 2r —1 from Q. Let A, = Ay +t(As— Ay),
t € [0,1] be a gauge field interpolating between A; and As. Clearly, A; has the same transition
functions as both A; and Ay. Let F; be the associated field strength F; = dA; —iAZ. One computes
0 . .

EFLL = d(A2 — A1> — 7/(A2 - A1>At — ZAt(AQ - Al) = Dt(AQ - A1> s (919)
where D, is the covariant derivative with gauge field A;. In particular, the Binchi identity for F; is
DtFt = O Then

0 or,

P (F)=rt
(F) =rtr o

ot Frot=rtr (Dy(Ay — Ay)) ™1 =Dy (tr (Ay — A F ) (9.20)

Now while Ay and A; each transform inhomogeneously under gauge transformations (on the overlap
of two charts), their difference transforms homogeneously, just as does F;. Hence tr (Ay — Ay)F/ ™"
is invariant and the covariant derivative D; in the last expression in (9.20) reduces to an ordinary
exterior derivative. Integrating ¢ from 0 to 1, one gets

PT(FQ) _PT(Fl) :dQ R Q:T/l dt tI'(AQ—Al)Fthil y (921)
0

with a globally well defined 2r — 1 form (. This proves (9.18). Note that we always wrote tr, but
we could have just as well written everything in terms of the symmetrized trace str, cf. the remark
after (9.16)

9.4.2 Chern-Simons forms and descent equations

For reasons that will become clear in the next subsection, we now set » = n + 1. Since the P, (F)
are closed, they must be locally exact, i.e. within each (topologically trivial) chart one must have
P,1(F) = dQ2p+1. The previous construction tells us how to construct these Qa,41. Within each
chart, there is no issue of transition function, and we can simply take A5 = A and A; = 0, and then
conclude from (9.21) that

1
Py (F)=dQoms1 5 Qongr1=(n+1) / dt tr A(tdA —it>A%)" . (9.22)
0
Of course, P,.1(F) = dQg,11 defines Qs,41 only up to adding an exact term dag,. The Qa1
defined as in (9.22) are called the Chern-Simons forms. Explicitly one has °°

Qs = tr(AdA- 2,
3

3 gsqa — 345

Qs = tr(AdAdA -7 ).

(9.23)

We should stress that these Chern-Simons forms are defined on each chart in terms of the gauge field
on this chart.

560ne may e.g. want to check that indeed dQs; = tr F2. First note that while F? contains a term A? its trace
vanishes. This is fortunate since when acting with d on Q3 one cannot generate a term ~ A*. It is then easy to check
that dQs = tr (dAdA — 2idAA?) = tr F2

Adel Bilal : Advanced Quantum Field Theory 100 Lecture notes - October 5, 2026



Unlike the P, 1 (F'), the Chern-Simons forms 9,11 are not gauge invariant, but one can use the
gauge invariance of the P, 1(F') to constrain the gauge variation of the (2,1 as follows :

0= 5€PTL+1(F) = 5edQ2n+1 = d56Q2n+1 . (924)

We see that the (infinitesimal) gauge variation of (2,41 is closed and, hence, locally exact. We
conclude that on a given chart

55@2714—1 = dQ%n . (925)

The ambiguity of adding day, to Qa,11 results in an ambiguity of adding d.aw, to Q) . Of course,
(9.25) only defined Q3 up to adding an exact term. Thus, overall, Q3 is only defined up to adding
Scavp, +dBa . Altogether one has the following descent equations relating the 2n + 2 form P, to
the 2n + 1 form @Qy,41 and to the 2n form Q3 (locally on each chart) as :

dPn+1 = 66Pn+1 =0 = Pn+1 = dQ2n+1 ) 56Q2n+1 = dQ%n ) Q%n = Q%n + 56a2n + d621n71 : (9'26>

By replacing the gauge variation parameter e by the ghost field w one immediately gets the BRST
version of the descent equations :

dPi1 =5P1 =0 = P =dQany1 , Qo1 = dQ%n ) Q;n = Qén + S, + d621n71 . (9:27)

The upper index now indicates the ghost number, i.e. Q) contains one ghost field. Explicitly one
has forn =1 and n = 2

QL= trwdd |, Q= trwd(AdA - %A?’) . (9.28)

Again, we could have used the symmetrized trace throughout. Indeed, one can explicitly show that
Q) and Q! as given here are equal to the same expressions but using the symmetized trace.®”

We have seen that the 2n form Q3 is determined, up to the equivalence just mentioned, by the
characteristic class P,;1. The question then arises how many different characteristic classes there
are. Gauge (or BRST) invariance implies that they must be constructed from traces of the field
strengths F'. Thus the only possible characteristic classes are of the form
Py = tr Pt pITER — g R A g iR

e (9.29)

plkentliizke) g phy g g R g prtt—hishe

It is instructive to look at an example. Let n = 4 and consider the 10-form characteristic class

PP = tr F2 A tr F3. Then P*® = dQP? with QP = Qs A tr F3 or QPY = tr F2 A Q5, and
correspondingly Qé’(z’g) =QINtr F3 or Qé’@’g) = tr F2 A Q}. One says that one is doing the descent

in the first or in the second factor. Obviously, any linear combination of the two with total coefficient

5TOf course, for Q} symmetrizing the trace follows from cyclicity. For Qj} the first term trwdAdA is symmetric
under exchange of the two factors dA which again symmetrizes the trace. The second term ~ trwdA? seems to involve
the trace of 4 generators, but one can easily see from the antisymmetry under exchanging two factors of A that one
really has the trace of two generators with the commutator of two other generators, so that one again has a trace of
only 3 generators. Actually it is not difficult to show that this trace of 3 generators also is a symmetrized trace, as
one expected since the whole @} is obtained through descent from P3(F) which involved a symmetrized trace.
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one is also possible. As argued above, the difference of two solutions of the descent equations must

be the sum of a BRST-exact and a d-exact term. Indeed, it is easy to see that the difference is given
by

s(QsAQs) —d(Qy A Qs — Q3 AQy)
= (5Q3) A Q5+ Q3 A (5Q5) — (dQ3) A Qs — Q3 A dQs + (dQ3) A Q) — Qs A dQ)
= Qs NdQs + (dQ3) AN Q) = —QN tr F? + tr FP A Q. (9.30)

9.5 BRST cohomology at ghost number one

We will now consider a d = 2n dimensional space-time. We will show that starting with the char-
acteristic class P, 41 defined on the d + 2 dimensional manifold M = M x D, the quantity [ Q] is
a non-trivial representative of the BRST cohomology at ghost number one, where Q) = @3, is ob-
tained by the descent equations (9.27) from P, ;. As such, it provides a solution of the Wess-Zumino
consistency condition. This allows us to identify the anomaly as

Alw, A] = ¢ /Qé : (9.31)
where the only freedom resides in the coefficient ¢. While we have seen that the characteristic classes
in 2n + 2 dimensions can be the single-trace P,,; or the multiple-trace P,]fi"l"’"ﬂfkr“‘, only single

traces can originate from the one-loop diagrams and we must keep with the P,,; only.’® A single
computation of an n + 1 point one-loop diagram is needed to determine this coefficient ¢. Moreover,
as we have seen, one does not need to compute the full diagram, only the part involving the e-tensor.

Let us first note that the equivalence Q) = QY + say + dB)_, is exactly what we expect for the
anomaly. Indeed, the d-exact term disappears upon integrating and the s-exact term amounts to
adding a local countertem s [ aq4 to the anomaly, which we can always do, as discussed above. Hence,
up to adding local counterterms, a relevant anomaly is determined by a non-vanishing coefficient c.
This in turn is corresponds to exactly one characteristic class in d 4+ 2 dimensions.

Let us now prove that [Q} = [Q3, is a non-trivial representative of the BRST cohomology
at ghost number one. Let us recall that at ghost number zero the BRST-cohomology consists of
the gauge-invariant functionals of the gauge field only.?® Furthermore, there are no gauge-invariant
forms of odd degree, and then for these forms the BRST-cohomology at ghost number zero is empty.
Lastly, still at ghost number zero, a gauge invariant even form of the gauge field strengths like the
P, .1 is a non-trivial representative of the BRST-cohomology. Indeed, the P,,; are BRST-invariant,
and cannot be s*yQ_nlJrQ since this 75, o must contain at least one anti-ghost field w* and sw* ~ h which
is not present in P, .

Now the descent equation $Qa,+1 = dQ3 and s* = 0 immediately give

0= 5(sQuns1) = 5(dQ},) = d(sQl,) . (9.32)

58This is true for the chiral gauge anomalies. For the gravitational anomalies to be discussed below, things are more
complicated and the relevant characteristic classes are the Pontryagin classes that combine single trace and multiple
trace classes in a well-defined way, as fixed by the index theorems.

590ne could also add gauge invariant functionals of the matter fields, but this is irrelevant here. The point is that
any term that involves the h field or an equal number of ghost and anti-ghost fields necessarily is BRST-exact.
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so that s@3}, is d-closed on the auxiliary d + 2-dimensional space-time M. Now, even though the
d-dimensional space-time may be topologically non-trivial and require several charts, as discussed
before, we may assume that the ghost field is non-vanishing only within a single chart so that Q3 ,
as well as sQ} are non-vanishing only within a single chart, and being d-closed then is d-exact.
We conclude that sQ3, = df% _; and then integrating this d = 2n form over the d-dimensional

s/MQ;n = /Mdﬁgn_l =0, (9.33)

and we have shown that [, @3, is BRST-closed, meaning that it satisfies the Wess-Zumino consis-

space-time M one gets zero :

tency condition.

We must still show that [, @3, is not BRST-exact. We begin by showing that @3, is not BRST-
exact. Suppose on the contrary that Q, = sag,. Then one would have sQa,11 = dQ3, = dsay, =
sdag, and $(Qon11 — dawg,) = 0, ie. Qopy1 — dag, is BRST-closed. Being a form of odd degree and
ghost number 0 (where the BRST cohomology is empty), we must have Qg,11 — daw, = 572_”1+1.
But by the same argument as above, there is no such ’y{nlﬂ, and (o411 — dag, = 0. This would
imply dQs,+1 = 0 which contradicts dQ,+1 = P,11. Hence, @}, is not BRST-exact. We must still
show that [, Q3, is not BRST-exact. Suppose on the contrary that [, Q, = s [ fon = [ 582n.
This implies that Q) — sfs, = dvs,_; for some 73, ;. But Q3 was only defined modulo adding
such an exact term dvj, , and then this redefined Q) would be BRST-exact which cannot be as
we have just shown. Then [ ™ Q3,, cannot be BRST-exact, and is a non-trivial representative of the
BRST-cohomology at ghost number one, which we wanted to show.

To conclude, for each characteristic class P, there is a unique BRST-cohomology class at ghost
number one, represented by f ™ Q3,., and up to a multiplicative coefficient c, this is the anomaly in

d = 2n dimensions. Conversely, the anomaly is unambiguously characterized by cP, ;.

9.6 Gauge anomaly in d = 2n dimensions

After all these formal developments let us discuss some more physical details. We are looking at
the chiral anomaly, i.e. an anomaly under gauge transformations in the presence of chiral fermions,
much as before, but now in an arbitrary even dimension d = 2n. As discussed in the previous
section, this anomaly first manifests itself in the non-conservation an n + 1-point one-loop function
[i-wm . One checks for conservation at the vertex with index p. This involves n! individual
diagrams corresponding to the n! permutations of the indices of the n other vertices. Each diagram
gives rise to a trace trg to, ...ta,,,, and adding all other permutations (together with the cyclicity

of the trace) results in a totally symmetrized trace which is the corresponding D-symbol

D} =strpta, ...t (9.34)

Q1...Qn+1 s YQn41

where the symmetrized trace is taken in the representation R of the chiral fermion. Exactly the
same symmetrized trace emerges from the characteristic class, cf. (9.16)

PR (F)=F*"A...\F*"DE : (9.35)

a1...Qp+1
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More precisely, we had argued above that the anomalous contribution of the n + 1 point one-
loop diagram had to be of the form e#t-#n¥i-¥npl . pn DR swhich, upon multiplying with

wntt AGL . A corresponds to a term in the anomaly proportional to

strrwdA...dA . (9.36)
—_—

n times

But this is exactly the first term of @3, as obtained by descent from PF, = strg F"*!'. More
precisely, we should write Q;f to indicate in which representation the trace has to be taken. We
then know from the previous discussion about solving the Wess-Zumino consistency condition and
the BRST-cohomology at ghost number one, that the gauge anomaly in d = 2n dimensions is

Aw Al =enn [ (@37 =) (9.37)
J 7

where the first sum is over the different left-handed (positive chirality) fermions in representations R
and the second sum over the different right-handed (negative chirality) fermions in representations
RE. The coefficient ¢y, can be determined by a careful generalization of our triangle diagram
computation. One finds

(_)n—i—l
. , 9.38
= T Dl2a)n (9.38)
which for n = 2, i.e. d =4 gives ¢, = —5,, in agreement with the coefficient in (8.15).

Above, we have discussed the issue of anomaly cancellation and the fact that this cancellation only
involved the D-symbols for the different representations of the different chiral classes. We now see
that the issue of anomaly cancellation can be equivalently discussed at the level of the characteristic
classes computed in the representations of the different chiral fermions.
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10 Gauge and gravitational anomalies and index theorems

In this last section, we want to briefly touch upon some further developments. Firstly, we will
mention - but not prove - the relation between anomalies in d = 2n dimensions and the index of an
appropriate Dirac operator in d 4+ 2 dimensions. Then we will briefly show how our discussion of
gauge anomalies can be straightforwardly generalized to gravitational anomalies. Lastly, we discuss
a prominent example of anomaly cancellation in a 10-dimensional supergravity theory.

10.1 Anomalies and index theorems

We have already seen in subsection 6.2.3 that the abelian anomaly in four dimensions was closely
related to the index of the four-dimensional Dirac operator, and both were related in turn to the
characteristic class Py(F) = trg F A F = F® A FPtrgtatg = cg F* A F®. This is very different
from what we observed for the chiral anomaly under non-abelian gauge transformations where the
anomaly is given by Qi which is related by descent to the characteristic class P3(F) = tr F? =
FENFBNFY DZ&%’Y and which instead involves the D-symbol. There is, however, an index theorem in
each even dimension, and the six-dimensional index theorem states that the index of an appropriate
6-dimensional Dirac operator equals some constant times P3(F'). It is then tempting to speculate
whether the chiral anomaly in 4 dimensions can be directly understood in terms of the index of some
6-dimensional extension of the 4-dimensional Dirac operator. More generally, the index theorem in

2n + 2 (euclidean) dimensions states

ind (i), ,5(A)) = 022—; / Poi(F) | (10.1)

with the same coefficient ¢y, as given in (9.38). The overall sign depends on the precise convention
used to define the chirality 7-matrix. One sees that the anomaly as given in (9.37) is precisely
obtained, up to a factor of 27, by descent from the index of the 2n + 2 dimensional Dirac operator.

While this is a very suggestive relation, it was the achievement of Alvarez-Gaumé and Ginsparg
[18] to precisely construct a 2n + 2 dimensional gauge-field and Dirac operator and show that the
anomaly is indeed given by descent from the corresponding index. Here we will not spell out the
details of their reasoning but only give a brief sketch.

The starting point is the observation that in euclidean signature the anomaly resides in the
imaginary part of the euclidean effective action I'g[A], i.e. in the phase of e "7l It is indeed
the ambiguity in defining the phase of the ill-defined determinant Det (MD(A)PL) which can be
viewed as being at the origin of the anomaly. More precisely, one looks at the determinant of
D(A) = INA)P, + §Pr. Note that the euclidean (effective) action I'y and its continuation to
Minkowski signature I'y; differ by a factor of i as

Tp=—ily . (10.2)

It is not difficult to see that the only terms in a Minkowski signature action that will become imag-
inary upon continuing to Euclidean signature are the terms involving the e-tensor. This is very
consistent with the fact that the anomaly resides in the imaginary part of the Euclidean effective
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action ! Indeed, the terms involving the e-tensor are integrals of d-forms over the d-dimensional
manifold, [dz® A . ~1&..(a-1)- Upon the continuation, both dz° and & (4—1) get a factor of
+1, so overall this term remains real. But it also gets an ¢ from the relation (10.2) and thus re-
sults in an imaginary contributiuon to the Euclidean action. On the other hand, in a term like
[ dz°d?te\/=g . . CMFr, the integrand remains real, but one gets an ¢ from continuing dz°. So
this term picks up an i, which together with the ¢ in (10.2) results in a real contribution to the
Euclidean action.

If the phase of the determinant can be unambiguously defined in a gauge-invariant way, then there
is no anomaly. If not, an anomaly is present. Then [18] introduces a family of gauge transformations
g(x,0) depending on some parameter 6 € [0, 27| such that g(x,0) = g(x,27) = 1 and, denoting

Al(x,0) = g(x,0) "t A(x)g(z,0) — ig(x,0) " dg(x, 0) (10.3)

the corresponding gauge transformed field, they study how the phase of e~ TelA’] changes as # goes

from 0 to 2m. Since for both § = 0 and # = 27 one has the original gauge field, this phase

change must be 2rm with m being an integer. This integer m then is related to the anomaly as

(€= —ig(6)"'%7)

00
- de it el RS d9
" o 90 i J, 90

1 [ ST [A?]

= —— [ d0 | d*z\/detg(D%(x,0))" —22
2mi J, M 9(D,éx.0)) SAY ()
1 2 0 1 27 0

= i) df 5. p[A%] = QW/OdQ(S?FM[A ] (10.4)

The next step is to relate the integer m to the index of an appropriate Dirac operator. To this end,
[18] extends A% to a two-parameter family of gauge fields A*Y(z) with (p,6) parametrizing a disc
(p < 1) and AP=Y(z) = A%(z). The integer m is then interpreted as some sort of winding number
around the boundary of the disc. Then, in [18] it is shown that this winding number is the sum
of local winding numbers around points in the interior of the disc where Det (iD(A”?)) vanishes.
Of course this happens whenever ﬁ(AP’H) has a zero-mode. The non-trivial point is that the local
winding numbers are +1 according to the chirality of the zero-modes of a full 2n + 2 dimensional
Dirac operator i), .,, and one sees that this computes precisely the index of this operator. One
concludes that

ind (i, ,(A7")) = m = / do 6:I" 5 [A%] . (10.5)

One still needs to specify how A?? is determined, and how it is promoted to a true 2n + 2 form, and
what exactly is the 2n 4 2 dimensional manifold. This is done such that the manifold is S? x M,
with S? = S2 US2, and the previous disc is identified with 5’2 Then we have A% = A, on S x M,
while on S? x M the gauge field A?Y = A_ is not extended (i.e. is missing the dp and df-pieces).

60We have A9 = g(0)"'A,9(0) —ig(0)~'9,9(f) and under an infinitesimal variation of § one has 2 W = 0,2

1o6
i[Ag, 35] = D gg DY where € = ¢ = —ig(0)~! a%(e)'
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Specifically, one lets
Ai(w,p.0) = f(p) (A(z.0) — igla,0) ' Opg(x,0)d0) , A_(z)=A(z),  (10)

with A% defined in (10.3) and f(p) is a smooth function which is f(p) ~ p for small p and f(p) =
for p close to 1 which corresponds to the fattened boundary of the disk. Then, on the overlap of
S% x M with S2 x M, the A, and A_ are related by the d + 1-dimensional gauge transformation
g(z,0). The “true” space manifold is taken to be compactified R*" ~ S**. Since A_ is missing the
df-piece, we have Qa,41(A_) = 0. Then by the index theorem ©!

. . Con Con
ind (7 APb = — tr ot = =2 / tr Ft —|—/ tr Frtt
( $2n+2( )) 27'(' S2 % §2n 27T 52 % §2n S2 x §2n

Con Cn
_ o AQun(A) =22 [ Qun(4s). (10.7)
SlXS2n

27T Si x §2n 27T

It is then shown [18] that the last integral equals

2m
. . Con ~
ind (i1, ,,(A?")) = %/0 dg - Q5, (€ A%) . (10.8)

Comparing with (10.5) we see that

o 2

/ A0 5.7 11 [A%] = o / a [ o @A) (10.9)
0 0 52n

The 6 dependence of €(x, 6) is fairly arbitrary, and one concludes on the equality of the “integrand” at

any  and any €. We may then fix some ¢ and simply rename A%(z) — A(z) and €(z,0) — ¢(x). The

final result gives the anomalous variation of the Minkowskian effective action for a positive chirality

(left-handed) chiral spin-3 fermion as

Ale, Al = 6Ty [A%) = con | Q3 (6, A), (10.10)
S2n
in perfect agreement with the above result (9.37).
In view of the generalization to include also gravitational anomalies to be discussed next, it is
useful to formalize the relation just established as follows :

. . 1
ind (2@2%2(/1’)’6)) = —/fzn+2 o Dpio=ddoyy , Oy =dKy, , Ale, Al = / K,

2w
(10.11)
where for the pure chiral gauge anomalies Iy, o = o, tr F™ 1 Jo, 11 = €2,Qons1 and K1 on = CQnQ2n.

610n a general curved manifold M the index theorem involves an extra factor A\(M ) to be discussed below, but
A(S? x 8?") = 1, so this is irrelevant here.
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10.2 Gravitational anomalies

Theories involving gravity bear some similarities with non-abelian gauge theories, but are rather
more complicated. With the basic dynamical field being the space-time metric g,,, the role of
gauge-invariance is played by diffeomorphism invariance. Under an infinitesimal diffeomorphism
at — zt +et(2”) the metric transforms as 0g,, = —V €, — V€, where V is the covariant derivative.
This diffeomorphism invariance must be “gauge-fixed” when trying to do the gravitational functional
integral. But again, one can do the functional integral in two steps, integrating over the matter fields
first, resulting in an effective action I'[g,,| = I'[g], with all the complications of gauge-fixing and
ghosts deferred to later. The question of anomalies then is again whether this effective action I'[g] is

still diffeomorphism invariant :

ol'[g]

5.I[g] = — / (Vuew + Vieyu) : (10.12)
0w
The (matter) energy-momentum tensor is defined as
1 2 5Smatter
0gSmatter = = ™%, = T"W=———. 10.13
g tt 5 /\/§ 9u \/g 59W ( )

Since eT'ldl = | Dy eS19:Y] where 1) stands collectively for all matter fields, we have, much as for the

gauge currents J¥ in the non-abelian gauge theories,

ollg] 1 w
Som (@) VoI () (10.14)

Inserting this into (10.12) and integrating by parts %2 results in

Agile 9] = 6.0[g] = / VTV (T () | (10.15)

where we defined, much as before, the anomaly under diffeomorphisms as the non-invariance of the
effective action. We see that diffeomorphism invariance of the matter effective action is equivalent to
the covariant conservation of the expectation value of the energy-momentum tensor. Conversely, a
gravitational anomaly, i.e. an anomaly under dififfeomorphism invariance, shows up as the covariant
non-conservation of this expectation value. Just as with the non-abelian gauge theories, one can take
further functional derivatives with respect to the metric at different space-time points and generate,
possibly anomalous, Ward identities for m-point functions of the energy-momentum tensor.

To couple spin-% fields (or spin—% fields) to gravity, one needs to introduce local orthonormal
frames, or local Lorentz frames. This means that for each tangent space (at each point of the
manifold) one makes a certain choice for an orthonormal basis of tangent vectors E, with components
E! such that E¥EY g, = 04,. (We will use Euclidean signature here. For Minkowski signature one
would of course have EXFEyg,, = 1. instead.) Equivalently, the components ej of the dual forms
e = efdrt (also called the viel-bein) obey

Bl =6 , eWE/ =01, bwcieh = gu - (10.16)

62Provided there are no boundary terms, covariant derivatives can be freely integrated by parts, e.g.
I3 (Vua )b = — [ \/ga, Vb, where, of course, V,a, = d,a, —I¥,,a, and V, b = 8,0 +T1 b + T b
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Obviously, at each point, there is not a unique orthonormal frame, but a whole family related by
orthogonal or pseudo-orthogonal (Lorentz) transformations ¢/ = (L71)%¢e" One talks about local
Lorentz transformations. One imposes however, that the frames change in a smooth way as one
moves along the manifold, and then the local Lorentz transformations one is allowed to do must also
depend smoothly on the point.

One can use the EY and e}, to convert coordinate tensors like 7,” into frame tensors as T =
Etel TV, etc. One can then show that invariance under diffeomorphisms and invariance under
local Lorentz transformations are essentially equivalent. This means that, as far as anomalies are
concerned, we may probe for anomalies under local Lorentz transformations [29]. From the one-forms
e® one defines the so-called spin-connection one-form w® = —w®® = wzbdx“ by requiring the absence
of torsion :

de® +w®Aneb =0 , w?=—wh". (10.17)

Also, the curvature two-form R = %RZ’; dz* Adx”, where Rff; = ezegRWW and R? is the Riemann

curvature tensor, is obtained from the spin-connection one-form as
RY = dw™ + w™ Aw® . (10.18)

It will be useful to think of w and R as matrix-valued one and two-forms and suppress the indices
a, b, so that the previous relation simply reads R = dw + w A w = dw + w?.

This spin connection one-form and curvature 2-form behave under local Lorentz transformations
e® = (L71)%eb very much as the gauge field one-form A and gauge field strength 2-form F' under
gauge transformations :

W =L1'wL+L'dL , R =L'RL, (10.19)
or, for infinitesimal local Lorentz transformations L = e’ with v® = —v%e,
dpw =dv+ [w,v] , 0,R=[R,v]. (10.20)

In particular, the whole discussion of characteristic classes and descent equations for the gauge
theories can be transposed word by word to the gravitational case when formulated with the spin
connection and curvature 2-form. While this is true, there is however an important restriction. Just
as certain D-symbols vanish, depending on the representations, here, in d = 2n dimensions we are
dealing with the vector representation R, of SO(2n). This is a real representation. Indeed, One
can choose the generators J% = —.J% of the vector representation to be hermitian, imaginary and

antisymmetric :

(J2)ea = (5281, — 5255) - (10.21)

Then the generators of the complex conjugate representation are —(J%)T = J% and this is a real
representation. As discussed before, for real representations the corresponding D-symbols with n + 1
indices vanish whenever n is even. Said differently, the characteristic class trp, R = R%% A
R A\ R%+1% vanishes for even n by the antisymmetry of R%® = —Rb®.

Now, the anomaly, if any, is due to chiral fermions and these fermions are not in the vector
representation but in a spin representation of SO(2n) with generators Ji, = £ = L(y99" —Abq").
Then R = %R“bJ ab = iRabvab = iR“byavb, and the characteristic class trgpi, "' involves the trace

spin
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of 2n + 2 matrices y*. This trace is the sum of products of n + 1 Kronecker deltas, with all possible
pairings of the indices, times the dimension of the gamma-matrices. Those parings which contract

two indices on the same R drop out. For example, for n = 1, one has

1 1
trspin RAR = __16Rab A Rcd trspin ")/a’}/b')/c")/d _ ZRab A Rcd <5ab50d _ 5ac5bd + 5ad5bc>
1 1
- _Z< — R AR R\ RM) = —SRUAR", (10.22)

which, up to the factor —%, is the same result as in the vector representation. This is easily seen to
generalize as
trepin B2F = ¢, R A R™% A . A Rty R =0, (10.23)

with some combinatorial factor ¢,. This being clarified we can now immediately state the gravita-
tional descent equations :

Py(R) = tr R* | Py(R)=dQ% (w) , 6,Q% (w)=dQ%" ,(v,w), k=1,2,... (10.24)

where we added a superscript “L” for local Lorentz. Since the only non-vanishing characteristic
classes are the Py (R), the Q;"l are non-vanishing only for d = 4k — 2, i.e. d = 2,6,10,.... So only
in these dimensions can we expect to have purely gravitational anomalies. We will also encounter
characteristic classes which are (wedge) products of several traces, like e.g.Popoy = tr R* A tr R%.
Then one can do the descent in one or the other factor, i.e. tr RZ*AQY | or QY| A tr R, Of course,
both are equally good, since their difference is an exact form, namely doggra—2 With ayprg-o =
QY% A QY . Continuing the descent, one gets either tr R?* A Q4z o OF Q4k , A tr R?. Again they
only differ by a term dﬁ4k 4413 + O Vakta1—2, cf. the analogous discussion at the end of section 9.4.2.

One can now continue the discussion of gravitational anomalies in two directions. On the one
hand, one can compute the anomalous part of one-loop diagrams with chiral fermions coupled to
gravity, i.e. to metric perturbations h,, = g,, — d,, around flat space. Since metric perturbations
couple to the energy-momentum tensor, this amounts to computing (m + 1)-point one-loop functions
with m + 1 energy-momentum tensors at the vertices, and check for conservation, cf. the Ward
identities one could derive from (10.15). Again, one needs to saturate the d = 4k — 2-dimensional
e-tensor with at least 2k —1 independent momenta and as many symmetric polarisation tensors. This
means that m > 2k — 1. Thus in 2 dimensions (k = 1) we need to compute a 2-point function, in 6
dimensions (k = 2) a box diagram and in 10 dimensions (k = 3) a hexagon. Of course, this is the
same counting as for the gauge anomalies. These computations have been done in [6] where, among
others, the full two-point function in 2 dimensions is evaluated very explicitly, and the anomalous
part of the hexagon diagram is determined - which is quite a tour de force.

On the other hand, one can rely again on the relation between the anomaly and the index
theorem. The Dirac operator now includes a coupling to the spin connection, as well as possibly to
(non-abelian) gauge fields %

1
D=~CEr (a — A%, + 4@;%‘“’) (10.25)
53Note that wab'y — “ngfm, so that this terms has exactly the same structure as the gauge term —iAft,.
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The relevant index theorem is a generalization of (10.1) to curved manifolds :
ind (i1, ,(A)) = / [A(R)ch(iF)], ., (10.26)

where the Chern character ch(iF") and the Dirac genus E(R) are the formal sums of forms of different
degrees, defined as

. 1 1 1 9 1 3 Con i1

Ch(zF):treXp(—%F):trl—%trF—l—@trF’ —MtrF +:tr1—i—g gtrFJr y
n>0

(10.27)

where tr1 = dim(R) is just the dimension of the fermion representation, and

1 1 /1 1 )
— tr R? (—t R*+ — (tr R? )
a2 T aniae T 7ss (1 %)
1

1 1 1 3
— tr R+ —— tr R*tr R* 4+ ——— (tr R? > 10.28
+(47r)6<5670 PR g TR R e () 4 (1028)

and the subscript [...]Ja,42 in (10.26) indicates that one must extract the form of degree 2n + 2. We

AR) = 1+

can then proceed exactly as formalized in (10.11), where here

Lyyia = 27 [A(R)ch(iF)],, ., - (10.29)
For example, in d = 2n = 4 dimensions one has
1 11 1
Ig =2 (— tr F3 — tr R? ——tF). 10.30
T\ T e T anr (=5 0 F) (10:30)

The first term corresponds to the pure gauge anomaly extensively discussed before, while the second
term corresponds to a so-called mixed gauge-gravitational anomaly. For any simple group the trace of
a single generator vanishes and, hence, tr F'is non-zero only for an abelian U(1) gauge group where it
is proportional to the sum of all U(1) charges. Hence, in a non-trivial gravitational background, the
vanishing of this anomaly requires this sum to vanish. This is indeed the case for the hypercharges
of any family in the standard model. We also see (again) that there is no pure gravitational anomaly
in 4 dimensions.

10.3 Anomaly cancellation in ten-dimensional I1IB supergravity

Supergravity theories contain the metric / viel-bein and its superpartner, the gravitino which is a
spin—% field which can be either chiral or real (Majorana), or both. In so-called extended supergravity
theories there are two (or more) such gravitini, and they can have the same or different chiralites. In
addition, anti-symmetric tensor fields are present, and if they satisfy a certain self-duality constraint
they are also chiral fields. Indeed such fields can be constructed from a pair of chiral spinors. Finally,
there can also be chiral spin—% fields, as well as various (non-chiral) scalar and vector fields.

One of the most prominent supergravity theories is the ten-dimensional IIB supergravity which
is the low-energy limit of IIB superstring theory.%* It contains two positive chirality Majorana-Weyl

64The “IT” indicates that there are two (ten-dimensional) supersymmetries, and “B” indicates that the two super-
charges are spinors of the same chirality, while in ITA they would have opposite chirality. Hence ITA supergravity
is non-chiral and has no anomalies. The latter can be obtained by dimensional reduction from eleven-dimensional
supergravity and, indeed, in eleven dimensions one cannot have anomalies.
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gravitini, two negative chirality Majorana-Weyl spin—% fields as well as one self-dual antisymmetric
tensor field, in addition to the non-chiral fields. All these chiral fields contribute additively to the
anomaly. It is enough to identify the corresponding characteristic classes in 12 dimensions that are
given for each chiral field (up to the factor 27) by the corresponding index. There is no gauge group
here and, hence, ch(iF) = 1. We already know the index for the complex, chiral spin—% field. Since
here this is a real (Majorana) chiral field, one just needs to divide the previous result (10.26) by 2.
A spin—% field can be obtained as a spin-% field with an extra vector index, and subtracting
the spin—% part. The extra vector index can be treated as an SO(d) gauge symmetry in the vector

representation, resulting in a contribution to the index of % tr e exp (%%Rabjgé’CJ = tr exp (iR) :

so that the index is

ind(iD¥2,) = / [E(R)(tr exp <%R> - 1)}%2 : (10.31)

where the —1 simply subtracts the spin-% contribution. If such a spin—% field would also couple to
a gauge field, one would need to include a factor ch(iF'), but this is not the case here. Moreover,
if it is Majorana-Weyl, one needs again to divide by 2. Note that trl1 = 0% = d = 2n just gives
the dimension of the vector representation which is, of course, the space (-time) dimension. It the

follows that

i 1 1 1
t — —1=2n—-1— ——tr R? trR* — ————tr RO+ .. .. 10.32
e (5 R) " 2@n "1t aaa T T ey T (10-52)

For the self-dual antisymmetric tensor the relevant index turns out to be

ind(iDf ) = —% / [}IL(R)] " (10.33)

where L(R) is the so-called Hirzebruch polynomial, given by

11 7 1
L = 1- —tr R? — —tr R* + —(tr R*?
(F) @mre T (27r)4< 0 T 5l rR))
1 31 7 1
— tr RS + —— tr R*tr R*> — ——(tr R*)%) + ... 10.34
+(27T)6< 2835 W+ Jogg R — 1556 CR)) + (10.34)

The factor 1 in (10.33) originates as a 1 from the reality constraint and another 1 due to the second
chirality projector. The sign reflects the fact that the antisymmetric tensor field is bosonic rather
than fermionic. The extra factor % takes into account the different sizes of the spinor representa-
tion between 2n + 2 and 2n dimensions. Let us then explicitly give the relevant 12-dimensional
characteristic classes for the different anomalies in 10 dimensions.

Recall that the relevant I, are given by the integrand on the rhs of the index theorems, times a
factor 27. Specifically, in ten dimensions, and in the absence of a gauge group, we have for a positive
chirality Majorana spinor, positive chirality Majorana gravitino, and for a self-dual antisymmetric

65Recall the generators (10.21) of the vector representation, so that (R.J2

vect)cd - 2ZR(/d- Then e.g.
tr vect(RabJ\{,lé]ct)2 - (22.)2R(:dec7 Where Ref — %Refwjdl'” A dxl/.
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tensor 96

. 1 1 | ;
JY/2Mai o L < 6 4 2 2 )
12 X X e \agro T g R R g (1)

» 1 1 11 5 7
Igrawtlno - 9 - - tr R6 — 1 R4t R2 ——(t R2 3
12 T ) ( 126 96 M T52 )

. 1 31 7 1
™ — 9 x ——— [ ——tr R® — tr R*tr R* + ——(tr R*)? ) . 10.35
12 T 32n (2835 ! Togg 17 0T B+ g (tr B (10:35)

Then, summing the contributions from ng,, positive chirality Majorana gravitini, n,/, positive chi-
rality Majorana spin—% and nyu self-dual antisymmetric tensor fields, one gets the total anomaly

polynomial
1 N9 — 49577,3 2 + 9927’LA
Ly(n1j2,m3/2, M) = 128(2n ) ( / 567/0 tr RS
ny1/2 + 22577,3/2 — 44877,A 4 9 Ny — 63”3/2 + 12871A 273
tr R tr R tr R 10.36
4320 : L+ 10368 (tr 7)) ( )

The theory has gravitational anomalies unless all 3 terms vanish. This condition constitutes a set
of 3 homogeneous linear equations for the 3 unknowns n,/3,n3/2 and ny which generically has no
non-zero solution. However it is easy to see that here the system not only admits a solution, but the
solution also is very simple, namely

nAzl s n3/2:2 s n1/2:—2 s (1037)

or any integer multiple of it. These numbers (10.37) correspond exactly to the field content of
the ten-dimensional IIB supergravity : one self-dual antisymmetric tensor, two positive chirality
Majorana-Weyl gravitini and two negative chirality Majorana-Weyl spin—% fields!

66Note that for the Majorana Spln-* without gauge group one simply has 11/2 Maj 27T1A( )12, and that the

coefficient —ﬁ of the tr R® term in the bracket of Igravmno arises as 2777 (1 +...+ (47\')6 5670 tr R6) (10 —14...—

11 9 64
720( 27r o R ) = 275 (gmy (ﬁ - ﬁo) tr RO+ ... =273 (47r) (_ 126) tr R® +
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11 Conclusions of part 11

We have studied anomalies in quantum field theory from several complementary perspectives. We
have seen how classical symmetries can fail to survive quantization when regularization is required.
This phenomenon manifests itself equivalently as the non-conservation of a quantum current, as
anomalous Ward identities, or as the non-invariance of the functional integral measure. We have
provided a clear dictionary how these different manifestations correspond to each other.

The abelian anomaly provides the simplest example. Through both Fujikawa’s method to compute
the Jacobian determinant in the functional integral, and through the explicit computation of the
corresponding triangle diagrams, it can be seen that the anomaly is finite, local, and unavoidable.
Its relation to the Atiyah—Singer index theorem in four dimensions already highlights its topological
character. This abelian anomaly concerns global chiral symmetries, and only implies that certain
selection rules no longer hold.

When chiral fermions are coupled to gauge fields, similar anomalies are present, but now they
threaten the consistency of the theory itself. In this case, violation of gauge invariance would spoil
unitarity and renormalizability, making anomaly cancellation a fundamental requirement. The re-
markable fact that the anomaly is one-loop exact and constrained by the Wess-Zumino consistency
conditions allows this requirement to be formulated as a purely group theoretical condition on the
fermion representations.

The Standard Model offers a remarkable realization of an anomaly free theory : the assign-
ments of quark and lepton quantum numbers are such that all gauge anomalies cancel within each
fermion generation. This non-trivial cancellation, first identified by Bouchiat, Iliopoulos and Meyer,
constitutes one of the most profound structural features of the theory.

On the more formal side, the Wess-Zumino consistency condition was reinterpreted as the BRST
closedness of the anomaly, and then relevant anomalies correspond to BRST cohomology classes at
ghost number one on the space of local functionals in d dimensions. This cohomology was shown to
be uniquely characterized by formal characteristic classes in d+2 dimensions. This in turn hinted at a
relation with index theorems in d+2 dimensions, and following [18] we have sketched how this allows
to obtain the anomalies without doing a single loop computation, including also the generalization to
gravitational anomalies. Even more amazing than the anomaly cancellation in the Standard Model
is the highly non-trivial anomaly cancellation in ten-dimensional IIB supergravity.

Anomalies occupy a distinctive place in quantum field theory: they emerge from quantum effects
but are governed by symmetry and topology, and they both violate classical invariance and enforce
fundamental consistency conditions.
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